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PREFACE. 

THIS book has been designed primarily for the use of first 
year students at the Universities whose abilities reach or 
approach something like what is usually described as 'scholarship 
standard', I hope that it may be useful to other classes of 
readers, but it is this class whose wants I have considered first. 
It is in any case a book for mathematicians: I have nowhere 
made any attempt to meet the needs of students of engineering 
or indeed any class of students whose interests are not primarily 
mathematical, 

A considerable space is occupied with the discussion and 
application of the fundamental ideas of the Infinitesimal Calculus, 
Differential and Integral. But the general range of the book is a 
good deal wider than is usual in English treatises on the Calculus. 
There is at present hardly room for a new Calculus of an orthodox 
pattern. It is indeed uot many years since there was urgent 
need of such a book, but the want has been met by the excellent 
treatises of Professoi^s Gibson, Lamb, and Osgood, to all of which, I 
need hardly say, I am greatly indebted. And so I have included 
in this volume a good deal of matter that would find a place 
in any Traiti d' Analyse, though in English books it is usually 
separated from the Calculus and classed as ' Higher Algebra ' or 
' Trigonometry '. 

In the first chapter I have discussed in some detail the various 
classes of numbers included in the arithmetical continuum. I have 
not attempted to include any account of any purely arithmetical 
theory of irrational number, since I believe all such theories to be 
entirely unsuitable for elementary teaching. My aim in this 
chapter is a more modest one : I take the ' hnear continuum ' for 
granted and assume the existence of a definite number corre- 
sponding to each of its points ; and all that I attempt to do is to 
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analyse and distinguish the various classes of uumbers whose 
existence these assumptions involve. 

Chapters II and III probably do not present many points of 
novelty. The account given in Chapter II of the most important 
classes of functions of ic is more systematic and illustrated with 
much greater detail than is usual in English books. I have 
included, mainly for the sake of completeness, a certain amouot 
of the elements of coordinate geometry of two and three dimen- 
sions ; but I have, here and throughout the book, kept geometry 
in a strictly subordinate position and used it merely for purposes 
of illustration. I have also avoided any wealth of detail in 
connexion with the purely formal consequences of De Moivre's 
Theorem, and have devoted the space thus saved to the inclusion 
of a good deal of matter concerning vector analysis, bilinear trans-- 
formation, and so on, which seemed to me likely to be more 
interesting and more useful as a preparation for Chapter X. 

I have endeavoured to make Chapter IV one of the principal 
features of the book. The notion of a limit is one that has 
always presented grave difficulties to mathematical students even 
of great ability. It has been my good fortune during the last 
eight or nine years to have a share in the teaching of a good 
many of the ablest candidates for the Mathematical Tripos ; and 
it is very rarely indeed that I have encountered a pupil who could 
face the simplest problem involving the ideas of infinity, limit, or 
continuity, with a vestige of the confidence with which he would 
deal with questions of a different charaeter and of far greater 
intrinsic difficulty. I have indeed in an examination asked a 
dozen candidates, including several future Senior Wranglers, to sum 
the series l+a:+ar'+ ..., and not received a single answer that 
was not practically worthless^and this from men quite capable 
of solving difficult problems connected with the curvature and 
torsion of twisted curves. 

I cannot believe that this is due solely to the nature of the 
subject. There are difficulties in these ideas, no doubt : but they 
are not so great as many other difficulties inherent in mathematics 
that every young mathematician completely overcomes. The fault 
is not that of the subject or of the student, but of the text-book 
and the teacher. It is not enough for the latter, if he wishes to 
drive sound ideas on these points well into the mind of his pupils, 
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to be careful and exact himself. He must be prepared not merely 
to tell the truth, hut to tell it elaborately and ostentatiously. He 
must drill his pupds in 'infinity' and 'continuity', with an 
abundance of written exercises and examples, as he drills them at 
present in poles and polars or symmetric functions or the conse- 
quences of De Moivre's theorem. Then and only then he may 
hope that accurate thought in connexion with these matters will 
become an integral part of their ordinary mathematical habit of 
mind. It is this conviction that has led me to devote so much 
space to the most elementary ideas of all connected with limits, to 
be purposely diffuse about fundamental points, to illustrate them by 
so elaborate a system of examples, and to write a chapter of fifty 
pages without advancing beyond the ordinary geometrical series. 

It is not necessary for me to say much about the general plan 
of the nest four chapters. The two chapters on the Calculus are 
no doubt more difficult than the rest of the book. I have perhaps 
been inconsistent in the standards that I have adopted : but I 
have been influenced by the feeling that I shall have few readers 
who will not already have acquired some familiarity with the 
technique of the Calculus from other sources. I felt this par- 
ticularly when I was writing the sections on integration. I also 
felt that the student is apt to carry away from the books in general 
use the quite mistaken impression that ail methods of integration 
are essentially of a tentative and haphazard character. I have 
therefore deliberately given an account of the theory more 
systematic and general than would be suitable for a normal first 
course in the Calculus. 

Chapters IX and X are devoted to the theory of the logarithm 
and exponential, starting from the definition of the logarithm as 
an integral. It was the desire to write an elementary account of 
this theory that originally led me to begin the book, and I have 
generally decided my choice of what was to be included in the 
earlier chapters by a consideration of what theorems would be 
wanted in the last two. 

I regard the book as being really elementary. There are 
plenty of hard examples (mainly at the ends of the chapters) : to 
these I have added, wherever space permitted, an outline of the 
solution. But I have done my best to avoid the inclusion of any- 
thing that involves really difficult ideas. For instance, I make no 
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use of the ' principle of convergence ' : uniform convergence, double 
series, infinite products, are never alluded to : and I prove no general 
theorems whatever concerning the inversion of limit- operations — 

I never even define ; , and , , ■ In the last two chapters 
axay ay ax 

I have occasion once or twice to integrate a power-series, but I 
have confined myself to the very simplest cases and given a special 
discussion in each instance. Anyone who has read this book will 
be in a position to read with profit Mr Bromwich'a Infinite Series, 
where a full and adequate discussion of all these points will he 
found. 

It will be found that certain classes of theorems and examples 
that are prominent in many English books are here conspicuous 
by their absence. I may refer particulariy to the standard theorems 
concerning the expression of the trigonometrical functions as infinite 
products or series of partial fractions, and to that familiar type of 
example the gist of which lies in the ' picking out of coefficients ' 
from some combination of infinite series. The proofs of these 
results depend upon general theorems that seemed to me in- 
trinsically too difficult to be included in a book professing to be 
at the same time rigorous and elementary : and I am on the whole 
of opinion that, if any proposition is too difficult to be proved 
properly, its statement and application had better be postponed. 
I am well aware that there is much to be said on the opposite 
side. A very plausible case can be made out for the habitual 
exercise of the student in the application of results whose proof is 
too difficult for his full comprehension. But I have found that I 
cannot myself write a book on those lines : nor am I fully convinced 
that such exercise is either necessary or desirable. After all there 
are plenty of theorems which are not too difficult to prove : and, if 
anyone believes that a sufficient variety of analytical training cannot 
be based npon them, I hope that my collections of Miscellaneous 
Examples may do something to convince him. I may say that 
it is only in these collections that examples of the character of 
' problems ' will be found. The sets of examples inside each 
chapter consist either of perfectly straightforward applications of 
the preceding ' book-work ', or of summaries of parts of the theory 
for which there was no room in the text. They include many 
important theorems, some indeed to which reference is frequently 
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made later in the book. No one can be more convinced than 
I am of the value of ' examples ' designed merely to train the 
student's memory and powers of manipulation : but I see no reason 
why all examples should necessarily he trivial. I trust, however, 
that readers will not find it irritating to be referred back from 
the middle of a section in large type to an example in an earlier 
chapter. My decision as to whether a result should appear in the 
text or in the examples has always been based upon the relation 
that it bears to the general theorems in connexion with which it 
18 first proved rather than upon the amount of use that is made 
of it later on. 

I have throughout laid particular stress upon points that do 
not seem to me to be emphasized sufficiently in the text-books in 
general use, and passed rapidly over others that are of equal 
importance but stand in no such danger of neglect. Here again 
I have been influenced by the consideration that this book is 
likely to be used in conjunction with others rather than as a first 
text-book in any particular subject. 

There are two respects in which I have diverged from the 
usually accepted notation and that seem of sufficient importance 
to be noticed hera I have entirely rejected the index notation 
for inverse functions (cos~'iC, cosh-^a;) in favour of the usual 
Continental notation {are cos x, arg cosh x or arg ch m). And I 
have followed Mr Leathem and Mr Bromwich in always writing 
lim, lim, iim 

and not lim, lim, lim. This last change seems to me one of 



considei'able importance, especially when ' oo ' is the ' limiting 
value'. I believe that to write 'jj. = x, aj^od' (as if anything 
ever were ' equal to infinity '), however convenient it may be at a 
later stage, is in the early stages of mathematical training to go 
out- of one's way to encourage incoherence and confusion of 
thought concerning the fundamental ideas of analysis. 

The word ' quantity ' occurs occasionally in the earlier chapters. 
It should be in each case altered to 'number'. Unfortunately 
I arrived at the decision never to use the term ' quantity ' only 
after the earlier sheets had been passed for press. 

The books to which I am most indebted (besides the treatises 
on the Calculus already mentioned) are Mr Bromwich's Infinite 
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Series and M, J. Tannery's Lemons d'Algihre et d' Analyse. I muat 
also acknowledge my obligations to a number of friends who have 
been kind enough to assist me in the prepara,tion of the book. 
Mr Bromwich has read the whole of it (except Chapter III) either 
in nianuacripfc or in proof, and a good deal of it twice ; and I am 
indebted to him for corrections and suggestions on almost every 
page. Mr Ben-y read Chapters I, II, III, IS and X in manuscript, 
Professor J. E, Wright Chapters I, II, and III, and Dr Whitehead 
Chapters I and IV, and all gave me much valuable advice. In 
particular the earlier part of Chapter IV has been practically 
rewritten in consequence of Dr Whitehead's suggestions. I have 
also changed a good deal of Chapter VI in consequence of sugges- 
tions received from Dr Askwith. My thanks are also due to 
Messrs H. W. TumbuU and E. H. Neville, of Trinity College, who 
have between them read all the proofs and verified the examples : 
to the latter I am additionally indebted for the figures that 
appear in the Miscellaneous Examples to Chapter X. Finally 
I must express my gratitude to the readers and officials of the 
University Press for their close attention and unfailing courtesy. 



G. H. HARDY. 



Trinity College, Oambridgb, 
Septemhe>- 1908. 
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CHAPTER I. 



REAL VAEIABL-ES, 



1. The aggregate of rational numbers and their repre- 
sentation on a straight line. On a straight line i, produced 
indefinitely in both directions, we take a segment -.^o-^i of any 
length. We call A^ the origin, or the point 0, and A^ the point 1. 

We now mark off a series of points 

... ^_^_„ A-^, .... ^_„ A„ A„ .... An, ... 
along L, so that 

each segment being measured from left to right along L. 



(L}~ 



™" t-1:-" <"■ 

if ji is any positive integer. 

We wiU now agree that length is to be regarded as a magni- 
im.de capable of sign, positive if the length is measured in one 
direction along L (e.g. from B to 0) and negative if measured in 
the other (from C to B), so that CB ^ - BC. We take the 
positive direction for the measurement of length to be from left 
to right. 



Then 



A,A~~ 
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2 REAL VARUBLEH [l 

Hence the equation (1) is true for all integral values of n, posi- 
tive or negative. 

For the sake of uniformity we adopt the convention that (1) is 
also true when m = 0, in which ease it reads 

That ia to say, we agree to regard BB, which is not, properly 
speaking, a segment at all, as a segment of no length. 

Now let us take any positive proper fraction in its lowest 
terms, for example pjq, where p and q are positive integers 
without any common factor, and p<q- We divide A^A^ into 
q equal parts by points of division which it is natural to 
denote by 

Ag, A,iq, A^iq, ..., Apiq, . . . , jd (g_i) i^, Ai. 

It ia evident that 

-A7A, -q ^^^- 

We thua obtain points on the line L corresponding to all such 
proper fractions pjq. 

Any improper fraction may be expressed in the form n + (pjq), 
where n is a positive integer and p/q a proper fraction. If we 
take a point An+[piq) such that A^A^+f^/g) =A^Apiq, it is evident 
that ° "+ii^8' .= ft 4- £ ; and if we thus find points A^+ipiq, 

corresponding to all possible positive values of », p, and q, we 
shall have a point A/ corresponding to all possible positive 
integral or fractional values of y, and such that 

ji'rf <^)- 

Finally, if — / is a negative fraction, proper or improper, we 
take -^_/so that A-fA„ — A(,Af, or 

A,A_j_ A,Af_ 
A,A^' A,A, ■^* 

Thus we are able to determine a point A^ corresponding to ani/ 
integral or fractional value of r, positive or negative, and such that 

zit^' '■">- 
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1] REAL VARIABLES 3 

If we take, as is natural, the length At,Ai as our unit of length, 
so that AoA-i — 1, the equation (4) becomes 

A,Ar^r (5). 

Definitions. Any fraction r=plq, where p and q are posi- 
tive or negative integers, is called a rational number. 

The points A^ of the line L, which correspond to the rational 
num-bers r in the manner explained above, are called the rational 
points of the line. 

We can suppose (i) that p and q have no common factor, as 
if they have a common factor we can divide each of them by it, 
and (ii) that q is positive, since 

p!(- 3) = (-p)!^' (-p)l(~ 9) =pk- 

The notion of a rational number obviously includes as a par- 
ticular case that of an integer, since any integer may be expressed 
as a fraction whose denominator is unity. 

Examples I, 1. If r and « are ratioaal numbers, r-hs,r — s, rs, and rjs 
are rational numbers, unless in tho last caso s=0 (when -r/s is of course 
meaningless). 

3. If F and § are rational points, and PQ is divided into any number 
of equal parts, eack of the points of diviaion is a rational point. 

3. If X, ni, and m are positive ratioual numbers, \(m^~n^), 2X™m, and 
X(m*-l-ji.^) aire positive rational numbers. Hence show how to determine any 
number of right-angled triangles the lengths of all of whose sides are rational. 

4. Any terminated decimal represents a rational number whose denomi- 
nator contains no factors other than 2 or 5. Conversely, any such rational 
number can be expressed, and in one way only, as a terminated decimal. 

[The general theory of decimab will be considered in Ohap. IV.] 

5. The positive rational numbers may be arranged in the form of a 
aimple series as follows ; 

t.},H,t,J,t,H,i,- 

Siiow that^/5 is the [^ {p + q—l)(p + q—2) + <i]th tenn of the series. 

[In thi5 series every rational number is repeated indefinitely. Thus 1 
occurs as J, |, |, .... We can of course avoid this by omitting every 
numher which has already occurred in a simpler form, hut then the problem 
of deteimining the precise position of p/q becomes more complicated.] 

1—3 
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4 REAL VARIABLES [l 

2. Irrational numbers. If the reader will mark off on the 
line all the points corresponding to the rational numbers whose 
denominators are 1, 2, S, ... in succession, he will readily convince 
himself that he can cover the line with rational points as closely 
as he likes. We can state this more precisely as follows ; if we 
take any segment BG on L, we can find as ma/ny rational points as 
we please .on BG. 

Suppose, for example, that BG falls within the segment AjA^. 
It is evident that if we choose a positive integer k so that 

k.BG>AM (1) 

and divide A-^A^ into k equal parts, at least one of the points of 
division (say P) must fall inside BG, without coinciding with 
either B or G. For if this were not so BG would be entirely 
included in one of the k parts into which AjA^ has been divided, 
which contradicts the supposition (1). Thus at least one rational 
point P lies between B and G. But then we can find another 
-such point Q between B and P, another between B and Q, and 
so on indeiinitely ; i.e., as we asserted above, we can find as many 
as we please. We may express this by saying that BG includes 
infinitely many rational points. 

From these considerations the reader might be tempted to 
infer that these rational points account for all the points of the 
lioe, i.e. that every point on the line is a rational point. And it 
is certainly the case that if we imagine the line as being made 
up solely of the rational points, all other points (if any such ther& 
be) being imagined to be eliminated, the figure which remained, 
would possess most of the properties which common sense attri- 
butes to the straight line, and would, to put the matter roughly,, 
look and behave very much like a line. 

There is, however, good reason for supposing that there are on 
the line points which are not rational points. 

Let us look at the matter For a moment with the eye of 
common sense, and consider some of the properties which we may 
reasonably expect a straight line to possess if it is to satisfy the 
idea which we have formed of it in elementary geometry. 

The straight line must be composed of points, and any segment 
of it by all the points which lie between its end points. With 
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any such segment must be associated a certain entity called its 
length, which must be a quantity capable of numerical measure- 
ment in terms of any standard oc unit length, and these lengths 
must be capable of combination with one another according to 
the ordinary rules of algebra by means of addition or multipli- 
cation. Again, it must be possible to construct a line whose 
length is the sum or product of any two given leugths. If the 
length PQ, along a given line, is a, and the length QR, along 
the same straight line, is 6, the length PR must be a + h. 
Moreover, if the lengths OP, OQ, along one straight line, are 
1 and a, and the length OR along another straight line is 6, 
and if we determine the length OS by Euclid's construction (Euc. 
VI. 12) for a fourth proportional to the lines OF, OQ, OR, this 
length must be ah, the algebraical fourth proportional to 1, a, b. 
And it is hardly necessary to remark that the sums and products 
thus defined must obey the ordinary laws of algebra, such as 

a + b=^b + a, a + {b + c)==(a + h)+ c, ab = ba, 
and so on. The lengths of our lines must also obey a number of 
obvious laws concerning inequalities as well as equalities. Thus if 
A, B, are three points lying along L from left to right, we must 
have AB<AC, and so on. Finally it must be possible, on our 
fundamental line L, to find a point P such that AaP is equal to 
any segment whatever taken along L or along any other straight 
line. 

Now it is very easy, by means of various elementary geo- 
metrical constructions, to construct a length w such that ^ — 2. 
For example, we may construct an isosceles right-angled triangle 





ABC such that AB--AC=l. Then if BG = a;, x'=2. Or we 
may determine the length x by means of Euclid's construction 
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(Euc. VI. 13) for a mean proportional to 1 and 2, as indicated 
in the figure. 

It follows that there must be a point F on L such that 

But it is easy to see that there is no rational number such that 
its square is 2. In fact we may go further and say that thero 
is no rational number whose square is m/n, where fn/n is any 
positive fraction in its lowest terms, unless m and n are both 
perfect squares. 

For suppose, if possible, that 

9= n' 
p having no factor in common with q, and m no factor in common 
with n. Then 

np'^ = mq\ 

Every factor of q' must divide tip', and as p and q have no 
common factor, every factor of q" must divide n. Hence n = Xq'', 
where \ is an integer. But this involves m = Xp^ : and as m and 
n have no common factor, X must be unity. Thus m = p^n^ if, 
as wa« to be proved. 

We are thus led to believe in the existence of a point P, not 
one of the rational points already constructed, and such that 
AoP = x, (e'=2; and (as the reader will remember from ele- 
mentary algebra) we write a; = V2. And if Q is the point such 
that QA„ = A„P, we write A^Q = ~ VS. 

The following alternative proof that V2 cannot be rational is interesting. 

Suppose, if possitle, tliat pjq is a positive fraetion, in its lowest terms, 
such that {plqf=2 orp*=2?*. It is easy to see that then we must have 
(2g— ^)2 = 2(p — 2)^, and bo i^-p)!{p — q) is another fraction liaving the 
same property. But clearly q<p<'iq, and so p-q<q. Hence we ohtain 
another fraction equal to pjq and having a smaller denominator, which 
coDtradicta the assumption that pjq ia in ite lowest terms. 

Definition. Any point P on the line L which is not a 
rational point is called an irrational point. The length AgP 
is called am. irrational number. 

Examples II. 1. Show from first principles, without assuming the 
general theorem proved above, that ^J'i is not a rational number. 
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2. Give a similar proof for ^3. 

3. Prove generally that, if pjq is a rational fraction in its lowest terma, 
4'( Pli) eamiot be rational unless p and q are both perfect cubes. 

4. The square root of an integer must be either integral or irrational 
(i.e. it cannot be a rattimal fraction). 

[For suppose, if possible, Jn =p!q, where p, y are positive integers without 
a common factor. Then nq^—p\ Hence p^ divides Ji, as p and q have no 
common factor; i.e. ii.=\p^, where X is an integer, and so X2'=l, which 
shows that X=l, q=l, n=p\ and so s/^=p'i 

5. A more general proposition, due to Gauss, is the following : if 

is aiMj cdgehraical equation with integral coe^ieiente, it cannot have a rational 
but iiot integral root. 

[For suppose that the equation has a root ajh, where a aad b are integers 
without a common factor, and b is positive. Writing ajh for s;, and multiply- 
ing by S"^', we obtain 

T-=PlO''~'+^2l^''"^''+"-+^K*'""'l 

a fraction in its lowest terms equal to an integer, which is absurd. Thus 
6 = 1, and the root is a. It is evident that a must be a divisor of p„.] 

1 and ^i+?>a4-...+^»4' -1, the equation cannot 

7. Find the rational roots (if any) of 

[Tho roots can only be integral, and so +1, +2, ±5, ±10 are tbe only 
possibilities : whether these are roots can be determined by trial. It is clear 
that we can in this way determine the rational roots of any such equation.] 

3. Quadratic surds. If a is any rational number, the two 
numbers ± \Ja are either rational or irrational, and (as appears 
from what precedes) genially the latter. Numbers of this kind, 
when irrational, are called pM^e quadratic sv/rds. Anumbera + V^, 
the sum of a rational number and a pure quadratic surd, is 
sometimes called a mixed quadratic surd. 

The only kind of irrationals for whose existence the geo- 
metrical arguments of the preceding section have given us any 
warrant are these quadiutic surds, pure and mixed, and the 
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more complicated irrationals which may be expressed ia a form 
involving the repeated extraction of square roots, snch as 

V2 + V2 + V2 + •/2 + jW+^. 
It is easy to construct geometrically a line whose length is 
equal to any number of this form, as the reader will easily see for 
himself. That only irrationals of these kinds can be constructed 
by Euclidean methods (i.e. by geometrical constructions with ruler 
and compasses) is a point the proof of which must be deferred 
for the present*. This particular property of quadratic surds 
naturally makes them peculiarly interesting. 



Examples III. 1. Give geometrical constructions for 

2 The quadratn. equation o)^+26i:+c,=0 haa tw o real roota + if 
6^— «>0 Suppose a, b, f rational Nothing is lost by tafang ill fchiee 
to be integers, tor we can multiply the equation by the i^c M cf their de 
nominators 

The readei will ipmember thit the root^ are { l±-J(b —aoj}ja It is 
easy tD cmstrutt these lengths geometntally, first wiuhtiuctmg ^(fi^-iu,) 
A much moie elej^ant thuUjjh less stiaiglittorwaid, constiuction is the 
hillowmg 

ifcviw a cirde of unit ludias, a diameter PQ and the tangent's nt the en is yf 
Ike (hamelets. 




. Chap II, M Ex 41. 

th aet al o! x for viMab. ax^ + 2bie + c-0. K ft^-ac-sO there 
h alu f The reader will remember Uiat in books on elemectaty 
jth qatnsadt have two ' imaginary ' roots. The meaning to be 
Sd t flu tat m t « 11 be explained in Chap. III. 

1 n 6 th qnat n has only one root. For the sake of uniformity 

all d th a asB to have 'two equal' roots, but this ia a mere 
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Take PP'= -^ajb and QQ'^—cj2b, having regard to sign*. Join P'Q', 
cutting the cirele in M and If. Dram PM and PN, eutling QQ' in X and T. 
Then QX and QY are the roots of the equation with their prop^ signs^. 

The pioof IS simple and we leave it as an exercise to the reader. 
Another perhaps e^en simpler construction is the following Take a line 
AB }f unit length Draw SC = —2bja prnpendnalar to AB and GD=cla 
perpendyutar to BG and m thf same direction, as BA On AD as diameter 
describe a a cte t-utttng BC in i and T Then BA ai d Bl aie the roots. 

3 If ar 13 positive PP ind QQ will he diawn in the lame direction. 
Venfy that if &^< i P % will not meet the ciicle while if b^ = ac it will be 
a tar^nt Veiify aho that it b = ii, the u le m t^e sev.">iid construction 
will touch Be 



4. Some theorems concerning; quadratic surds. We 

shall assume that the reader is familiar with the ordinary rules 
for the manipulation of quadratic surds; such, e.g., as are ex- 
pressed by the equations 

He will find it a useful exercise at this stage to supply proofs of 
these equations. 

Similar and dissimilar surds. Two pure quadratic surds are 
said to be si/milar if they can be expressed as rational multiples 
of the same surd, and otherwise dissimilar. Thus 

v'8 = 2v'2, V^^IVS, 

and so VS. V^ are similar surds. On the other hand, if M and N 
are integers which have no common factor, and neither of which 
is a perfect square, i^JM and ^JN are dissimilar surds. For 
suppose, if possible, 

where all the letters denote integers. 

Then /.JMN is evidently rational, and therefore (Ex. II. 4) 

* The figure ia drawo to suit the ease in which b and o have the soma and a 
the opposite sign. The reader should draw figures for other oases. 

t r have taken this eonetruetioQ from Klein's tenons sur certainss questions de 
G^onetne EUmentaire (Freaoh translation by J. Gtiess, Paris, 1896). 
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iutegral. Thus MN = P^ where P is an integer, Let a, h, c, ... 
be the prime factors of P, so that 

MN' = a''b''c^ .... 

Then MN is divisible by «.', and therefore either (1) M is 

divisible by a\ or (2) N is divisible by a\ or (3) Jlf and N are 

both divisible by a. The last case may be ruled out, since M 

and N have no common factor. This argument may be applied 

to each of the factors a\¥,G^, Ultimately we see that M 

must be divisible by some of these factors and iV^ by the rest. 
Thus 

ilf = XP,^ N = \P/, 
where Pj^ denotes the product of some of the factors a\ ¥, c^, ... 
and P^ the product of the rest. Since M and N have no 
common factor we must have X.= l, M = P{', N^P^; i.e. if and 
JV" are both perfect squares, which is contrary to our hypotheses. 

Theorem. If A, B, G, D are rational and 

then either {i) A = C, B = D or (ii) B and D are both squares of 
rational numbers. 

If A is not equal to C,\eb A = C + a:. Then, VS = ic + VA 
or B = a^ + D + 2a:^P; 

i.e. ^D = {B-D-x^)j2x, 

which is rational, and therefore D is the square of a rational 
number. In this case \JB = G — A + \/D is also rational. On the 
other hand, if ^ = it is obvious that B = D. 

Oorollaries. (i) If .4 + V-B = C + v'-D. then A-^B'=C-^/D 
(unless V-B and i>JI} are both rational). 

(ii) The equation -JB — + t/.D is impossible unless (7 = 0, 
B — D,OT both VB and 'JD are rational. 

Examples IV. 1. Prove ab initio that ^J2 and ^3 are not similsir surds. 

2. Prove that ^s: and tj(llx) are similar surds (unless hoth are rational). 

3. If a and 6 are positive and rational Ja + ^/b cannot ho rational imlesa 
^/a and Jb are rational. The same is true oi sja-^b, unless «=?>, 
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4. If JA + y/B^^C+JB, 

then either (a) A = C mA B=I>, or (b) A=ff end B=C, or {oj ^A, JB,^G, 
Jjy are all rational or al! aimilar surda. 

[Square the given equation and apply the theorem above.] 

5. A quadratic surd cannot be the sum of two dissimilar quadratic surds. 

6. Neither (a + ^b)' nor {a — ^Jby can be rational unless ^Jb is rational. 
7- Prove that if x=p-\-^Jq, where p and g are rational, ^, where m is 

any integer, can be expressed in the form P+Q^/q, whore F and (j are 
rational. For example, 

{p + ^qf=p^+g + 2p^q, (p-i->^q)^=p^ + 3pq + {3p^+q)^q. 
Deduce that any polynomial in x with rational coefficients (i.e. any espresaion 
of the form 

where a^, ... a^ are rational numbers ), can be expressed io the form P+ Q^q. 
8. Express l/(p+V?) i" fi^ ^""> form. 



[we obtain ^ = ^--^.1 

L p+-Jq p^-y p^-q J 



9. Deduce from Exa. 7 and 8 that any expression of the form G (x)lff{x), 
wliere G(x) and Il(ai) are polynomials in a: with rational coefficients, can be 
expressed in the form P+Q^q, where Pand Q are rational. 

10. If (1+V&, whereft is not a perfect square, is the root of an algebraical 
equation with rational coeificieDta, then a — ^b is another root of the same 
equation. 

11. \t p, q, a.oAp' — q arc positive we can express 

•Jp + ^q 
in the form .Jx + ^y, where 

^'-ib'+Vd^-s)), s=i{p-'J{p^-g)]' 

12. Determine tbe conditions that it may be possible to express Vp + ;^j, 
where p and q are rational, in the form sjaf + jy, where ^ and y are rational. 

13. If o^— t is positive, the necessary and sufBeient conditions that 

should be rational we that 0^-6 and ^(ii + \'a^— 6) should both be sqviaresof 
rational numbers. 

5, Irrational numbers In general. The arguments which 
led US to believe in the existence of quadratic surds, and corre- 
sponding points on the line L, were based on considerations of 
elementary geometry. There is, however, another way of looking 
at the matter which is even more instructive and important, as it 
leads us to consider classes of irrational numbers far more general 
than quadratic surds. 
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Consider the equation x^ = 2. We have already seen that 
there is no rational number x which satisfies this equation. The 
square of any rational number is either less than or greater 
than 2. We can therefore divide the rational numbers into two 
classes, those whose squares are less than 2, and those whose 
squares are greater than 2, We call these two classes the class T, 
or the lower class, and the class U, or the upper class. It is obvious 
that every member of U is greater than all the members of T. 
Moreover, we can find a member of the class T whoso square, 
though less than 2, differs from 2 by as little as we please. In 
fact, if we carry out the ordinary arithmetical process for the 
extraction of the square root of 2 we obtain a series of rational 
numbers, viz. 

1, 1-4, 1'41, 1-414, 1-4142, ... 
whose squares 

1, 1-96, 1-9SS1, 1-9993%, 1-99996164, ... 
are all less than 2, but approach nearer and nearer to it ; and by 
taking a sufficient number of the figures given by the process, we 
can obtain as close an approximation as we want. Similarly we 
can find a member of the class U whose square, though greater 
than 2, differs from 2 by as little as we please. It is sufiicient to 
increase the last figure, in the series of approximations given 
above, by unity: we obtain 

2, 1-5, 1-42, 1-415, 1-4143, .... 

Or again, we can find a member of T and a member of U which 
differ from one another by as little as we please. 

This follows at once from, the fact that every rational number belongs 
to one class or the otter. A formal proof may be supplied as follows. Take 
any member ic of 2' and. any member y of U. Let n be auy positive integer, 
and consider the numbers 

X, x+\(^-x), *+^(y-^), , a:+-^-(2/-^), y. 

Eacb of tbese is rational and belongs either to y or to U. Let x + {rjn) (y-x) 
be the ^3t which belongs to T. Then « + {(r + l)/ra}{y — ik) belongs to U. 
Thus we have found a member of T and a member of U which differ by 
(y — a:)/n. And by taking a lai^e enough value of n we can make this 
difference as small as we like. 

We add a formal proof that an m can be found in T and a y in f such 
that a;^<3 and y'^>% but both squares differ from 2 by as little as we please. 
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Suppose we want each difference to be leas than * (where e maj be, say, '01 or 
■0001 or 'OOOOl). We can, in virtue of what precedes, choose a: and y so that 

ti-'<h. 

We may obviously suppose both x and y less than 2, since «^<2 and y is 
nearly equal to A'. Then 

and since :t^<2 andy^>3 it follows A fortiori VaaA, 2~x^ and 31^ — 2 are each 
less than e. 

We have thus divided all the positive rational points on L 
into two classes T and U such that (i) the class JJ lies entirely to 
the right of the class T, (ii) we can find a pair of points, one in T 
and one in JJ, whose distance from one another is aa small as 
we please. And our cotnmon-aenae notion of the attributes of a 
straight line demands the existence of a number a: and a corre- 
sponding point F such that F divides the class T from the class U. 



But (1) this number x cannot be rational. For if it were, 
P would belong either to the class T or the class JJ, let us say 
the former. Then a?<% or sf—'i, — h, say, where h is some posi- 
tive number. But we can find a member of the class T whose 
square is as near to 2 as we like ; and therefore we can find such 
a member of T whose square is greater than 2 — S, i.e. greater 
than a?. That is to say, we can find a naember of T which lies 
to the right of P : which is absurd. Hence P cannot belong 
to T. Similarly it cannot belong to U. 

Again (2) iC° cannot be either less than or greater than 2, 
If it were less than 2 we could, as above, find members of T to 
the right of P. This hypothesis is therefore untenable, and a^ is 
not less than 2. Similarly it is not greater than 2. 
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Hence there 


is a point F and a number x such that 




A,P = x, ^=2. 


■is nwinher x u 


!e denote by V^- 



Examples V. 1. Find the difference between 2 and tlie squares of the 
decimals given in § 5 aa approximations to ^2. 

2. Find the differences between 2 aad tb,o squares of 

i. 8, h «, ». M- 

3. Show that if m/m is a good approximation to J'2, then (»t + 2»)/(m,-)-ii) 
is a better one, and tliat the errors in the two cases are in opposite directions. 
Apply this result to continue the series of approximations in the last 
example. 

4. If X and y are approximations to J2, by defect and by oscess respect- 
ively, ajld 2 — «^< t, y^-2<e, then y-s;<e. 

6. The equation a;^ — 4 is satisfied by x = % Examine how far the argu- 
ment of the preceding sections applies to thia equation (writing 4 for 2 
throughout). 

[We define the classes T,U as above. But in this caae they do not include 
idl rationais. The rational number 2 is an exception, since 2^ is neither less 
than or greater than 4. And as before we are led to suppose the existence of 
a dividrng point. But we cannot, of course, prove that this is not a rational 
point. It is, in fact, the point ;f = 2.] 

6. But the preceding argumeut may be applied to equations 
other than jk^ = 2, almost word for word; for example to af'=^N, 
where If is any integer which is not a perfect square, or to 

ic> = 3, x'=T, it^=23, 
or, as we shall see later on, to a,''=Bx + 8. We are thus led 
to believe iu the existence of points P on X such that a: = AgP 
satisfies equations such as these, even when these lengths cannot 
be constructed by means of elementary geometiical methods. 

The reader will no doubt remember that in treatises on 
elementary algebra the root of such ao equation as a^ =n is 
denoted by ^n or n^*, and that a meaning is attached to such 
symbols as 

by means of the equations 
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And he will remember how, in virtue of these definitions, the 
' laws of indices ' such as 

are extended to cover the case in which r and s are any rational 
numbers whatever. 

7. The continuum. The aggregate of points contained in 
a straight line L is called a linear continuum. It contains (1) 
the rational points, (2) the irrational points for whose existence 
we have the evidence summarized in the preceding sections, and 
the corresponding negative irrational points on the left of A^,, 
(3) all other points of the line, if any such there be. To each of 
these points corresponds a length measured from A^, and capable 
of numerical measurement in terms of our unit-length A^A-^. 
The measures of these lengths are the real numbers, positive or 
negative, integral, rational or irrational. The aggregate of all 
these numbers is called an arithmetical continuum. All the 
numbers contained in this arithmetical continuum may be operated 
with according to the ordinary rules of elementary algebra. 

The substance of the preceding sections is not intended as 
a complete or rigorous analysis of the nature of either the 
linear or the arithmetical continuum. Such an analysis would 
be altogether beyond the scope of this book. What has been 
said is intended simply to remind the reader of some of the 
ideas on the subject which he no doubt already possesses, and 
to attempt to make them, and some of the obvious conse- 
quences which are involved in them, more explicitly present to 
his mind. 

In order to show the incompleteness of the analysis of the 
numbers of the arithmetic continuum which has been given, we 
need only consider a few examples. 

(i) Let us consider a more complicated surd espression, such as 
^ = ^(4-l-Vl5)-H 4/(4-^15)- 

Our argument for supposing that the expression for z has a meaning, and 
that a point P exists on the hue such tlia.t 4oP=3, might be as follows. We 
first show, as above, that there is a point P, such that if ^=A^Fi, y' = 15, 
and we can then determine points corresponding to t)io numbers 4+^15, 
4- V15- Now consider the equation in zi 

V = 4 + V15. 
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The right-hand side of this equation is not rational : but exactly the sitme 
reasoning which leads as to suppose that the line contains a point x for which 
j;^=2 (or any other rational number) also leads us to the conclusion that it 
contains a point 2, for which j,' = 44-V16. Thus we find a point P' such that 

Similarly we find a point 1'" such that 

H = A,)P" = ^{i-J\S), 
and taking At,P-A,iP'-\-A^P" we have finally 

^oP-^ = 4'(4 + V15) + W~V15)- 
Now it is easy to verify that 

And we might have giveu a direct proof of the existence of a unique number 
a such that i' = 3«+8. It is easy to see that there cannot be two such 
numbers. For if s,'=32i+8 and z^^Z^^ + B, we find on subtracting and 
dividingby si — sj thit 3,'-f-2,S2+s/=3. But if ^ and z^ are positive zi'>8, 
Ja'>8 and therefore 3,>2 Zi>2, V + ^i3a+^'>12, and so the equation 
juet found is impossible And it is easy to see that neither sj nor Sa can 
be negative For if ^i is negative and equal to - ^, f is positive and 
£:=-3f+8=0 or 3 C=Bji Hence 3-C^>0, and so f<S. But then 
8/f>4 and cannot l* equal t 3 — f^, which is less than 3. 

Hence tlere is at moot o p such that 39=32+8. And it cannot he 
rational. For any lit oual root of this equation must be integral and a 
factor of 8 (Ei II °>) and it i^ easy to verify that no one of ±1, ±2, +4, 
±8, is a root. 

Thus £^=32+8 has at most one root and that root is not rational. We 
can now define the positive rational numbers s: into two classes T, U accord- 
ing as ^<3.r +8, or a^>3ic-H8. It is easy to see that if a7'>3j.'-f8 andy is 
any number greater than it, then also ^>3y-|-8. For suppose if possible 
y' S 3^ -H 8. Then since ,i^> 3ar-H 8 we obtain on subtracting y^-2?<2(^-!e), 
or y'^-\-}^-<r)i'<Z, which is impossible, since y is positive and *>S (since 
a^>8). Similarly we can show that if .r^<3^ + 8 and y<a: then also 
y<3*^ + 8. 

Thus we have separated the rational numbers into two classes simitar to 
the claasee T, U ai % 5. And we conclude, as there, that there is a number s 
which is greater than any number of ?", and less than any number of U, and 
which satieflea the equation 3^ = 33-1-8. 

The reader who knows how to solve cubic equations by Oardan's method 
will be able to obtain directly from the equation the espressioti 
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(ii) The direct argument applied above to the equation 
x'^=Sx + S could be applied (though the application would be 
a little more difficult) to the equation 

and would lead us to tbe conclusion that a unique positive 
number exists which satisfies this equation. In this case, how- 
ever, it is not possible to obtain a simple explicit expression 
for ic composed of any combination of surds. It can in fact 
be proved (though the proof is difficult) that it is generally 
impossible to find such an expression for the root of an equa- 
tion of higher degree than 4, 

Thus, besides irrational numbers which can be expressed as 
pure or mixed quadratic or other surds, or combinations of such 
surds, there are others which cannot be so expressed. It is only 
in very special cases that such expressions can be found. 

(iii) But even when we have added to our list of irrational 
numbers roots of equations (such as x^ = x+ 16) which cannot be 
explicitly expressed as surds, we have not exhausted the different 
kinds of irrational numbers contained in the continuum. Let us 
draw a circle whose diameter is equal to A^^i, i.e. to unity. It is 
natural to suppose that the circumference of such a circle has a 
length capable of numerical measurement as much as the diagonal 
of a square described on A^Ai. This length is usually denoted 
by TT. And it has been shown (though the proof is unfortunately 
long and difficult) that this number tt is not the root of any 
algebraical equation with integral coefficients, so that we cannot 
have, for example, any such equation as 

■rr''=n, 7r'=n, 7r' = 7r + n, 

where n is an integer. If we take a point P such that 
AoP = TT, we have found a point which is not rational nor yet 
belongs to any of the classes of irrationals which we have so far 
considered. And this number tt is no isolated or exceptional 
case. Any number of other examples can be constructed. In 
fact it is oniy special classes of irrational numbers which are 
roots of equations of this kind, just as it is only a still smaller 
class which can be expressed by means of surds. 
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Examples VI. 1. Show that a^=^(5 + 2v'6) + ^(5-3Vfl) satisfies the 
equation 

and apply to this equation ai^uments simikr to those used in § 7 (i). And, 
more generally, ^ = 4/{m +V('i' - 1)} + ^{n-- V(»»^ - 1)) satisfies 

Consider this equation similarly, n being any positive integer. 
2. Consider the equation 

It is easy to see that ic=l and !i! = 3 are roots of this equation. If we 
divide the rational numbers into two classes T and U according as 

we see that T contains all rational numbers between 1 and 3 and U all less 
than 1 or greater than 3. In this case we are not led to any irrational num- 
ber, the numbers which divide the classes being 1 and 3. But if we consider 
instead the equation 

(of which the roots are 2 + ^3), we again have two points of division, in this 
case each irrational : and we might argue directly from the equation to the 
existence of two such numbers by dividing up the rational numbers into 
classes T, U as above. 

8, The continuous real variable. The 'real numbers' 
may be regarded from two points of view. We may think of 
them as an aggregate, the 'arithmetical eontimium ' defined in 
the preceding section, or individually. And when we think of 
them individually, we may think either of a particular specified 
number (such as 1, — ^, V2, or if) or we may think of amy number, 
an unspecified number, the number x. This last is our point of 
view when we make such assertions as ' ic is a number,' ' x is the 
measure of a length,' 'x may be rational or irrational.' The x 
which occurs in propositions such as these is called the continuous 
real variable : and the individual numbers are called the values of 
the variable. 

A 'variable,' however, need not necessarily be continuous. 
Instead of considering the aggregate of all real numbers, we 
might consider some partial aggregate contained in the former 
aggregate, such as the aggregate of rational numbers, or the 
aggregate of ^positive integers. Let us take the last case. Then 
in statements aboirt a/ny positive integer, or an unspecified positive 
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integer, such as 'n is either odd or even,' n is called the variable, 
a positive integrai variable, and the individual positive integers 
are its values. 

In fact, this x and n are only examples of variables, the 
variable whose ' field of variation ' is formed by all the real 
numbers, and that whose field is formed by the positive integers. 
These are the most important examples, but we have often to 
ooasider other cases. In the theory of decimals, for instance, we 
may denote by ai any figure in the expression of any number as a 
decimal. Then a; is a variable, but a vaiiable which has only ten 
different values, viz. 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. The reader should 
think of other examples of variables with different fields of varia- 
tion. He will find interesting examples in ordinary life. For 
instance — policeman ic, the driver of cab a;, star x in Herschel's 
catalogue, the year x, the xth day of the week. 

MISCELLANEOUS EXAMPLES ON CHAPTER L 

1. If a, b, c, ... k and A, B, C, ... K are two sets of numberft, and all of 
the first set are positive, then 

a A-\-hB+...+leK 
"""a + 6+...+* 
lies between tho algebraically least and greatest of A, Jl, ..., K. 

2. What are the conditions that aa:+by + i:z = Q, (1) for all values of 
«, !/, 3; (2) for all values of j:, y, z subject to a3;+3y + i-3=0i (3) for all 
values of x, y, a subject to both o^+jS^+y2=0 and Ax+ By +0^=01 

3. Any positive rational number can be expressed in one and onlj one 
way in the form 



SBi, Ogaj<2, 0^as<3, ...O^ai,<k 



by continuing the same process. It is evident that k is ai mos 
la^at prime fiictor of the denominator of the number given.] 
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20 MISCELLANEOUS EXAMPLES ON CHAPTER I 

4. Any positive rational number can be expreiased in one and one way 
only as a simple continued fraction 

J. 1 1 

*" «2 + a3+..- +«»' 
where Kj, <(2> ■- ai* positive integers, of which the first only may be nero. 

[Accounts of the theory of such continued fractions will he found in text- 
books of algebra.] 

5. Find the rational roots (if auy) of 9«3 - 6«H 15« - 10 = 0. 

[Put Zic=y and apply the method of E.x. II. 7 to the resulting equation 
■my.-] 

6. A line AB is divided at G m aurea metione (Euc. ii. 11)— i.e. so that 
AB.AC=BC\ Show that the ratio AG/AB ia irrational. 

[A direct geometrical proof wUl be found in Bromwich's Infinite Series, 
§14S,p.3«3.] 

T. A ia irrational. In what circumstances can . , , whore a, h, c, d 
are rational, be rational J 

8. Esjjress ^p, •Jq in the form aa^+^blm), where a, b are rational, and 

9. If ^p, ,Jq are dissimilar surds, and a+b^p + c ijq + d^{pq) = 0, 
where a, b, e, d are rational, then a=0, 6=0, e=0, d=0. 

[Express ^/p in tke form M-i- JV^q, where M and .^ are rational, and apply 
the theorem of g 4.] 

10. Show that if a.y2+i^3 + cV5=0, where a, h, c are rational numbers, 
then a=0, &=0, c=0. 

11. Any polynomial in tjp and ^q, with rational coefficients, (i.e. any 
sum of a finite number of terms of the form A {'Jp)™Wq)", where m and n 
are integers, and A rational) can be oipressod in the form 

a + h^p + Oy/q + dJpq, 
where a, b, c, d are rational. 

12. Espresis % "^ — —■ , where a, L etc. are rational, in the form 

A+B^p+G^q+D^pq, 
where A, B, C\ D are rational. 

[Evidently 
a^ + bjjp + cjq ^ { a + hjp-yc ■J q){d-VeJp-fJq) ^ a + 8Jp + y^q + 6^'pq 
d+e^p+f^q id+iJpf'-Pq ^+iy/p 

where n, j3, etc. are rational numbers which can easily be found. Tie required 
reduction may now be easily completed by multiplication of numerator and 
denominator by e-fVp-] 
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For example, prove that 

13. If a, b, x, ff are rational numbers such that 

■ b, or (ii) l-~ab and 1-a^ are aquaresof rational 
{Matk. Tripoa, 1903.) 
[If we write a-x=§, h—y~-i\, we obtain 

Solving this equation for the ratio g/ij we find that ^/ij (whioh we know to be 
rational) involves the quantity 

V((2-.S)'-«'61-2V{1— 6)- 

Hence i-ab must be the square of a rational quantity. The only alter- 
native i.J.,.0. 

But the equation given maj also be written in the form 

Hence wc deduce the same conclusion for J{\ —/cy).'\ 
14 If all the values of ai and y given by 

(M^+2^a3'+6^*»=l, a'x''-t-2A'^-)-6'y^=l, 
(where a, h, b, a', h', V are rational) are rational, then 

{h-h-f--{a-a-){b-h'), (a&'-a'6)s+4(aA'-a'A)(6A'-&'A), 
are both squares of rational quantities. {Math. Tripos, 1899.) 

15. Show that ^2 and V3 are cubic functions of ^2+^3, with rational 
coefficients, and that ^2-^6+3 is the ratio of two linear functions of 
^2 + V3- {Math. Tripos, 1905.) 

16. The expression 

Va + SHiVa-m^ + V'i(-2m v'a-m.s 
is equal to 2m if 2m2>a>m^, and ia%^{a-m'^) \i a>%m'^. 

17. Show that mij polynomial in ^2, with rational coetfloients, can be 
expressed in the form 

where it, 6, c are rational. 

More generally, any polynomial in ^p, with rational coefficients, can be 
expressed in the form 

where «„, ai, ... are rational and ^=^p. For any such, polynomial is of the 
form 

b^-\-b^x + b^^^+ ...^bt(^, 
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where the b'a are rational. If ^^m— I this is already of the form required. 
If i>fli — l,leta^''heanypower of j;higherthanthe (m— l)th. Thein-=>m + s, 
where A is an integer and Ogefim— 1 ; aad 0^=1): ™ ''=p ^*. Hence we 
can get rid of all powers of*- higher than the (m— l)th. 

18. Express {^2-l)'in theform a + 6^2+c4^4, where a, b, care rational. 

19. Eipross (^2 - 1)/(^2 + 1) in the same form. 
[Multiply numerator and denominator by ^4 — ^2 + L] 

20. If a4-'f^3 + c^4 = 0, 
where a, h, e are rational, then « = 0, 6=0, c = 0. 

[Let y=^'i. Then ^^=2 and 

<.y+&y+«=o. 

Hence 2(^^+-26y + a^' = or 

a^2+2cy + 26 = 0. 

Multiplying these two quadratic equations by a and c and Buljtracting we 
obtain (_ab-2c^) y + a^ - 26o = 0, or y = - (o^ - 2bo)j{ah - Se"), a rational number, 
which is impossible. The only alternative is that 06— 2c^=0, o^— 26c=0. 

Hence 1(6=24^ a*=4M.° If «6?^0 we can divide the aoccnd equation by 
the hrat whiuh gives £^=36' and thn is imiossible, since ^2 cannot be 
equal to tie lational quantity a/ii Hence u6=0 c=0 and it folbwj from 
the original equatitn that < b and /■ aie all zero 

Asftcorollaij \ia+b^2-\'CilA = d + e^2+f^i tl en a 7 b = f =/. 
It may be proved, more generally, that if 

00+01,^^'''" + . .. + a™^,p<'"-^^'''"=0, 

p not being a perfect mth power, then ati=ai=.,.=((™-i = ; hut the proof is 

21. Prove the theorem of § 4 by the method employed in Ex. 20. 

22. If J+^-B=C'+^-», then either A = C,B=I>,ot B and H are both 
cubes of rational quantities. 

[Assume A = G-^x:, cube, and apply the result of Ex. 20.] 

23. If4/.i+^5 + ^C=0, then either one aiA,B, C is zero, and the other 
two equal and opposite, or ijA, ^B, ^C are rational multiples of the same 
aurd ^X. 

24. Find rational numbers a, (3 such that 
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MISCELLANEOUS EXAMPLES ON CHAPTER I 23 

25. If {a-¥)b>0, 

is rational. 

[Each of the quantities under a cube root can be expressed in the form 

where « and ,8 are rational.] 

26. 11 a=^A, any polynomial in a ia the root of an equation of degree n, 
with rational coefficients, 

[We can express the polynomial {x say) in the form 

where ^i, nii, ... are rational. 

Similarly 3/'=li + msa + ...■i-r,a^"' ~ "", 



:K" = i„ + M„a + ...+r„o"'-^>'". 
Hence iia;-i-iaa^ + ... + i„a^=A, 

where A is the determinant 



and ij, ia, ... the minors of ?i, l^ ....] 

27. Applyfchiaprooess toa^^^+Vg. [The result iaa^—3p;ir+(p^—5)=0.] 

28. Deduce from the result of the last example that if p+it/q—r+sfs, 
eitherp=c, q—s or q, i are aquares of rational quantities. 

[It is easy to see that if p+^g ia not rational we must have 
^-^'px+{f'-q)^m'^-^TX-\'{f-i)?i 

39. Show thaty=((+6p +c/' satiaflea the equation 

!/' - 3(CT/^ + 3y (a' — icjo) — a' - S'p - e^^ + Saftcp^ 0. 

30. Algehraical numbers. We have aeen that some irrational numbere 
(such as J2) are roots of equations of the type 

where «(|, oi, ..., «« are integera. Such irrational numbera are called alge- 
hraical numbera: all other irrational numbers, auch as tt (§ 7), are called 
transcendental numbers. Show that if x ia an algebraical number so are lex, 
where h is any rational number, and »" ", whore m and « are any integers. 
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24 MISCELLANEOUS EXAMPLES ON CHAPTER 1 

31. If X and y are algebraical numbers, ao are x + t/, x — y,xy and xjy, 
[We havo equations a^^ + ai.r:'"^~'- + ...+a^=0, 

*oy"+ ^2'""^ + - + ^" =0' 
where the a's and h's are integers. Write m-\-y=z,y — z~a: in the second, 
and eliminate x. We thus get an equation of sitnilar form 

satisfied bj a. Similarly for the other cases.] 

32. If Q(|«" + aia"-'+...+o„=0 

where a^, ni, ..., a^ are any algebraical numbers, then x is an algebraical 

[We have »+ 1 equations of the type 

"fcr '')-'"'' + «l,r "r""'"' + ..■ + «m„r^O, 

(r=0, Ij ..., tt), in which the eoeflicients «„_,., 0],^, ... are integers. Eliminate 
«(,, Qi, ..., 0,1 between these and the original equation for x.'\ 

33. Apply this process to the equation, a^ -2^ v'^+VS^O. 
[The result is ^- l&B«+58a^-4&K=+9=0.] 

34. Find equations, with rational coeiflcients, satisfied by 

V2 + ^3, H-V2 + V3, ^^vl' ^/(2+V2) + v/(2'^/2), 
^W3 + V2}+VW3-V2), ^3 + ^3, l + ^2 + ,y3, ||-^-|^. 

35. If a^ = a^-(-l, theji:K»'' = (ii„ii; + 6„ + c„/j:, where 

36. If sfi-^x^ -^3^- a?-^3.^-V\ = ^ and y = a:'-a~'+a:-l, then ^ satisfies 
a quadratic equation with rational coefficients. {Math, Tripos, 1903.) 

[It will be found that y+y 4- 1 = 0.] 
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CHAPTEK II. 

FUNCTIONS OF HEAL VARIABLES. 

9. The idea of a flinction. Suppose that oi and y are two 

continuous real variables, which we may suppose to be repre- 
sented geometrically by distances A^P = x, S„Q = y measured 
from fixed points j4„, £„ along two straight lines L, M. And 



let us suppose that the positions of the points P and Q are not 
independent, but connected by a relation which we can imagine 
to be expressed as a relation between a; and y : so that, when 
P and X are known, Q and y are also known. We might, 
for example, suppose that y^x, or y=2ic, or \x, or a?-\-\. In 
all of these cases the value of a; determines that of y. Or 
again, we might suppose that the relation between is and y is 
given, not by means of an explicit formula for y in terms of a;, 
but by means of a geometrical construction which enables us to 
determine Q when P is known. 

In these circumstances y is said to be a Juncliwi of x. This 
notion of functional dependence of one variable upon another is 
perhaps the moat important in the whole range of higher mathe- 
matics. In order to enable the reader to be certam that he 
understands it clearly we shall, in this chapter, illustrate it by 
means of a large number of examples. 
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But before we proceed to do this, we nmst point out that 
the simple examples of functions mentioned above possess three 
characteriatica which are by no means involved in the general 
idea of a function, viz.: 

(1) y is determined for every value of a: ; 

(2) to each value of x for which y ia given corresponds one 
and only one vahte of y ; 

(3) the relation between as and y is expressed by means of 
an analytical formula. 

It is indeed the case that these particular characteristics are 
possessed by many of the most important functions. But the con- 
sideration of the following examples will make it clear that they 
are by no means essential to a function. All that is essential is 
that there should be some relation between x and y such that to 
some values of x at any rate correspond valu^ of y. 

Examples VII, 1. Let y=x or 2x or J^ or ;i^-f 1. Nothing further 
need be said at jireaent about cases aucb as tbese. 

2. Let y=0 whaleeer be the value of x. Then >/ is a function of x, for we 
ean give x any value, and the correHponding vahie of y (viz. 0) is known. In 
tbia case the functional relation makes the same value of y correspond to ali 
values of a'. The same would be true were y equal to 1 or - ^ or V2 instead 
of 0. Such a function of x is called a constant. 

3. Let f/^=x. Then if a- is positive this equation defines two values of y 
corresponding to each value of «, viz. ±V*. If if=0, y = 0. Hence to the 
particular value of a: corresponds one and only one value of ^. But if x is 
negative there is no value of y which satisfies the equation. That ia to say, 
the fanction y is not defined for negative ■values of m. 

This function therefore posaeasea the characteristic (3), but not (1) or (2). 

4. Consider a volume of gas maintained at a constant temperature and 
contained in ft cylinder closed by a sliding piston*. 

Let A be the area of the cross section of the piston and W its weight. 
The gas, held in a state of compression by the piston, eserts a certain pressure 
p„ per unit of area ou the piston, which balances the weight W, so that 

Let % be the volume of the gas when the system is thus in eqnilibriiim. 
If additional weight is placed upon the piston the latter ia forced downwards. 
The volume (k) of the gas diminishes; the pressure {p) which it eserts 

* I borrow this inBtrnotive example from Prof. H. S. Caralaw's IniroAuction to 
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upon licit area of the piston increaaes. Boyle's esperimetital law asserts that 
the product of p and v is very nearly constant, a correspondence which, if 
exact, would be represented by an equation of the typo 

pv=a (i). 

where a is a number which can be determinal approxima,tely by experiment 
Boyle's law, however, only gives a reasonable approximation to the foots 
provided the gas is not compressed too much. When v is decreased and p 
increased beyond a certain point the relation between them is no longer 
expressed with tolerable exactness by the equation (i). It is known that a 
much better approximation to the true relation can then be found by means 
of what is known as ' van der Waals' law,' expressed hy the equation 

(p+^^(^-^)=V (i!). 

where n, ft y arc numbers which can also be determined approximately by 
experiment. 

Of course the two equations, even taken together, do not give anything 
like a complete account of the relation between p and v. This relation is no 
doubt in reality much more complicated, and its form changes, as v varies, 
from a form nearly equivalent to (i) to a form nearly equivalent to (ii). But, 
from a mathematical point of view, there is nothing to prevent us from con- 
templating an ideal state of things in which, for all values of v above a 
certain limit, V say, (i) would be exa<!tly true, and (ii) exactly true for all 
values of v leas than V. And then we might regard the two equations as 
together defining p as a function of v. It is an example of a function which 
for soine values of vis defined hy one formida and for other values of v is defined 
hy another. 

This function possesses the characteristic (2) : to any value of v only one 
value of p corresponds; but it does not possess (1). Fory is at any rate not 
defined as a function of w for negative values of w ; a negative volume means 
nothing, and so negative values of v do not present themselves for considera- 
tion at all. 

5. Suppose that a perfectly elastic ball is dropped (without rotation) 
from a height ^gr^ on to a fixed horizontal plane, and rebounds oontinually. 

The ordinary formulae of elementary dynamics, with which the reader is 
probably familiar, show that 



if j-S(£3t, and generally 



h=lg{^nr^tf 

if (2m-l)r<i^ (%i-f-l)r, A being the depth of the ball, at time t, below its 
original position. Obviously A is a function of ( which is only defined for 
positive values of (. 

The reader should construct otber exampl«i of functions which occur in 
physical problems. 
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6. Suppose that y is defined aa being the la/rgest prime factor of x. This 
is an instance of a definition which only applies to a particular class of values 
of a?, viz., integral values. 'The lai^est prime factor of ^ or of ^/2 or of jr' 
means nothing, and so our defining relation fails to define for such values of x 
as these. Thus this functioD does not possess the characteristic (1). It does 
possess (2), but not (3), as there is no simple formiila whioh expresses y in 
terms of j:. 

7. Let y bo definwi as the denominator of x when m is ea^essed in its 
lowest term). This is an example of a function which is defined if and only 
iS s: is rational. Thusy=7!f ^= -11/7: but y is not defined for j;"V2, 'the 
deDomiuator of ^S ' being a meaaingless expression. 

8. Let y be defined as the height in inches of policeman Cx, in the 
Metropolitan Police, at 5.30 p.m. on 8 Aug. 1907. Then y is defined for a 
certain ntimber of integral values of .v, viz., 1, 2, ...,jV, where iPis the total 
number of pohcemen in division C at that particular moment of time. 

10. The graphical representation of functions. Co- 
ordinate geometry of two dimensions. Suppose that the 
variable i/ is a function of the variable ts. It will generally be 
open to us also to regard a; as a function of y, in virtue of the 
functional relation between a) and y. But for the present we 
shall look at this relation from the first point of view. We shall 
then call ic the independent variable and y the dependent variable ; 
and, when the particular form of the functional relation is not 
specified, we shall express it by the general form of equation 

(or F(a:), <^(o:), -^(ic), ... as the case may be). 

The nature of particular functions may, in very many cases, be 
illustrated and made easily intelligible as follows : draw two lines 
OX, Oy at right angles to one another and produced indefinitely 
in both directions. We can represent values of a> and y by 
distances measured from along the lines OX, OY respectively, 
regard teing paid, of course, to sign, and the positive directions 
of measurement being those indicated by arrows in Fig. 6. 

Let a be any value of x for which y is defined and has (let 
us suppose) the single value h. Take OA = a, OB = b, and com- 
plete the rectangle OAFB. Imagine the point P marked on 
the diagram. I'his marking of the point P may be regarded as 
showing that the value of ^ for ic = « is h. 



y Google 



10] FUNCTIONS OF REAL VARIABLES 29 

If to the value a of a: corresponded several values of y {say 
b, V, h") we should have, instead of the single point P, a number 
of points P, F. P". 



B —■ ~— - - iP 

B' P' 

b 
O i A > 



We shall call P the point (a, b) ; a and b the coordinates of P 
re/erred to the axes OX, OT; a the abscissa, b the ordinate of P ; 
OX and OY the cms of x and the asnis of y, or together the 
axes of coordiiiates, and the origin of coordinates, or simply 
the origin. 

Examples VIII. l. Let P be the point {a, b), § the point (a, &)■ 
Complete the parallelogram OPEQ. Show that B m the point (a+a, 6 + /3). 

2. The middle point of PQ is the point J[a + a), ^{b+^). 

3. More generally, the line which divides PQ in the ratio ft : X is the 
point (Xa+/«i)/(X+/i), (X6+;i;3)/(X+;i). These espressions give, if the ratio 
fi : X is properly chosen, the coordinates of any point on the line PQ. 

4. The centre of mass of equal particles at the points (<ti, b,), (a^, h^), 
■ ■- (»Hi *n) is the point (ai+«s+...'|-a„)/w, (&i+^+...+6J/m. 

5. Change of axes. Draw through lines OX', OY' making angles 6 
with OX, or {Fig. 7). Draw PA', PB' perpendicular to OX', OY'. It is 
clear that P is determined if OA' and OB' are given just as much as if OA 
and OB are given. Let OA^x, OB^y, OA'=x^, 0B'='^. Then sf and y' 
are tke coordinates of P referred to the new axes OX', OY'. 

Prove that ai'=a:cosS+yaintf, y= — a; sin 5+^ cos S, and express isand y 
in terms of ^ and j'. 
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6. In Ex. 5, the origin was left unchanged, but the new as^ were iii- 
oliiiod to the old ones. We might have taken new axes parallel to the old 




ones, hut passing through a new ongin Let the coordinates of lefened 
to the old axes he a, j3 Exj ross y and a m term? rf i ftiid y and t n 
leraely 

7 A new on|,in i3 takm ind new ^)te8 (7-i WF inclinei at any 
angle to the old me-i 'jhow b> means of the results of Exi and C tf it 
■^ and / maj b*3 eipresa^d m teims if j d,ud ^ by formulae of the tvpe 
r =ai;+b^+c y =d^+ey+f where a b aie numbei? independent if 

11. The equation of a straight line. Let us now suppose 
that for all values a of x for which y ia defined, the value b 
(or values b, b\ b", .,.) of y, and the corresponding point P (or 
points P, P', P", ...) have been determined. We call the aggre- 
gate of all these points the graph of the function ?/. 

To take a very simple example, suppose that y is defined as 
a function of at by the equation 

ax + by + 0=0 (1), 

where a, b, c are any fixed numbers. Then 3/ is a function of ic 
which possesises all the characteristics (1), (2), (3) of § 9. It is 
easy to show that the graph of y is a straight line. 

First suppose a = 0. Then y has the constant value — cjb, 
and the graph is obviously a straight line parallel to OX. 

Next suppose a different from zero, and suppose that (cui, 1/,) 
i^si 3/2) ^^^ ^iy two points on the graph, so that 

aa:j + byi+c = t), a!V.^ + by.^+ c^O (2). 
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The coordinates of any point P on the Hne joining {x,, y,) and 
(^. ^i) may (Ex, VIII. 3) be expressed in the foim 

But if we multiply the two equations (2) by X and ju. respec- 
tively, add the results, and divide by X. + /i, we obtain 

which shows that P lies on the graph. Hence the graph includes 
all the points of the line. And it cannot include any other 
points. For the line is not parallel to OX, since if it were 
y would be constant for all points on it, which is net the 
case. Hence there is one point on the line for which y has any 
value we like to assign. And so, if the graph contained a point 
(«', y') which did not lie on the line, there would bo two values of 
a; given by the equation ax + by + c = when y had the value y' : 
and this is obviously untrue. Thus the graph includes all the 
points of the line and no others. 

We shall sometimes use another mode of expression. We 
shall say that when tc and y vary in such a way that equation (1) 
is always true, the locus of the point {x, y)is a straight line, and 
we shall call (1) the equation of the locus, and say that the equation 
represents the locus. This use of the terms ' locus,' ' equation of 
the locus' is quite general, and may be applied whenever the 
graph of y is, in the ordinary sense of the word, a curve*, and 
the relation between x and y is capable of being represented by 
an analytical formula. 

The preceding work does not apply when 6 = 0. The equation 
then reduces to ic = — c/d, so that the distance of P from OF is 
constant — i.e. P lies on a line parallel to F. In this case y does 
not occur in the equation at all, and so the latter cannot be 
regarded as defining ;/ as a function of x. But it may be regarded 
as defining ic as a function of y, viz. the constant — cja. 

The equation ax + 'by + c = ^i9 the general equation of the first 
degree, for ax + by + cis the most general polynomial in x and y 
which does not involve any terms of degi'ee higher than the first 

* ' Curve' of course includes strnight lice aa a parCioalar case. Some examples 
Id which the ' graph ' is not, in the ordinary aenae of the word, a curve, vfill be 
found in Bis. SVI, 
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in X and y. Hence iAe general equation of the first degree rep^'e- 
sents a straight line. It is equally easy to prove the converse 
proposition, the eqtiaiicm of any straight line is of the first degree. 
After the discussion which precedes we may leave this as an 
exercise ibr the reader. 

Examples IX. 1. The aagltss which the hue ax + bi/+c=0 makes with 
VA ore arctan( — a/6) and n- — arc tan (-a/6), where arctaiiX denotes the 
niimeuciUy lei^t angle whose tangent is \. 

2 If i w a point on the line, and *', f are defined as in Ex. VIII. (5), 
sh w that 

whcie A=a, con + bsm 6, B^b cos 6- asm 6. 

We call this equation (Ae e^tiatum of the tine re/erred to the new axes OX', 
Oy — it is the relation which conneote the new coordinates a/, y. It will be 
observed that this equation also is of the first d^ree, as it obviously should 
be, since the proof that the equation of a straight line is of the first degree in 
no way depends upon what particular ases are chosen. 

3. The coordinates of the point of intersection of ax + bff + c=0 and 
a'x+h'v+i^=0 are 

b</-b'c cbf-a'c , 

ab'—a'b' ab'—a'b ' 

unless ajb=a'jb', in which case the lines are parallel. 

4. The tangents of the angles between the lines in Ex. 3 are 

±{ab'~a'b)l{aci! + bb'}, 
and the lines are perpendicular ii aa'+bb'=0. 

5. The length of the perpendicular from (§, ij) on to cw + fiy + i^ — is 

V(«-+»') ' 

the perpendicular being regarded as positive or negative according to the side 
of the line on which tho point lies. [Positive when it ia on the same side as 
0, if e>0 : negative in the same circumstancee if e<0.] 

6. The equation {ate + 6^ + e) + X (ax +3y +7) = represents a line throi^h 
the intersection of ax + b,y + c = and ax+ff^+y—O, and, by proper choice 
of X, may be made to represent any such line. Discuss the particular case 
in which a/«=(S/6. 

7. Hence show how to find the equation of a line through the intersection 
of two given lines and parallel or perpendicular to a third. 

8. The equation of the circle whose centre is (a, 6) and radius r is 

Conversely, any equation of this form represents a circle. 
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9. The moat general equation of the second degree in x and y, in whioh 
there is no term in xff, and x^ and ^ have equal coefficients, viz. 

represents a circle if f^+ff^>ao. Discuss the cases in which Z^ + ^^gae. 

10. Verify that the characteristic form of the equation of a circle (Ex. 9) 
is not altered by change of axes. 

11. The general equation of a circle which passes through the points of 
intersection of two intersecting circles 

ia (a:^a,f+l^-by-r^+\{{^-ay+Q/-fif-p'}=0. 

12. If X = — 1 this last equation is of the first degree only, and represents 
the amimon chord of the two circles. 

13. The two circles 

^24.ya^2tte + 2^ + i2 = 0, ic^+/ + 2ea*+2(^ + «^ = 0, 
will represent a pair of intersecting circles if 

and 4:id^ + e^-ifl){^ + f^-K^)>{2dd + 2ec-k''-K^>'. 

14. Show that the two circles in Es, 13 will cut at right angles if 

2rfe + 2eE=P+K2. 

15. The area of the triangle formed fey the points {o-'i, i/s), (^a, i/s\ 
(■^3, !/s) is 

i 1 *i }h 1 j < 

taken positively. Hence deduce the result of § 11. 

Examples X. 1. A point moves (a) so that its distance from a given 
line is constant, (b) so that its distances from two given lines are equal. 
Show that in each case the locus of the point is two straight lines (a) by 
geometrical reasoning, ((3) by means of the resulfa of § II and Es. IX. 5. 

2. The distances of a variable poiut F from a number of lines are 
P> /. y. — > ai"! P moves so that 

ap+bp' + ep" + ... = 
where a, b, c, ... are constants. Show that the locus of P consists of a 
number of straight lines. 

3. A, B are fised points, and P a variable point which moves so that 
(a) \ . AP^+n . BP^^oomt, (6) AP/BF=oomt. Show that the locus of P 
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4. A line of flsed length moves with its oiida upon OX and OF. Find 
the equation of the locus of the point which divides the line in tho ratio /i ; X. 

[Let the line he AB, meeting OX, OY in A, B, and let OA=a, OB=b. 
The coordinates of the point Pin question (Es, VIII. 3) are Xoi/(X+fi) and 
f(6/(Ji-f^}. Also aH6*=conat.=(^, bay. Thus if a-=Xa/(X+fi), a'=^6/(X+fc), 

wo deduce T-a + -a = ,. , .3 - 

If X=/i, i.e. if P is the middle point of AB, this is the equation of a circle.] 

5. A line of constant length moves with its ends on a flsed circle. Prove 
that the locus of the point which divides the line in a flsed ratio ia a con- 
centric circle. 

12. Polar coordinates. In what precedes we have deter- 
mined the position of P hy the lengths of OM=ii:, MP = y. 
If OP = r and MOP = 0. 6 being an 
angle between and Itt (measured in 
the positive direction), it is evident that 

x — r cos 8, y — ''' sin B, 

r = kJ{j^ + )/'), cos B -.^WiB -.Xv.x-.y \r, 
and that the positiou of P is equally 
well determined by a knowledge of r 
and B. We call t and B the polar co- ^'°' ^■ 

ordinates of P. The former, it should be observed, is essentially 




If P moves on a curve there will be some relation between r 
and B, say r=f{B) or e = F(r). This we call the polar equation 
of the locus. The polar equation may be deduced from the (x, y) 
equation (or vice versa) by the formulae above. 

It should be observed that {ca, y) and (r, d) are only two out of 
an infinite variety of 'systems of coordinates' which may be used 
to fix the position of P. 

Examples XI. 1. The polar equation of a straight line is of tho form 
«0.(«-a).J., 
where p and q are constants. 

a. The equation j'=2acos5 represents a circle passing through the origin. 
So do r=2am'a6 or i-=Xco8fl-|-/t ain A Find the radius of each circle. 



3. The general equati 



a circle is of the form, 
constants. 
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13. Further examples of functions and their graphical 
representation. In all of Exa. IX. and X. we were concerned 
with two very simple functions of x, viz. the functions y defined 
by the equations aa: + ^1/ + 7 = or (^ - a)^ + (1/ - !>)^ = rt Only 
in Ek, X. 4 did we meet for a moment a slightly more general 
type of functional relation. The examples which follow will give 
the reader a better notion of the infinite vaiiety of possible types 
of functions. 

A. Polynomials. The meaning of the term polynomial in x 
was explained in Ch. I. It denotes a function of the form 

0,,*™ + aiOf^^ + . . . + dm 
where a^, ai, ... a^ are constants. The simplest polynomials are 
the simple powers 

The graph of the function x™ is of two distinct types, according 
as m is even or odd. 

First let m = 2. Then three points on the graph are 

(0.0), (1,1), (-1,1). 
Any number of additional points on the graph may be found 
by assigning other special values to w : thus the values 

x = h 2, 3, -i, -2, 3 
give y — h *' ^' i' "^^ ^- 
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If the reader will plot off a fair number of points on the graph he 
will be led to conjecture that the form of the graph is something 
like that shown in Fig. 9. If he draws a curve through the 
special points which he has proved to lie on the graph and then 
tests its accuracy by giving a) new values, and calculating the 
corresponding valuea of y, he will find that they lie as near to the 
curve as it is reasonable to expect, when the inevitable inaccuracies 
of drawing are considered. 

There is, however, one fundamental question which we cannot 
answer adequately at present. The reader has no doubt some 
notions as to what is meant by a continuous curve, a curve without 
breaks or jumps — such a curve, in fact, as is roughly represented 
in Fig. 9. The question is whether the graph of the function 
i/ = a;'' is in fact such a curve. This cannot be proved by merely 
constructing any number of isolated points on the curve, although 
the more such points we construct the more probable it will 
appear. 

This question cannot be discussed properly until Ch. IV. 
In that chapter we shall consider in detail what our common sense 
idea of continuity really means, and how we can prove that such 
graphs as the one now considered, and others which we shall 
consider later on in this chapter, are really continuous curves. 
For the present the reader may be content to draw his curves as 
common sense dictates. 

It is eaay to see that the curve y^ai' is everywhere convex to the axis of a:. 
Let Pa, Pj (Pig. 9) he the points (xo, V), (^i, ^i"). Then 

tanA'PoP,=^,= ^^^^'=;So + ^., 

and, if P^ is kept fixed, thie increases as iriy increases— i.e. the slope of 
P(,Pi becomes steeper and steeper. 

The curve y = iif is similar to y = a:^ in general appearance, but 
flatter near 0, and steeper beyond the points A, A' (Fig. 10). 
And y = x'", where m is even and greater than 4, is still more so. 
And as m gets larger and larger the flatness and steepness grow 
more and more pronounced, until the curve is practically indis- 
tinguishable from the thick broken line in the figure. 

The reader should next consider the curves given by i/ = x™, 
when m is odd. The fundamental difference between the two 
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cases is that whereas when m is even (— a!)"' = af", so that the 
curve is symmetrical about OY, when m is odd (—«)"' = — «'", so 
that y is negative when a: is negative. Fig. 11 shows the curves 




i/=ic, y = a!', and the form to which ij = x™ approximates for 
larger odd values of tn. 

It is now easy to see how (theoretically at any rate) the graph 
of any polynomial may be constructed. In the first place, from 
tbe graph of y = a^ we can at once derive that of Cic™, where C is 
a constant, by multiplying the ordinate of every point of the 
curve by G. And if we know the graphs oi f{p) and F{ai) we 
can find that of fi^x') +■ F{j^ by taking the ordinate of every point 
to be the sum of the ordinates of the corresponding points on the 
two original curves. 
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Fig, 12 shows tho graph of y=2^^-^, constructed in thia way. The thin 
line is y='ix^i the dotted line y = ~ a?. In order to prevent the figure 
becoiuing of an awkward size, the scale for measurements along the asis of y 
has been taken to be one-quarter of that for measurements along the axis 
of XI, This is often convenient ; of course any ratio of the scales may be 
chosen. 

The drawing of graphs of polynomials is however so much facilitftt«d by 
the tise of more advanced methods, which will be explained later on, that we 
shall not pursue the subject further here. 

Examples XIL 1. Trace the curves y=7a;',2^=3a* !/=«'". 

[The reader should draw the curves carefully, choosing tke scales of 
measurement along OX and OY so as to get a convenient figure ; but all 
three curves sbould be drawn m one figv/re. Th.e reader will then realise 
how rapidly the higher powers of x increase, as x gets larger and larger, and 
will see that, in such a polynomial as 

(or even a^''-l-30a!* + 70O#) it is the_^ra{ term which is of really preponderant 
importance when x is fairly large. Thus even when iC"=4, a;i"> 1,000,000, 
while 30;cs<35,000 and 700«*<180,000; while if .r=10 the preponderance 
of the first term ia still more marked.} 

2. Compare the relative magnitudes of i«^\ 1,O0O,0O0j;>, 1,000,000,000,OOO.c 
whena; = l, 10, 100, etc. 

[The reader should make up a number of examples of this type for himself. 
This idea of the relative rate of growth of diffirent functions of x is one with 
which we shall often be concerned in the following chapters.] 

3. Draw the graph of 0^^4-26* -!-<!. 

{^em y-{{aa-V^)la]=a[x-\-{bla)Y. If we take new asea parallel to the 
old and passing through the point — 6/a, {ae~V')ja, the new .equation is 
y=ajfK The reader should consider a, few different cases in which a, b, c 
have numerical values, sometimes positive and sometimes negative.] 

4. Trace the curves !/=fl;9-3j: + l,2' = a^(«-l),y = ;c(a^- 1)3, 



14. B. Rational Functions. The class of functions whicli 
ranks next to that of polynomials in simplicity and importance 
is that of rational functions. In Ch. I. we defined a rational 
function as the quotient of one polynomial by another: thus if 
P(a:), Q{^) are polynomials we may denote the general rational 
function by 
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In the particular case when Q (x) reduces to unity or any other 
constant (i.e. does not involve x), R{x) reduces to a polynomial: 
thus the class of rational functions includes that of polynomials 
as a sub-class. The following points concerning the definition 
should be noticed. 

(1) We usually suppose that P{x) and Q{x) have no common factor 
a + a or x" +ax^~^ + biB''''^+ . .. -i-i:, all such factorn being removed by division. 

(2) It should however be obaer A that tl m 1 f mm a fact s 
does as a rule ekange the fitnotion. C If tuple th fun t n .r 
which K a rational function. On rem ng th mn n t to a; we bta n 
1/1 = 1. But the original function into? y qaltl t qual to 1 
only so !oi]g as ^+0. If jt-O it tak th t m wh h s mean ngles. 
Thus the function */* is equal to 1 f j;-|=0 a d nlehned whe =0 
It therefore differs from the function 1 which is alwai/s equal to 1. 

(3) Such a function ae 

may be reduced, by the ordinary rules of algebra, to the form 

»'■('- Si) 

■which is a rational function of the standard form. But here s^ain it must be 
noticed that the reduction is not alu^ys legitimate. In order to calculate the 
value of a function for a given value of ix we must substitute the value for x 
in the function in the form in lehich it is ffiven. In the case of this function 
the values a;= -1, 1, 0, 2 all lead to a meaningleaa expression, and so the 
function is not defined for these values. The same is true of the reduced 
form, so far as the values +1 are concerned. But ^=0 or 2 gives the value 0. 
Thus once more the two functions are not strictly equivalent. 

(4) But, as appears from the particular example considered under (3), 
even wheu the function has been reduced to a rational function of the 
standard form there will generally be a certain number of values of a: for 
which it is not defined. These are the values of a: (if any) for wKich the 
denominator vanishes. Thus (^ — 7)l{sfl-S^+2) is not defined when is = l 
or 2. 

(5) Generally we agree, in dealing with expressions such as those con- 
sidered in (2) and (3), to disregard the esoeptional values of * for which such 
processes of simplification as were used there are illegitimate, and to reduce 
our function to the standard form of rational function. The reader will 
easily verify that (on this understanding) the sum, product, or quotient of 
two rational functions may themselves be reduced to rational functions of 
tbe standard type. And generally a rational function of a rational function 
is itself a rational function: i.e. if in 3 = -P(3')/©(y). where P and Q are 
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polynomials, we substitute }/=Pi(x)IQi{x), we obtain on aimplifieation an 
equation of the form z=Pi{x)IQ2i^)- 

(6) It is in no way preauppused in the definition of a rational function 
that the constants which occur as coefficients should be rational numbers. 
The word rational has reference solely to the way in which the variable x 
appears in the function. Thua 

is a rational function. 

The use of the word rational ariises ae follows. The rational function 
P{x)!Q{!):) Ta3:j be generated from w'hf a, definite number of operations upon 
X, including only multiplication of x by itself cr a constant, addition of terms 
thus obtained, and division of one fmiotion, obtained by such multiplications 
and additions, by another. In so far as the variable ^e ia concerned, this pro- 
cedure is very much like that by which all rational numbers can be obtained 
from unity, a procedure exemplified in the equation 
6_1-H + I -H + I 
3 ' i+I+1 

A^ain, any function which can be deduced from x by the elementary 
operations mentioned above, using at each stage of the process functions 
which have already beea obtained from x in the same way, can be reduced to 
the standard type of rational function. The most general kind of function 
which can be obtained in this way is sufficiently illustrated by the example 



f^)/('-l.). 



which can obviously bo reduced to the standard type of rational function. 

15. The drawing of graphs of rational functions, even more 
than that of polynomials, is immensely facilitated by the use of 
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methods depending upon the differential calculus. We shall 
therefore content ourselves at present with a very few examples. 

Examples XIH. 1. Draw the graphs of y=ljx,-i/=\J3^,y=lJ!i^, .... 

[The figure shows the graphs of the first two curves. It should be 
observed that, since I/O, I/O", ... are meaningless expressions, those functions 
are not defined for 3; = 0.] 

3. Trace y=a;+{lK x-{ll^), a-3+{l/^), ^-(l/a;^) and a^^-(6/.^'), 
taking various values, positive and negative, for a and 6. 

3. Trace 

4. Trace3'=l/(.i^-a)(.);-6), lj{x-a){3!-h){x-c\ where a<0<6<c. 

6. Sketch the general form assumed by the curves y=I/a^ as m 
larger and. larger, considering separately the cases in which m is 



16. C. Explicit Algebraical Functiona. The next im- 
portant class of functions is that of explicit algebraical functions. 
These are functions which can be generated from ic by a definite 
number of operations such as those used in generating rational 
functions, together with a definite number of operations of root 
extraction. Thus 

V(l+^)-^ (l-^) Hr+J'A 

v(l+^)+^/(l^)' ^^-+^(-+^'^)' 

are explicit algebraical functions, and so is a;'""' (i.e. '■^x™) where m 
and n are any integers. 

Functions such as these differ fundamentally from rational 
functions in two respects. In the finit place, a rational function 
is always defined for all values of a; with a certain number of 
isolated exceptions. But such a function as \/a: is undefined for 
a whole range of values of w (i,e, all negative values). Secondly, 
the function, when a: has a value for which it is defined, has 
generally several values. Thus, if x>0, rjx has two values, of 
opposite signs. 
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Examples XIV, 1. ,J{(!D-a)(b-3;)}, where a<h, is defined only for 
g.c<6. If a<x<b it has two values: it a=ct or 6 only one, via. 0. 

2. Consider similarly \/{x-a)(x-b){c-a:) {a<b<c), 






3. Trace y = J^., ^w, y«fl, (1 + ^':k)/(1-». 

4. Trace ^=V(»'-^^=), y^b ^l{l-{^'ija^)]. 

17. D. Implicit Algebraical Functions. It is easy to 
verify that if 

V(l+^)-^(l-^) 



then 



/1+^Y ^ (1+^)= 

\l-y) il-xf 
or if ?/ = V^f + VC'" + V^) 

then i/*-(%= + 4y+ l)ic = 0. 

Each of these equations is of the form 

y» + iii7"^'+... + iim = (1), 

where Ji,, R^, ..., Sm are rational functions of x: and the reader 
will easily verify that, if y is any one of the functions considered 
in the last set of examples, y satisfies an equation of this form. 
It is naturally suggested that the same is ti'ue of any explicit 
algebraic function. And this is in fact true, and indeed not 
difficult to prove, though we shall not delay to write out a formal 
proof here. 

An example should make clear to the reader the lines on 
which such a proof would proceed. Let 

_ a; + Va: + Vjai + -Jx] + ^/(l + x) 
^ ~ ic - Vfl^ + Vl'P + VM -■%/(! + ^) ■ 
Then we have the equations 

x+u+v+w 
^ x-u + v-ii) 

and we have oniy to eliminate u, v, w between these equations in 
order to obtain an equation of the form desired. 
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We are therefore led to give the following definition: a function 
y =/{"') ^*'^ ^^ ^"^'^ ^0 be an algebraical function of x if it is the 
root of an equation such as (1), i.e. the root of an equation of the 
m"' degree in y, whose coefficients are rational functions of at. 

This class of functions includes all the explicit algebraical 
functions considered in § 16. But i6 also includes other functions 
which cannot be expressed as explicit algebraical functions. For 
it is known that such an equation as (1) cannot as a rule be 
solved explicitly for y in terms of x, when m is greater than 4, 
though such a solution is always possible if m = 1, 2, 3, or 4 and 
in special cases for higher values of m. 

The definition of an algebraical function should be compared 
with that of an algebraical number given in the last chapter 
(Misc. Exs. 30), 

Examples XV. 1. If m. = l, ^ is a rational function. 

2. If i« = 2 the equation ia /+fljy+^a = 0, ao that 

This function is defined for all values of a: for which Rj'' £4^a. It has two 
valuesif fii^>4^and one i! R,^=:4Ri. 

If m = 3 or 4 we can use the methods explained in treatises on Algebra 
for the solution of cubic and biquadratic equatiooa. But as a rule the process 
is complicated and the results inconvenient in form, aud we can generally 
study the properties of the function better by means of the original equation. 

3. Consider the fuuctious defined by the equations 

in each ease obtaining j' as an esplioit fauotion of x, and stating for what 
values of x it is defined. 

4. Find algebraical equations, with coefficients rational in x, satisfied by 
each of the functions 

V^'+V(iM), ^^+^(.11^), i/^+^iil^}, ^(i+^)+^(i-^), 

6. Consider the equation y^i^af. 

[Here ^s= +^. If a; ia positive y= ± V^ : if negative y= + V( - ^)- Thfs 
the function has two values for all values of ai save a;=0, when it has the one 
value 0.] 
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6. An algebradcal function of an algebraical fiinotion of a; is itself an 
algebraiual function of x. 

[For we tave 

y- + «,(j)2^'-' + ... + J;,„(?) = 0, 

where j" + 6'|(;k)2"-i + ... +S„(^) =0. 

Eliminating e we find an equation of the form 

Here all the capital letters denote rational functions,] 

7. An example should perhaps be given of an algebraical function which 
caniiot be expressed in an explicit algebraical form. Such an example is the 
function y defined by the equation 

But a proof that we cannot find an explicit algebraical expression foi' y in 
terms of x is difiicult, and cannot be attempted here. 

18. Transcendental Functions. All functions of a: which 
are not rational or even algebraical are called transcendental 
functions. This class of functions, being defined in so purely 
negative a manner, naturally includes an infinite variety of whole 
kinds of functions of varying degrees of simplicity and importance. 
Among these we can at present distinguish two kinds which are 
particularly interesting. 

E. The direct and inverse trig^onometrical or circular 
functions. These are the sine and cosine functions of elementary 
trigonometry, and their inverses, and the functions derived from 
them. We may assume that the reader is familiar with their 
most important properties. 

Examples XVL 1. Draw the graphs of sin j:^, coaa^, and ircos:c-i-6ain:c. 

[Since a cos a! + 6 sin a; = (3 cos (ic - a), where |3 = V(«^ + 6*), and a is an angle 
whose cosine and sine are ajjia^+b^ and 6/V(a^+6^), the graphs of these 
three functions are similar in character.] 

2. Draw the graphs of cos^a;, sin* a;, acos^aJ + fesin^:);. 

3. Suppose the graphs of f{x) and F{:e) drawn. Then the graph of 

/(^)cos"^+J^(,^)sin=* 
is a wavy curve which oscillates between the curves y=/(a:), y=F{x). Draw 
the graph when/(a:), F(3^) are any pair of the functions 

\!x\ Ijx, 1, ^, 3:\ ax+b, « + (l/a!). 

4. Discuss in the same manner the form of the graph of 

/(«)C».»+J?(I).U.». 
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5. Draw the graphs of x + sina:, a;^ + siii^, (l/a^j + sm,!;, ^sin^, i[^sin«, 

6. Draw the graph of sin (1/x). 

[If ^=siii (I/a:), ^ = when a; = l/»i7r, where w ia any integer. Similarly 
2^=1 when a; = l/(2OT + ^)jr aod y= -1 when a-=V(3™-i)'r- The curve is 
entirely compriaed between the lines i/= ±1. It oscillates up and down, the 
rapidity of the oscillations becoming greater and greater as x approaches 0, 
For oj=0 the function is undefined. When ^ ia large j is small. The 
negative haif of the curve is an inversion of the positive half (Fig. 15).] 




7. Di'aw the graph of *'sin (I/;k). 
[This curve is comprised beti 
was comprised between the lines 




I. Draw the graphs of x^ sin (1^), (!/*■) sin (!/*■), sin= {l/A {* «in (1/^)}^ 
a^ (!/«;) + & sin« (1/^), sin :e+sin (1^), sin ^ sin (1/^). 

). Draw the graphs of cos »\ sin :^, a cos x^+b sin 3^. 

10, Draw the graphs of arc cos cc and arc sin x. 
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[If ^ = arccosa:, ^■ = cosy. This enables us to draw the graph of x, con- 
sidered as a function of y, and the same curve sh.owa y aa a function of x. 
It is clear that ff is only defloed for — l^a^^l, and is inflnitelj many 
valued for these values of .v. As the reader no doubt remembers, there is, 
when -I<ic<I, a value of y between and it, say a, and the other values 
of y are given by the formula 2nw±a, where n is any integer, positive or 

11. Draw the graphs of 

tan ^, cot jc, sec n, oosec 3), tan^ x, cot^ m, sed' w, coaec* x. 

IS. Draw the graphs of arctan;^, arccota:, arcaeca;, arccoseca:. Give 
formulae eipressing all the values of each of these functions in terms of any 
particular value. 

13. Draw the graph.s of tan (I/^), cot {Ijx), sec {Ijx), coaec (I/«). 

14. Show that sin a: and cos s are not rational functions of a:. 

[It is easy to see that no function which, like the sine or cosine, lias a 
period, can possibly be a, rational function. For suppose that 

where P and §are polynomials, and/{a;)=/(3r+2)r), each of these equations 
holding for all values of .r. Let /(0)=i:, Then the equation 

P(a;)-A§(a-)=0 
is satisfied by an infinite number of value.^ of a:, viz. x = 0, 2jr, 4ir, etc., and so 
it is an identity. ThuB/(A') = i for all valuesof a', i.e./(j^)i8 a mere constant.] 

15. Show, more generally, that no function with a period can be an 
algebraical function of x. 

[Let the equation which defines the algebraical function, be 

y"+,S,3/»'-i + ...-i-.fl„.-0 (1), 

where R^, ... are rational functions of x. This may be put in the form 

where Fa, P^, ... are polynomials in x. Arguing as above we see that 

J'o^'"+ i'i'&" " ^ + — +i*™ = 
is an identity. Hence y=lt satisfies the equation (I) for all values of x, and 
one set of values of our algebraical function reduces to a constant. 

Now divide (I) by y — Aand repeat the argument m times. Our final con- 
clusion is that our algebraical function has, for any value of *■, the same m 
values A, if, ... ; i.e. it is composed of m mere oocstauts.] 

16. The inverse sine and inverse cosine are not rational or algebraical 
functions. 

[This follows from the fact that for any value of x between —I and +1, 
arc sin x and arc cos x have infinitely many values.] 
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19. F. Other classes of transcendentEil functions. Next 
ill importance to the trigonometrical functions come the expo- 
nential and logarithmic functions, which will be discussed in 
Chh. IX. and X. But these functions are beyond our range at 
present. And most of the other classes of transcendental func- 
tions whose properties have been studied, such as the elliptic 
functions, Besael's and Legendre's functions. Gamma- functions, 
and so forth, lie altogether beyond the range of this book. 
There are however some elementary types of functions which, 
though of much less . importance theoretically than the rational, 
algebraical, or trigonometrical functions, are particularly instruc- 
tive as illustrations of the possible varieties of the functional 
i-elation. 



Examples XVII. 1. Lot ; 
reatest integer contained in x 
2. y.»-W. (Eg. IV (4)0 
S. s.^(>;-[»]l. (Hg. 1!(.).) 
t »-M+V{»-» (Kg. 17(el).) 



= [:c], where [:k] denotes the algebraically 
The graph is shown in Fig, 17(a), 



7^ 
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5. y=(:.-M)^ [^] + (^-M)^. 

7. Let !/ be defined as the largest prime fador of x (cf. Esh. VII. H). 
Then y is defined only for integral values of a-. Wlion 

a:=± 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, IS, 13, ... 
y= 1,3,3,3,5,3,7,2,3, 5,11, 3,13,,., 
The graph consists of a number of isolated points. 

8. Let y he the denominator of x {Esa. VII. 7), In this case y is defined 
only for rational values of a:. We am mark off as many points on the graph 
as we please, but the result is not in any ordinary sense of the word a curve, 
and there are no points correspondii^ to any irrational values of a;. 

Draw the straight line joining the points (Jf— 1, iV), (^, Jf). Show that 
the number of points of the locus which lie on this line is equal to the number 
of numbers less than and prime to iV. 

9. Let >/=Q when a; is an integer, y=x when x is not an integer. The 
graph is derived from the straight line y =x by taking out the points 

...(-1, -1), (0,0), (1,1), (2,2),..., 
and adding the points (-1, 0), (0, 0), (1, 0), ... on theasisof*. 

The reader may possibly regard this as an ■unreasonable function. Wkj;, 
he may ask, ifyis equal to ^ for all values of x save integral values, should it 
not be equal to x for integral values too ? The answer ia simply, why shovld 
it 1 The function y does in point of foot answer to the definition of a 
function : there is a relation between x and y such that when x is known y is 
known. We are perfectly at liberty to take this relation to be what we please, 
however arbitrary and apparently futile. This function y ia, of course, a quite 
different function from that one which is always equal to «, whatever value, 
integral or otherwise, x may have. Lot us take an apparently atill more 
arbitrary example. 

10. Let 3/=0 when ^ = - 2J, 

)/^=l when x= — 1, 

and y^=ai^ if l<a;^2, 

except that y= - I when s:~l^. And for a; = 3 let j/ have all values between 
— 1 and +1. Finally, suppose that y is not defined at all esoept for the 
various values just enumerated. The graph is shown in Fig. 18. It consists 
of the curved are L, the line P, the lines M and If, from which however the 
middle points and the ends nearest the axis of a must be taken out, and the 
four isolated points A, B, C, D. We notice fVirther that y has infinitely 
many values for sc = Z, two for x= - 1 and \<x<\^ and \\<s^ 2, oiie for 
ii;=-2J, - J^3^g^anda!=l|, and moras for any other value of x. 

This example is given merely to illustrate possibilities ; it is not su^ested 
that such functions as these are likely to be of any practical importance. 
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The reader should however not be too ready to i 
practical point of view it is only what is obvious ai 



sume that even from the 
straightforward which is 



important. If he turns hack to Exs. ¥11. 4, 5, for instauoe, he will see 
examples of functions su^eated by physical oonsiderationa and defined by 
different formulae for different rai^s of valuea of x. 

11. Iiety=l whena; is rational, but y=0 when a; is irrational. The graph 
consiatsof two aeriea of points arranged upon the lines j—1 and )/=0. To the 
eye it is not diatinguiahable from two continuous straight lines, but in 
reality an infinite number of points are missing from ea«h line. 

12. Let y = x when x is irrational and y==-J{{i +p^)l{l +3^)} when at is a 
rational fraction pjq. 
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The irrational values of x contribute to the graph, a curve in reality dis- 
continuous, but apparently not to be distinguished from the straight line y=if. 

Now consider the rational values of x. First let x be positive. Then 
./[(I +p*)/(l +5^)} cannot be equal to f)/j unless y = J, i.e. *=I. Thus all 
the points which correspond to rational values of x lie off the line, except 
the one point (1, 1). Again, \i p<q, •J{{l-i-p')Kl+f)}>plq; if ?>?> 
^{0 +p^l{l+q^)) <plq- Thus the points lie above the line ^=;p if 0<iE<l, 
below if *>]. If p and q are lai^ ^{(l +p^)jll +q^)} is nearly equal to piq. 
Near any value of a; we can flud any number of rational fractions with large 
numerators and denominators. Hence the graph containa a large number of 
points which crowd round the line y'^x. Its general apjjearance (for positive 
values of x) is that of a line surrounded by a swarm of isolated points which 
gets denser and denser as the points approach the line. 

The part of the graph which corresponds to n^ative values of x consists 
of the rest of the discontinuous line together with the reflections of all these 
isolated points in the axis of y. Thus to the left of the axis of y the swarm 
of points is not round y~x but round y = —x, which is not itself part of the 
graph. See Fig. 19. 

20, Graphical solution of Equations containing a single 
unknoTirn quantity. Many equations can be expressed in the 
form 

/(*) = 0W (1)> 

■where /(a:) and {w) are functions whose graphs are easy to draw. 
And it is obvious that if the curves 

intersect in a point P whose abscissa is ^, then f is a root of the 
equation (1). 

Examples XVIII. 1. The quadratic equation (M:*-i-26a^+c—0. This 
may be solved graphically in a variety of ways. For instance we may draw 
the graphs of 

y^ax+2b, y=-cM, 

whose intersections give the roots, if any. Or we may take 

y^afl, y^ -{2bx+e)la. 
But the simplest method is probably to draw the circle 

<i-(x^+f)+2b^+c^0, 
whose centre is ( — 6/a,0) aad radius {^{b''-ac)}/a. The abscissae of its 
intersections with the axis of x are the roots of the equation. 
3. Solve by any of these methods 
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3. The eq.Tiafcion af"' + aii: + b = 0. This may be solved by constructing 
the curves ?/=*"', y=-as;~b. 

4. Verify the following table for the number of real roots (if any) of 

'e, two or none^ 

,!■. j> ( a positive, (me, 

'■ ' \a negative, three or one. 

Construct numeriiial esamplea to illuistrate all possible cases. 

5. Show that the equation taiia^=(Kc-t-6 has always an. infliiite number 
of real roots. 

6. Determine the number of real roots of 

7. Show that if a is small and positive (e.g. a—'Ol) the equation 

has three real roots. Consider also the case in which a is small and negative. 
Explain how the number of roots vari^ as a varies. 

21. Functions of two variables and their graphical 
representation. In § 9 we considered two variables connected 
by a relation. We may sinnlarly consider three variables {as, y, 
and z) connected by a relation such that when the values oix and 
y are both given, the value or values of z are known. In this case 
we call z a function of the two variables x and y; x and y the 
independent variables, z the dependent variable; and we express 
this dependence of z upon x and y by writing 

The remarks of § 9 may all be applied, viutatis mutandis, to this 
more complicated case. 

The method of representing such functions of two variables 
graphically is exactly the same in principle as in the case of 
functions of a single variable. We must take three axes OX, OY, 
OZ in space of three dimensions, each axis being perpendicular 
to the other two. The point (a, b, c) is the point whose distances 
from the planes YOZ, ZOX, XOY, measured parallel to OX, OY, 
OZ, are a, h, and c. Regard must of course be paid to ) 
lengths measured in the directions OX, OY, OZ being i 
as positive. The definitions of coordinates, axes, origin are the 
same as before. 
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Now let z —f{^> y)- 

As ic and y vary the point {x, y, z) will move in space. The 
aggregate of all these points is called the locus of the point 
(«, y, z) or the graph of the function z=f{cc, y). When the 
relation between x, y, and z which defines z can be expressed in an 
analytical formula this formula is called the equation of the locus. 

22. Equation of a plane. It may be shown without 
difficulty that the coordinates of the point which divides PQ in 
a given ratio /a : X, are 

\a, + IJ.01 \h + /A/3 \c + /^ 
\ + /i ' X-\- fi, ' X + /i' 

where {a, h, c) are the coordinates of P and (n, 0, 7) those of Q 
(cf. Ex, VIII. 3). 

From this we can at once deduce the following important 
theorem; the general equation of the first degree represents a plane. 
For let 

ax + by + cz + d-Q 
be the equation; and let (i^i, y^, z,), (x^, y^, z^) be two points P, Q 
on the graph of the function s (or the locus represented by the 
equation). Then 

ax^ + 6y, + cz, + d^O, 
ax'i + by^ + C2, + <; = 0, 
and so, multiplying by X and /t, adding, and dividing by ~k + fi, 



X«i + 



B^ + h ^^!^1±J^ + c ^'"'"^' +d = 



\ + fl A. + yU. 

Thus the locns is such that if P and Q lie upon it, the point R 
which divides PQ in any ratio lies upon it. That is to say every 
point of the line PQ lies in the locus. The locus therefore satisfies 
Euclid's definition of a plane. Conversely the equation of any 
plane is of the first degree. For let (a:,, 1/1,2,)' ("^sij'a. ^a). (a^iys, ^i) 
be any three points on the plane. We can choose a, b, a, d so that 

<^i + ^y-i + cZi + d = (i, 

axi + bi/s + czs+d = 0, 

a^i + by, + cz, + d=^0. 
We can therefore determine a locus represented by an equation of 
the type 

ax + by + cz + d = 0, 
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which passes through the three points. But we have ah-eady seen 
that this locus is a plane; and it can obviously only be the 
original plane. The equation of that plane is therefore of the 
first degree. 

Examples XIX J P e tt at f { / ) { 6 ), (as, 6,, c^) are 

three pointeou pi e he i t«lo.ec d nat e ^^i^^p^^, etc. 

A+fi + p 

lies on the p!a e an i that fc mA 1 ! oo. ng the rat os X ; ft : k appro- 
priately, be ma ie to com de w fch auj p nt tl e plane 

3. Hence, Ij a ni nt a n la t that ot g 11 leduce that the 
general equation of the first degree represents a plane, and conversely. 

Z. The equation of the sphere whose centre is (a, 5, c) and radius r is 
(»-«)'+(S-6)'+(.^.)'.r' 
Conversely, this equation always represents a sphere. 

4. Establish results for planes and spheres corresponding to those of 
Ess, IX. 3-9, II-] 4. 

23. Curves In a plane. We have hitherto used the notation 

y/W (1) 

to express functional dependence of y upon x. It is evident that 
this notation is most appropriate in the case in which ^ is ex- 
pressed esplicitiy by means of some formula involving x alone, as 
when for example 

y = jc", sin X, a cos' x + b sin= «. 

We have however very often to deal with functional relations 
which cannot be or are most conveniently not expressed in this 
form. If, for example, y'' — y — x = or a!^ + y^ — ay = it is 
known to be impossible to express j/ explicitly as a simple 
function of m. If 

^■' + f+2gai+2fy + c = 
y can indeed be so expressed, viz. by the formula 

y=~/±-^f'-a^-2gx-c; 
but the functional dependence of p upon « is better and more 
simply expressed by the original equation. 

It will be observed that in these two ciises the functional 
relation is fully expressed by equating a function of the two 
variables x and y to sero, i.e. by means of an equation 

f{^.y)-o (2). 
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We shall adopt this equation as the standard, metliod of 
expressing the functional relation. It includes the equation (1) 
as a special case, since y —f{so) is a special form of a function of x 
and y. We can then speak of the locus of the point (x, y) subject 
to/(ir, y} = 0, the graph of the function y defined by /(w, y) = 0, 
the curve or locus /(«, y) = 0, and the equation of this curve or 
locus. 

There is another method of representing curves which is often 
useful. Suppose that as and y are both functions of a third 
variable t, which is to be regarded as essentially auxiliary and 
devoid of any particular geometrical significance. We may write 

«=/«), !l = f(*) (3). 

If t has any arbitrary value assigned to it, the value (or values) of 
re and of y are known. Each pair of such values defines a point 
(«, y). If we construct all the points which thus correspond to 
all the different values of ( we obtain the graph of the locus 
defined by the equations (S). Suppose for example 
x = a cos t, y = a sin (. 

Let ( vary from to 27r. Then it is easy to see that the point 
{x^ y) describes the circle whose centre is the origin and radius is 
a. If t varies beyond these limits (x, y) describes the circle over 
and over again. We can in this case at once obtain a direct 
relation between x and y by squaring and adding: we find that 
x^ + y^^a", t being now eliminated. 

Examples XX. l. The points of interseotion of the two cui'ves whose 
equations are /(m, >/)=0, ^ (a; y)=0 are given by solving this pair of simul- 
taneous equations, 

3. Trace the curves {x+j/)^=l, xy=l, .^■^-y^=l. 

3. The car\B f{a:,y)+\^{x,y) = Q repre.seiits a curve passing through 
the poinis of intersection of /=0, iji = 0. 

4. What loci are represented by 
when t varies through, all real values ? 

24. Loci in space. In apace of three dimensions there are 
two fundamentally different kinds of loci, of which the simplest 
examples are the plane and the straight line. 
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A particle which moves along a straight line has only one 
degree of freedom. Its direction of motion is fixed ; if its velocity 
is given (velocity being regarded as a quantity capable of sign) its 
mode of motion is completely determined. Or again the position 
of a point on a line can be completely fixed by one measurement 
of position, e.g. by its distance from a fixed point on the line. If 
we take the line as our fundamental line L of Gh. I., the position 
of any of its points is detennined by a si'ngle coordinate x. 
A particle which moves in a plane, on the other hand, has two 
degrees of Ireedom. In order to determine its mode of motion 
completely we require a knowledge of its component velocities in 
tv}0 different directions. Or again the position of a point on a 
plane requires the determination of two coordinates in order to 
fix it. 

Now let us look at these loci from the point of view of 
their equations. The plane is represented by a single equation 
Qic + ^^ + 72 + S = 0. Two of the three coordinates y and z may 
be chosen arbitrarily, and the third is then fixed. The straight 
line on the other hand is the intersection of two planes. Let 
these two planes be 

ax + hy + cz + d^Q, aic + /3?/ + 7^ + 8 = (1). 

Then if one of the three coordinates is chosen arbitrarily, both of 
the others and the position of the point are fixed. 

We can of course di'aw any number of planes through the line. Hence it 
might appear that the coordinates of the point on the line are subject to more 
than tv!o rdaiiom. And so in fact they are, but the relations are not all 
independent. Any other plane through the line could he expressed in 
tbe form 

ax-¥by + ci+d-\-\{o3i-\-^y + y3-\-b) = 
and any equation of this type is a mere consequence of the equations (t). 

The locus represented by a single equation 

is called a surface. It may or may not (in the obvious simple 
cases it will) satisfy our common-sense notion of what a surface 
should be. 

The considerations of § 21 may evidently be generalised so 
as to give definitions of a function /{ai, y, z) of three variables (or 
of functions of any number of variables). And as in § 23 we 
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agreed lo adopt f{x, y) = as the standard form of the equation 
of a plane curve, so now ive shall agroe to adopt 

as the standard form of equation of a surface. 

The locus represented by tvjo equations of the form z =f{x, y) 
or f{x, y, z) = Q is called a cuwe. Thus a straight line may be 
represented by two equations of the type aa;-\-0y-\-'^z + t='O. A 
circle in space may be regarded as the intersection of a sphere 
and a plane ; it may therefore be represented by two equations of 
the forms 

(iC - af + (y- hf \{z- c)^ = 9^, aa.' + ^y + 73 + S = 0. 

Examples XXI. 1. What is represented by thr^ ec[iiations of the type 

[Three eq^uations in three variables are capable of solution (practically or 
theoretically). The eolation consista of a finite or infinite number of isolated 
sets of values {x, y,i). The three equations therefore represent a number of 
isolated points. 

Or we may regard the question thus. Two of the equations determine a 
cwve, which meets the surface represented' by the third equation in a number 
of points.] 

2. Three linear equations represent a single point, 

3. The equations of a curve differ from the equation of a surface in that 
their mode of expression is not unique, since either niay be transformed by 
means of the other. Thus the curve y=l, a;'^+^^+s^=2, (a circle) may also 
be represented hy y-1, a^+s^=I. 

4. What are the equations of a plane curve/(.c, y)=Q in the plane XOT, 
when regarded as a curve in space 1 [f(^,2/} = 0, = 0.] 

5. CyliaderB. What is the meaning of a single equation /{x, >/) = 0, 
considered as a locus in space of three dimensions ? 

[All points on the surface satisfy /(j;,^)=OM'Aa(eyer be the value of 3, The 
curve /(a:, y)=0, 3=0 is the curve in which the locus cuts the plane XOY. 
Draw the plane z=a, cutting ZOX, 70Z in OX', OT, and take OX', OV aa 
axes of coordinates in this plane (Fig. 20). Obviously s:'=x, y'=y and so 
/C^) y')=0. The curves in which the two planes s=0, s=a cut the locus are 
therefore repetitions of the same plane curve : if one curve were moved a 
distance a parallel to the axis of 3 it would coincide with the other. The 
locus is the surface formed by drawing lines parallel to OZ through all points 
of the plane curve f{x, y)=0, 5=0. Such a surface is called a eylinder.] 

6. Interpret the equations : {a) y = mx + e, (b) y = vus + c, z = a, 
(0) a!^+y^ = l, (d) «^4-y^ = I, 3 — a, as loci in three-dimensional space. 
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7. Graphical representation of a surface on a plane. Contour Maps. 
It might seem to be impossible to adequately represent a surface by a drawing 
on a plana ; and so indeed it is : but a very fair notion of the nature of the 
surface may often be obtained as follows. Let the equation of the surface be 




Fig. 20. 



If we give z a particular value a, we have an equation a=f(x, y), 
which wo may regard as determining a plane curve on the paper. We trace 
this curve and mark it {a). Actually the curve (a) is the projection on the 
plane XOY of the section of the surfewie by the plane z=a (Fig. 20). We do 
this for all values of a (practically, of course, for a selection of values of a). 
We obtain some such figure as is shown in Fig. 21. It will at once suggest a 
contoured Ordnance Survey map : and in fact this l3 the principle on which 
such maps are constructed. The contour hne 1000 is the projection on the 
plane of the sea level of the section of the surface of the land by the plane 
parallel to the plane of the sea level and 1000 ft. above it *. 




"'lOOO 
Fig. 21, 
I that the effects of the earth's eutvatur 
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8. Draw a scries of contour lines to illustrate the form of the surface 

9. Eight circular couea. Take the origin of coordinates at the vertes 
of the couo and the axis of e along the axis of the cone (Figs. 22, 23). Let a be 
the semi-vertical angle of the cone, F any point on it, C and P' its projections 
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on the axis OZ and the plane JOY. Then i£ le, ^, z are the coordinates of 
P, we have 3?'+ff^=0P'^=CI^=0G^t!in''a'=z^ta.n''a. The equation of the 
cone (which must ho regarded as extending both ways from it« vertex) is 
therefore ar^+y^— £^tan^a=0. 



We n 



3 that the c 



of 



10. Surfaces of rovolntion in general, 
Ex. 9 cuts ZOX in the lines 3:~±ztaaa, which may be 
equation x^=^ tau^ a. That is to say, the equation of the surface generated 
by the revolution of the curve y=0, x^=B'tftn^a round tLe axis of 2 is 
derived from the second of these equations by changing x^ into ^^+1/^. 

Show generally that the equation of the surface generated by the revolu- 
tion of the curve i/ = 0, «=/(^), round the axis of i, is ^(x'+f)=f(i), or 

Verify in the case of (1) thehney=0, x=l; (2) the circle y-0,jK2+s2= I. 

11. Cones in general. A surface formed by straight lines passing 
through a fised point is called a cone : the point is called the wecto'. A 
particular case is given by the r^ht circular cone of Ex. 9. Show that the 
equation of a cone whoso vertes is is of the form 

and that any equation of this form represents a cone. 

[If (x, y, i) lies on the cone, so must (\x, Xy, \s), for any value of X,] 
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12. Ruled surfaces. Cylinders and c 
composed of slraigM lines. Such surfaces ai 
The two equations 



ines are special cases of sv,rfac\ 
i called ridud swfacea. 



..(1) 



represent the intersection of two planes, i e. a straight line. Now suppose 
that a, b, t, d initeaJ of bemg fixed, are functions of an wtxUiary variaUe t. 
For any partioiilar value of ( the equations (1) give a line. As t varies 
thifi line moves, and generates a suiface, whose equation may be found by 
eliminatmg ( between the two equitioni (1). For instance, in Fig. 23 the 
line OL is mdined at a ii\ed angle a to OZ. PF is perpendicular to the 
plane ,l'"]'ind \0P =t The equations of the line atx! 

y=3 tana ainij ' 
As t varies the liiie turns round OZ and generates the cone A^ + i/^ = 2^tim^a. 

Another simple example of a ruled surface may be coDstruoted as follows. 
Take two sections of a right circular cylinder perpendicular to the axis and 
at a distance I apart (Fig. 24 a). We can im^ine the surface of the cylinder 
to be made up of a number of thin parallel rigid rods of length I, such as P§, 
the ends of the rods being fastened to two circular rods of radius a. 

Now let US take a third circular rod of the same radius and place it 
round the surface of the cylinder at a distance h from one of the first two 
rods {Fig. 34 a). Unfasten the end Q of the rod FQ and turn PQ about P 
until Q can be fastened to the third circular rod in the position §'. The 
angle qOQ' = a in the figure is evidently given by 

Let all the other rods of which the cylinder was composed be treated in the 
same way. We obtain a ruled surface whose form is indicated in Fig. 24 h. 
It is entirely built up of straight lines; but the surface is curved everywhere, 
and is in general shape not uaUke certain forms of table-napkin rings (Fig. 24c), 
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MISCELLANEOUS EXAMPLES ON CHAPTER 11. 

1. If j/=/(^)=(a«+6)/(ca:-a), show that x=f{y). 

2. If f{x)-=f{-^) for all values of x, f(x) is called an even function. 
If f{x) = —f{ —x) it is called an odd function. Show that any function of a;, 
defined for all values of if, ia the sum of an even and an odd function of ^. 
[Use the identity /(*)= J {fix)+f{-x))+i (/(^)-/( -^)}.] 

3. Find all the values of a for which y= ^ has a rational value. 

4. Draw the graphs of the functions 

3Bina^+4oosa^, mnf^smx\. {Math. Tiip.lSm.) 

5. Draw the graphs of the functions 

6. Draw graphs of the fimotions 

(i) arco08(2:t3-l)-2ajccoaj^, 



where the symbols arccoso, Jirctama denote, for any value of o, the least 
positive (or zero) angle, whose cosine or tangent is a, 

1. Verify the following method of constructing the graph of /{^ (a;)} hy 
means of the line y=x and the graphs of f{:B) and ^ (p) : take OA =x along 
OX, draw AB parallel to OY to meet !/=^{x) m B, BC parallel to OX to 
meety=a^in C, CD parallel to OT to meet y=/(.j:) in D, aaA DP parallel to 
OX to meet AB in P: then i" ia a point on the graph required. 

8. Show that the roots of ;t^4-i'.'^+2=0 are the abscissae of the points of 
intersection (other than the origin) of the parabola y=x^ and the circle 

9. The roots oi 3^-\-re3^+p!x:^-^qx+r=G are the abscissae of the points of 
intersection of the parabola a^=^ - Jjw;, and the circle 

a^+3^+(|)i«-Jjm+^w+?)^+(?-l-J'*^)y+'-=0. 

10. Discuss the graphical solution of the equation 

by means of the curves y=3!™, y= -ax^^hm—c. Draw up a table of the 
various possible numbers of real roots. 
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11. Show that the equation 

2^ = {2K+l)7i-(l-cosa-) 
where m is a positive integer, has 2n + 3 real roots and no more, roughly 
indicating their localities. (Ma(L Trip. 1896.) 

12. Discuss the number and valae of the real roots of the equations 

(1) cotit:+a--fn- = 0, (2) a-5 + eiii2j--=l, (3) Una^=2.j:/(l+a'^, 
(4) Bin3;-~x-^ia^=0, (5) (l-cosa')tftn«-x+3in,s=0. 

13. Determine a [lolynomiaJ of the 5th degree which has, for a:— -1, 
-^, 0, ^, 1 the values 3, 7, 2, 0, 4. 

14. The polynomial of the second degree which assumes, when x = a, h, c, 
the values n, 3, y, is 

(»-!.)(»-.)(»-.)(«-.) (^-aHx-t) 
°(.-6)(.-«)+''(6-»)(S—)+'^ (.-«)(«-!.)■ 
Give a similar formula for the polynomial of the (»— l)-th degree which 
i, when 3: = ai, a^, ... a„, the values ai, aa, ... o„. 



15. If X is a rational function of i/, and y is a rational function of x, 
show that Aaii/ + Bx+G^-i-I)=-0. 

16. If J is a rational function of x, with rational coofficients, then ^ has 
a rational value for all rational values of a;. 

17. If y is an algebraical function of x, a; is an algebraical fimction of y. 

18. Verify that for values of x between and 1 the equation 



"+('-!) \/(V) 



is approximately true, [Take jt = 0, J, }, ^, §, |, 1, and use tables.. For 
which of these values is the formula esact 1] 

19. The equation 

represents n straight hues through the origin. 

20. Show that the line Ax+Bi/+ 17=0 and the two lines represented by 

(Aa+£2/y-3{A,j-Ba:f = 
form the sides of an equilateral triangle. (McttA. Trip. 1906.) 

21. The equation of the circle described on the line joining {s, j/) and 
(a/,/) as diameter is (x-jf){x-a/')+(j/-'i/')Q/-j/')=0. 

22. The general equation of a circle through (a/, y') and {x", y") may be 
expressed in either of the forms 

(1) {a:-x-){y-y")-i^-W)(^-y') 

= {(^-^')(.!?-A>")+{y-y)(y-;/"))tao,-, 
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Hero a is the angle contained in one of the segments of the circle. Express 
X in terms of a. 

23. The general equation of a circle cutting ^^+^'+2'Kx + c=0 ortho- 
gonally, for aU values of X, is a;^+y^ + 2ny — c = 0. Sketch the two sets of 
circles. 

24. The general eqiiatioB of all circles cutting at right angles the two 
circles afi+ff^^2a,a:—2bii/+Cj=0, a;^-[-^^ — 2aja^— 262y + C2=0 is 

I ^+f ^ ^ \+>^\ ^ y 1 !=o- 

i:, <si ii I «1 ^1 1 

ca ^2 ^2 I 1 1*3 ''a 1 1 

{Math. Trip. 1S06.) 

25. Show tbat the intersection of the two circular cylinders a;2+y^=l, 
jB^+s^^l, consists of two plane curves. Give a sketch of the cyhoders and 
their line of intersection. 

26. BectionB of a right circular cone by a plane. Show that the cone 
a^+y = j2tan2a and the plane i~«\mi6-\-c intersect in a curve whose pro- 
jection on the piano XOY\% m^-^y^^{ii;t^-a S+cf tan^o. 

Taking ases &$, O'l in the plane of section, 0' being on OZ and O'l] 
parallel to OY, show that the equation of the curve of section is 

g3cosS>S-H>,==(^ain(9+ii}i^tan3a (1). 

Show that this curve consists of a single closed branch, a single infinite 
branch, or two infinite branches, according as d^^w-a, and that in any 
case it is symmetrical about O'g. 

27. Show that the equation (1) of the last example may be expressed in 
the form 



unless 8 = \w-a, in which case 

38. Deduce that the section is a curve such that the distance of any 
point on the curve from a fixed point (y, 0) is e times its distance from a fised 
line S-K=0, i.e. that the curve is a conic. Laving the focus and directris 
property which is usually adopted as the definition of a conic in books on 
Conic Sections. The conic is an ellipse, parabola, or hyj>erbola, according as 
e^l ; and, except in the special cases when fl=l or e=0, has two foci (y, 0) 
and two corresponding directrices. 
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29. Let A, A' be the vertices of tlio conic, i.a tho points where the conic 
outs the axis of sjnimetry (7^, S, S' the foci, and K, K' the points where the 
directrices cut &^. Show that A, A' ase given by |= + csina/coa{a + ^), 
that A lies between S and K and A' between S' and K', and that the length 
of the ' major asis ' AA' is 2e sin a ooa a cos ^/{coa^ S -sin^ a). 

30. Show further that if we take axes parallel to 0'^, ffr/ through C, the 
middle point of AA', the equation of the curve becomes of the form 

where a = ^AA' and b=a^(T.—»^), or 

(i'K)-(5.'/i.').l, 
where a=^AA' and b — a^{(^-l), according as ejl. Sketch the forms of 
the cm-ves. 

31. In the case when e = l, show that the one point A where the curve 
cuts 0'^ is given by g = — ^ c sec o, and that by taking axes through this point 
we can reduce the equation of the curve to the form y^=iate, where 

[For an account of the simplest properties of the conic sections, Reducible 
from the equations (fl^/a*) + (j*/6^)=l or T/^ = iax, we must refer to treatises 
dealing specially with this subject.] 

33. Show that the moat general equation of the second degree, viz. 

represents a conic. [It is this property which accounts for tte importance of 
the conic sections.] 

33. Show that the equation represents an ellipse, parabola, or hyperbola, 
according as h^=ab. 

34. The equation 

represents the two lines joining the origin to the points in which the line 
fo;+jn,y = l cuts the conic a^-i'2hxT/-{-bi/^+2gai+2fy+c=0. 

35. Show directly that if the cylinder a;^+y^=l is cut by a plane neither 
parallel nor perpendicular to its ajtis, tho intersection is a curve possessing 
the focus and directrix property of a conic. 

Xfia:, y) ^ {x, y) +pF{p, ,j) * {^, y)=0 
passes through all points of intersection of /=0 and F==0, of/=0 and $=0, 
of $=Oand J^=0, and of 1^ = and * = 0. 

37. If Xr=ffir^+*r3'+«r. tlie equation \LiLs+iiL2Li=0 is the general 
equation of a conic circumBctibiug the quadrangle formed by the four lines 
ii = 0, i/a = 0, ^3 = 0, ^4 = taken in order. 
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bermino the equation of the surface generated when the circle 

Qd the axis of z. Sketch the form of the surface for different 



39. What is the form of the graph of the functions 

•-W+W, .-«+y-W-M! 

40. What is the form of the graph of the functions 3=8in j^+siny, 
s=siii«siny, «=sina^, s=sin (;c^+y=)1 

41. Geometrical Constructions for irrational numbers. In Chapter I. 
we indicated one or two simple geometrical constructions for a lengtli equal 
to V^i starting from a given unit length. We also showed how to construct 
the roots of any quadratic equation tix'' + 2ki: + e—0, it being supposed that 
we can construct lines whose lengths are eipial to any of the ratios of 
the quantities a, b, c. Ail these constructions were what may be caEed 
Euclidean conatnietions ; they depended on the ruler and compass only. 

It is fairly obvious that any irrational expression, however complicated, 
can be constructed by means of these methods, provided it onl;/ contains 
square footi. Thus 

V/ /('ll±Mi\- / A7-3V11 \1 

is a case in point. This contains a fourth root, but this is of course tho 
square root of a square root. We should begin by constructing ^/ll, e.g. as 
the mean between 1 and II: then 17+3 ^11) and so on. Or these two mixed 
surds might be constructed directly as the roots of a^-34K+19Ci=0. 

Conversely, only irrationals of this kind can be constructed by Euclidean 
methods. Starting from a unit length we can construct any rational length. 
And hence we can construct the line aii;+6y-t-o=0, or the circle 
(!e-af+(il-^f=r^, (or t^+y^+'igz-^'ify+d-^Q) 
provided the constants which ocour in these equations are rational. 

Now in any Euclidean construction, each new point introduced into the 
figure is determined as the intersection of two linee or circles, or a line and a 
circle. But if the coefficients are rational, such a pair of equations as 

give, on solution, values of s: and y of the form m+» Jp, where m,n, p are 
rational: for if we substitute for a: in terms of y in the second equation we 
obtain a quadratic in y with rational coefficients. Hence the coordinates of 
all points obtained by means of lines and circles with rational coefficients 
are expressible by rational numbers and quadratic surds. And so the same 
is true of the distance s/{(a^i— «s)^+(;/i— j/z)^) between any two points so 
obtained. 

With the irrational distances thus constructed we may proceed to construct 
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a number of lines and circles whose coefficients may now themselvea involve 
quadratic surds. It is evident, however, that by tlie use of such lines and 
circles we can still only construct lengths expressible by square roote only, 
though our surd expreseions may now be of a more complicated form. And 
it is clear that this remains true however far we may go. Hence Euclidean 
methods mil construct o/ny sm-d expremwii involving square roots, imd no 
others. In particular they will not construct 4'2, i.e. they will not solve the 
problem of the duplication of the cube, which was one of the famous problems 
of antiquity. 

42. Approximate qaadrEitnre of the circle. Let be the centre of a 
circle of radius fi. On the tangent at A take AI' — ^^R and AQ = 3fR, in 
the same direction. On AO take AN=0!' and draw JVif parallel to OQ and 
cutting AP in M. Show that 

AM=l%^\'i^.R, 
and that to take AM as being equal to the circumference of tlie circle would 
lead to a value of jt correct to five places of decimals. 

If R is the earth's radius, the error in supposing AM to be its circum- 
ference is less than 11 yards. 

43. Show that the only lengths which can be constructed uittk ike iider 
oiily, starting from a given unit length, are rational lengths. 

44. Constructions for ^/3. is the vertex and S the focus of the 
parabola?/^ =4^, and P is one of its points of inteiisection with the parabola 
«^=2y. Show that OP meets the latus rectum of the first parabola in a 
point Q such that SQ=^2. 

46. Take a. circle of unit diameter, a diameter OA and the tangent at A. 
Draw a chord OBU cutting the circle at B and the tangent at C. On this 
line take OM^BC. Taking as origin aiid OA as axis of j:, show that the 
locus of M is the curve 

(the Oissoid of Diodes). Sketch the curve. Take along the axis of )/ a length 
0D=2. Let AD cut the curve in P and OP cut the tangent at A in Q. 
Show that AQ=^2. 
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CHAPTER III 

COMPLEX NUMBERS. 

26. Displacements along a line and in a plane. The 

' real numlDer ' «, with which we have been concerned in the two 
preceding chapters, may be regarded from a considerable number 
of different points of view. It may be regarded as a pure number, 
destitute of geometrical significance, or a geometrical significance 
may be attached to it in at least three different ways. It may be 
regarded aa the measure of a length, viz. the length A„P along the 
line L of Chap. I. It may be regarded as the mark of a point, 
viz. the point P whose distance from A„ is a;. Or it may be 
regarded as the measure of a displacement or change of position 
on the line L. It is on this last point of view that we shall now 
concentrate our attention. 

Let a small particle be placed at P on the line L and then 
displaced to Q. We shall call the displacement or change of 
position which is needed to transfer the particle from P to Q the 
displacemeiit PQ. To completely specify a displacement three 
things are needed, its magnitude, its sense (forwards or backwards 
along the line), and what may be called its poimi of application, 
i.e. the original position P of the paiticle. But, when we are 
thinking merely of the change of position produced by the dis- 
placement, it is natural to disregard the point of application and 
to consider all displacements as equivalent whose lengths and 
senses are the same. Then the displacement is completely speci- 
fied by the length PQ = x, the sense of the displacement being 
fixed by the sign of a:. We may therefore, without ambiguity, 
speak of the displacemeiit [w], and we may write 
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We use the square bracket to distinguish the displacement [x] 
from the length or number x*. If the coordinate of P is a, that 
of Q will be a + x; the displacement [fc] therefore transfers a 
pai'ticle from the point x to the point a + x. 

We come now to consider displacements in a plane. We may 
define the displacement PQ as before. But now more data ai-e 
required in order to specify it completely. We require to know : 
(i) the magnitude of the displacement, i.e. the length of the 
straight line PQ ; (ii) the direction of the displacement, which is 
determined by the angle which PQ makes with some fixed line in 
the plane ; (iii) the sense of the displacement ; and (iv) its point 
of application. Of these requirements we may disregard the 
fourth, if we consider two displacements as equivalent if they are 
the same in magnitude, direction, and sense. In other words, if 
PQ and MS are equal and parallel, and the sense of motion from 
P to Q is the same as that of motion from It to S, we regard the 
displacements PQ and RS as equivalent, and wi-ite 
PQ^ES. 

Now let ua take any pair of coordinate axes in the plane 




(such as OX, Orin Fig. 25). Di 



OA equal and parallel 



' Strictly peak ng m ght bj m 
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dietiugiiish between the motion of the batemnn between the wickete, the iiii! which 
he Ecores, and the mark which is put down in the score-booli, 
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to PQ, the sense of motion from to A being the same as that 
from P to Q. Then FQ and OA are equivalent displacements. 
Let X and y be the coordinates of A. Then it is evident that OA 
is completely specified if x and y ai-e given. We call OA the 
displacevient [x, y] and write 

OA = PQ = RS = [x,y}. 

26. Equivalence of displacements. Multiplication of 
displacements by numbers. If ^ and r/ are the coordinates 
of P, I' and // those of Q, it is evident that 
«•'=?'-?. y = v'-v- 

The displacement from (^, -jj) to (f ', j;') is therefore 

[I'-l.v'-nl 

It is evident that two displacements [so, y], \a^, y'~\ are equiva- 
lent if, and only if, x = ic',y = y. Thus \x, y'\ = [x, y'] if 

.v = x'. y = y' (1). 

The reverse displacement Q.P would be [^ — ^', v - v']> and it 
is natural to agree that 

[? - f '. V" v'] = - [f - I. V - v], 

QP^-PQ, 

these equations being really definitions of the meaning of the 
symbols — [f ' — f , »;' — ij], - PQ. 
Having thus agreed that 

- [^. y] = [- *■' - 2/]' 

it is natural to agree further that 

.■[^■, !,] = [«.»!,] (2) 

where a is any real number, positive or negative, Tlius (I'ig, 25) 
if OB--iOA, 

OB.-jaJ--i[«,s]=[-H-i!/]- 
The equations (1) and (2) define the first two important ideas 
connected with displacements, viz. equivalence of displacements, 
and multiplication of displacements by numbers. 
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27. Addition of displacements. We have not yet given 
any definition which enables us to attach any meaning to the 
expressions 

pq+fq; [".si+w.n 

Common sense at once suggests that we should define the 
sum of two displacements as the displacement which is the result 




of the successive application of the two given displacements. In 
other words, it suggests that if QQ^ be drawn equal and parallel 
to P'Q', so that the result of successive displacements PQ, P'Q' on 
a particle at P is to transfer it first to Q and then to Q^, we 
should define the sum of PQ and P'Q' as being PQi. Or, if we 
draw OB equal and parallel to P'Q, and complete the parallelo- 
gram OJCB, __ _ 

PQ + P'Q' =OA + OB=00 = PQ,. 
Let us consider the consequences of adopting this definition. 
If the coordinates of B are x', y', those of the middle point of AB 
are ^ («+«'), ^{y + y'), and those of C are x + x, y+y'. Hence 

[^,y] + [^',y'] = [x + x\y + y] (3), 

which may be regarded as the symbolic definition of addition 
of displacements. We observe that 

[^'' y] + [*. ^] = [«' + *. 1/' + v'] 

= [x +ie',y + y'] = [«, y] + [x', y']. 
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In other words, addition of displacements obeys the commutative 
law expressed in ordinary algetra by the equation a + h = h + a. 

Looked at geometrically, this expresses the obvious fact that 
if we move from P first through a distance PQ^ equal and parallel 
to P'Q', and then through a distance equal and parallel to PQ, we 
shall arrive at the same point Q, as before. Again, since 

['»,») + ['>, y] = [2"',2ri = 2 hsl 

our definition of addition agrees with that previously adopted for 
multiplication by a number. 

In particular 

h!,].[«,O] + [0.y] (4), 

Here [x, 0] denotes a displacement through a distance at in 
a direction parallel to OX. It is in fact what we previously 
denoted by [te], when we were considering only displacements 
along a line. We call [js 0] and [0, i/] the components of [x, j/], 
and [x, J/] their resuUa/nt. 

When we have once defined addition of two displacements 
there is no further difficulty in the way of defining addition of 
any number. Thus (by definition) 

{^, ;/] + [^', y] + K y"^ = i{^, rf + b', y'^) + K, y"1 

= [a: + ic', ?/ + 3/1 + [x", f] = [is + x' + x", y + y'-^ f]. 
We define subtraction of displacements by the equation 

[X. ^] - K /] = [x, y] + {- [^, y']} (5), 

which is the same thing as [a:,y] + [-a;', -y'] or as [x — x'. y — y']. 

In particular 

[«,j,]-fej,]-[0,0]. 

The displacement [0, 0] leaves the particle where it was \ it is 
the zero displacement, and we agree to write [0, 0] = 0. 

Examples XXII. 1. Addition of displacements, and miiltiplication of 
displacements by numbers, obey all the ordinary laws of algebra, expressed 
by the equations, 

(i) .Oto,M-««'.orf-[o(i»,o/ij], 

(ii) (^.jJ+KjD+K, ?"]-[», y]+([«', /]+[»",/■]), 

(iii) [«.S]+[«',S']-[<J1+K?1 
(iv) (»+ffl[.-,j].o[i,s]+/llfej/l 

(V) .{[»,s] + [l',y)l..[l,j] + a[»',J,'], 
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[We have already proved (iii). The remaining equations follow with ecjua! 
ease from the deflnitionB. The reader should in each case consider the 
geometrical significance of the eciuation, as we did abore in the case of (iii).] 

2. If M is the middle point of FQ, 0M=^ (0P+ 0§). More generally if 
jY divides FQ in the ratio fi ; X 

3. If G is the cetiti'c of mass of equal particles at Pi, F^, ..., P„ 

0^=(aP,+0?2+ ... + ()?„)/«. 

4. If P, Q, R are collinear points in the plane, it is possible to find real 
numbers n, j3, y, not all zero, and such that 

and conversely. [This is really only another way of stating Ex. 2.] 

5. If XS and ZD are two displacements not in the same straight line, 

n.ZB + 0.AS = y.XB + S.21i, 
then a = y and|3=S. 

[Take ABi = a,AB,ADi^^. AD. Complete the parallelogram ABiFiDi. 
Then ZPi=a. AB4-0. IS It is evident that AFi can only bo expressed 
in this form in one way, whence the theoi-em follows.] 

6. ABCD is a pai'allelogram. Through Q, a point inside the p.iral- 
lelogram, RQS and TQU are drawn 
parallel to the sides. Show that 
RU,TS\r 



[Let the ratios AT:AB,AR:AD 
he denoted hy a, j3. Then 

AT^-a.lB, AR = (i.AD, 
AU=a.AB + AD, AS=IB+8.AB. 

Let BU meet AC in P. Then, ^ 
since R, U, F are collinear 



where p/X is the ratio in which P divides BIT. That is to say 




AF= 



.u?tUjT, 



Bat since Ph^ on yiC.-i/' is a numerical multiple of ^(7; f 

AP=k .Ad=k .AB+k .AD. 
Honco (Ex. 5) a^t = 0\ + |J. = {K+p.)k, from which we deduce 
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The symmetry of tUs result shows that a similar avgiiment would also give 

if P' is the point where TS meets A U. Hence P and P' are the same point.] 

7. ABOD is a parallelc^ram, and JK" the middle point of AB. Show 
that i)if trisects and is trisected by AC*. 

28. Multiplication of displacements. So far wc have 
made no attempt to attach any meaning whatever to the notion 
of the product of two displacements. The only kind of multipli- 
cation which we have considered is that in which a displacement 
is multiplied by a mere number. The expression 

[«,y]x [.■■,/] 
so far means nothing, and we are at liberty to define it to mean 
anything we like. It is, however, fairly clear that if any defini- 
tum of such a product is fco be of any use, the product of two 
displacements must itself be a displacement. 

We might, for example, define it as being equal to 
[ic + at',y + y] ; 
in other words, we might agree that the product of two displace- 
ments was to be always equal to their sum. But there would be 
two serious objections to such a definition. In the fii'st place our 
definition would be futile. We should only be introducing a new 
method of expressing something which we can perfectly well 
express without it. In the second place our definition would be 
inconvenient and misleading for the following reasons. If a is 
a real number, we have ah-eady defined a [x, y] as [aa:, ay}. Now, 
as we saw in § 25, the real number a may itself from one point of 
view be regarded as a displacement, viz. the displacement [a] 
along the axis OX, or, in our later notation, the displacement 
[n, 0]. It is therefore, if not absolutely necessary, at any rate 
most desirable, that our definition should be such that 

[a, 0] [w, y] = [ax, ay], 
and the suggested definition does not give this I'esult. 

A more reasonable definition might appeal' to be 
[ie, p] [x', y] = [xx, p/]. 

' The two preceding examples are taken from Willavd Gibba' Vector Analysis. 
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But this would give 

[", 0] [a:, j] = [«, 0], 
and so this also would be open to the second objection. 

In fact, it is by no means obvious what is the best meaning 
to attach to the product [x, y] [w', ?/']. All that is clear is 
(1) that, if our definition is to be of any use, this product must 
itself be a displacement whose coordinates depend on a: and y, or 
in other words that we must have 

where X and ¥ are functions of x, y, x, and y' ; (2) that the 
definition must be such as to agree with the equation 

[x, 0] [x', y'] = [xx', iey'l 
and (3) that the definition must obey the ordinary commutative, 
distributive, and associative laws of multiplication, so that 

[^, p] [a^'> y'] = [«'> y'] ['>', yl 

i[x, y] + [x; yT) [af\ f] = [^, y] [^', /] + [a/, y'] [x", f], 

[^, y] (W, y] + W. f]) = [^. y] W, yl + [«=, yl W, fl 

and h y\ {{<.', y] [x", /]) = ([x. y] [x', y'}) [< fl 



29. The right definition to take is suggested as follows. We 
know that, if OAB, OOD are two similar triangles, the angles 
corresponding in the order in which they are written, then 
OB/OA = OH/OC, 
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or 08 . 0G= OA . OD. This suggests thatwc should try to define 
multiplication and division of displacements in such a way that 



OBjOA = OB/OG, OB.OG=OA. OD. 
Now let 

OB = [^, yl 00 = [*■', y'l OD = [X, F], 
and suppose that A is tho point (1, 0), so that OA = [1, 0]. Then 

OA. on = [1,0] [X, Y] = [X, 7], 
and so [*,y]Ky] = [X, 7]. 

The product OB . 00 is therefore to be defined as OD, D being 
obtained hy constructing on OG a triangle similar to OAB. In 
order to free this definition from ambiguity, it should be observed 
that on OG we can describe two such triangles, OGD and OGD'. 
We choose that for which the angle COD is equal to AOB in sign 
as well as in magnitude. We say that the two triangles are then 
similar in the same sense. 

If the polar coordinates of B and G are (p, 0) and (cr, ^), so 
that 

X — p cos 6, y — para 6, of = a cos 0, y' = a- sin <^, 

the polar cooixlinates of D are evidently pa and 8 + ^. Hence 
X = p<7 cos {e + 4>) = xx - yy', 
Y = p(T sin (^ + 0) = xy' + yx'. 
The required definition is therefore 

[«',y\W.y''\^l!^'-'yy'.«>y' + y^] (6)- 

We observe (1) that if y = 0, X = xx', Y—xy, as we desired ; 
(2) that the right-hand side is not altered if we interchange 
X and x', and y and y', so that 

['«. y] [*■'. y'^ = \.^'< y'^ [^. y^ ; 

and (3) that 

{\x, yl + [x, y'^] \x", fl = [x + x,y + 1/] [a!\ y"] 

= [ix-^^)af-{y-\-y')f,(x^-x')y" + {y-^y')af'} 
= \_xaf-yf,xf-\- ya/'] + [x'x" - y'y", x't/' + ?/«"] 
= [*,y]K,/] + [»■',/] K 3/"]- 
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Similarly we can verify that all the equations at the end of § 28 
are satisfied. Thus the definition (6) fulfils all the requirements 
which we made of it in § 28. 

Exanyile, Show directly from the geoaietrioiil deBnitioii given above 
that multiplication of displacements obeys the commutative and distributive 
laws. [Take the coniinutative law for esaraple. The product OB . OC is OD 
. (Fig. 28), COB being similar to AOB. To construct the product UG. OS we 
should have to comtrtuit on OB a triangle BODi similar to AOG; and ao what 
we want to prove ia that Z) and Bj coincide, or that BOB is similar to A OC. 
This is an easy piece of elementary geometry.] 

30. Complex numbers. Just as to a displacement {x\ along 
OX correspond a point (x) and a real number x, ao to a displace- 
ment \x, y\ in the plane correspond a point («, y) and a pair 
of real numbers x, y. 

We shall find it convenient to denote this pair of real numbers 
m, y by the symbol 

x + yi. 

The reason for the choice of this notation will appear later. 
For the present the reader must regard x + yi as simply another 
way of ivritmg [x, y]. The expression x + yi is called a complex 
number. 

We proceed next to define equivalence, addition, and multiplica- 
tion of complex numbers. To every complex number corresponds 
a displacement. Two complex numbei-s are equivalent if the 
corresponding displacements are equivalent. The sum or product 
of two complex numbers is the complex number which corresponds 
to the sum or product of the two corresponding displacements. 
Thus 

x + yi = x' + y'i if x = x',y = y' (1), 

(^ + y{) + (a>' + y'{) = (x + x') + (y + y')i (2), 

{x -i- yi)(x' + y'i) = xx' - yy" + (_a:y' + ya/)i (3). 

In particular, if a is any real number, a (x -i- yi) = ax + ayi 
The complex numbers of the particular form x + (ii may be 
regarded as equivalent to the corresponding real numbers x ; thus 

x + Oi^x, 
and in particular + (H = 0. 
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Positive integral powers and polynomials of complex mirabers 
are then defined as in ordinary algebra. Thus, by putting x — x\ 
y — y in (3), we obta,in 

{w + yif = {a)+ yi) {x + yi) = a^^ - y^ + 2xyi, 
{x + yiy + 2(x + yi) + 3 = x'-y''+2x-i-3+ {Ixy + 2)/) i. 
The reader will easily verify for himself that addition and 
multiplication of complex numbers obey the ordinary laws of 
algebra, expressed by the equations 

x + yi + {x' + y'i) = {x' + y'i) + {x + yi). 
{{x + yi) + {^x- + y'i)] + {^' + fi) = (a; + yi) + {{x + y'i) + {x" + y"i)] , 

{x + 1/i) (ic' + y'i) = {x' + y'i) {x + yi), 
{x + yi) {ia/ + y'i) + {x"-h y"i)} = ix + yi)(x'+ y'i) + (x + yi){af+ y"i), 
{{x + yi) + (fl/ + y'i)] (of + y"i) =(x-i- yi) {x" + y"i) + (cc' + y'i) {^' + y"i), 

{X + yi) {(<.' + y'i) (x" + y"i)] = {{x + yi) (x' + y'i)] (of' + fi), 
the proofs of these equations being practically the same as those 
of the corresponding equations for the corresponding displace- 
ments. 

Subtraction and division of complex numbers are defined as 
in ordinary algebra. Thus we may define (x + yi) - (x' + y'i) as 
(ic + yi) + {-{x^ + y'i)] ^x + yi + (-x'~ y'i) =^(x~ w') + (y-y')i; 
or again, as the number ^ + r}i such that 

{x' + y'i) + (^ + 'ni) = x + yi, 
which leads to the same result. 

And (.« + yi)/{x' + y'i) is defined as being the complex number 
^ + iri such that 

(x' + y'i){^ + vi)=x + yi, 

or ss'l - y'v + i'e'v + y'^)i = x + yi, 

or x'^-'^-r} = x, afri + y'^^y (4). 

Solving these equations for J and 17, we obtain 
xx' + yy' yx'-xy' 

^ x"' + if^ ' ' iF'' + y'' ' 
This solution fails if x' and y' are both aero, i.e. if jb' H- yi = 0. 
Thus subtraction is always possible; division is always possible 
unless the divisor is zero. 
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E^mmples. (1) Fi'om a geometrical point of 
of the displacement OB by OG is that 
of finding D so that the triangles 
COB, AOD are similar, and this is 
evidently possible (and the aolution 
iinic[\ie) unless C coincides vnth 0, or 
OG^Q. 

(2) The numbers x+yi, x-yi are 
said to be ooi^ugate. Verify that 

so that the product of two conjugate 
numbers is real, and that 

j^+yt _ {!X-Vyi){)i -y'i) 

31. One most important property of roal immbers is that 
known as the foAAor theorem, which asserts that the product of two 
numbers cannot be zero unless one of the two is itself zero. To 
prove that this is also true of complex numbers we put 01=0, 
1/ = in the equations (4) of the preceding section. Then 

^'^ - y'v = 0, le'r, + y'^ = 0. 
These equations give ^ — Q, i? = 0, i.e. 
? + >;* = 0. 
unless ic' = and y' = 0, or x' + y'i = 0, Thus x + yi cannot vanish 
unless either a/ + y'i or f + rji vanishes. 

32. The equation i^= — 1. We agreed to use, instead of 
x + Qi, the simpler notation ic. Similarly, instead of + yi, 
we shall use yi. The particular complex number li we shall 
denote simply by i. It is the number which corresponds to 
a unit displacemeni along OY. Also 

^■= = n = (0 + li)(0 + K) = (0.0-l.l) + (0.1 + 1.0)* = -l. 

Similarly (—i)°= — l' Thus the complex numbers +i satisfy 
the equation a^ = — l. 

Now the reader will" easily satisfy himself that the upshot of 
the rules for addition and multiplication of complex numbers is 
this, that we operate vAih complex numbers in exactly the same 
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vjay as with real numh&is, treating the symbol i as itself a number, 
but replacing the product ii=i^ by —1 whenever it occurs. Thus, 
for example, 

(a: + yi) (x' + y'i) = xx' + xy'i + yxi + ytfi"- 
= {mm - yy) + (a/ + yx) i. 

33. The geometrical Interpretation of multiplication 

by i. Since 

(x + iy) i=-y + ix, 

it follows that if x -t- ly correspoods to OP, and OQ is drawn equal 
to OP, and so that POQ is a positive right angle, then ix+iy)i 
corresponds to OQ. In other words, maltvplication of a complex 
number by i turns the corresponding displacement through a right 
angle. 

We might, had we so chosen, have started from this point of 
view. We might have regarded a^ as a length measured along 
OX, and xi as the same length measured along OY, and regarded 
* as a symbol of operation equivalent to turning the length x 
through a right angle round 0. We should then naturally have 
been led to regard xi^ = xii as deuoting the result of twice turning 
X through a right angle. The result of this is to bring it into 
a position again lying along OX but pointing in the opposite 
direction, so that we should have been led to the equation 

Then, denoting li (a unit longth along OY) simply by i, we 
should have found i''= — l, and the rule for multiplication of 
complex numbers would have followed immediately. 

34. The equations w' + l = 0, ax'+'2bx + c = 0. There is no 
real number x such that x'^-fl = 0; this is expressed by saying 
that the equation has no real roots. But, as we have just seen, 
the two complex numbera + i satisfy this equation. We express 
this by saying that the equation has the two com/pleco roots ± i. 
Since i satisfies x'' = -\, it is sometimes written in the form 
V(- 1). 

Complex numbers are sometimes called imaginary, to dis- 
tinguish them from real numbers. The expression is by no 
means a happily chosen one, but it is firmly' established and 
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has to be accepted. It cannot, however, bo too strongly im- 
pressed upon the reader that in reality an ' imaginary number ' 
is neither ' imaginary ' nor ' a number ' at all. The ' real ' numbera 
would be better described as 'common' or 'ordinary' numbers; 
they are the numbers of arithmetic. A ' complex ' or ' imaginary 
number' is really not a number at all, but, as should be clear 
from the following discussion, a pair of numhers {x, y), united 
symbolically, for purposes purely of convenience, in the form 
X + yi. And such a pair of numbers is no less ' real ' than any 
ordinary number such* as J, or than the paper on which this is 
printed, or than the Solar System. 

In reality 

i = + li 



stands for the paii- of numbers (0, 1), and may be i 
geometrically by a point or by the displacement [0, 1]. And 
when we say that i is a root of the equation a^ + 1 = 0, what we 
mean is simply that we have defined a method of combining such 
pairs of numbers (or displacements) which we call 'multiplica- 
tion,' and which, when we so combine (0, 1) with itself, gives the 
result (- 1, 0). 

Now let us consider the more general equation 
aa;^-i- 26a; + c = 0, 
where a, b, c are rca,l numbers. 

If h' > ac, the ordinary method of solution gives two real roots 
[-b±^(i^-ac)]la. 

If b^ < ac, the equation has no real roots. It may be written 
in the form 

l^ + (b/a}Y = -(ac-l-)y. 

an equation which is evidently satisfied if we substitute for 
X + (bja) the complex number ± i \/(ctc — b^)ja. We express this 
by saying that the equation has the two complex roots 
[—b±i i/{aG — b^)]l<i- 
If we agree as a matter of convention to say that when 6^ = ao 
(in which case the equation is satisfied by one value of x only, 
viz. - bja), the equation has two equal roots, we can say that 
a quadratic equation with real coefficients has tivo roots in all 
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cases, two distinct real roots, two equal real roots, or two distinct 
complex roots. 

The question is naturally suggested whether a quadratic 
equation may not, when complex roots are once admitted, have 
more than two roots. It is easy to see that this is not possible. 
In fact, its impossibility may be proved by precisely the same 
chain of reasoning as is used in elementary algebra to prove that 
an equation of the nth degree cannot have more than n real 
roots. Let z = w + yi, and let f{s) denote any polynomial in s*, 
with real or complex coefficients. Then we prove in succession : 

(1) that the remainder, when / (^)i3 divided hy z-a,(a being 
any real or complex number), is /(a) ; 

(2) if « is a root of the equation /{«) = 0, then f{z) is divisible 
by^-.*; 

(8) if /(s) is of the nth degree, and/(3) = has the n roots 
a,, «2, --■, a,t, then 

/W3A(.-o,)(^-a,)...(2-a,), 
whci-e A is & constant (real or complex), in fact the coefficient 
of a" in /(a). From the last result it follows at once that /(s) 
cannot have more than n roots. 

We conclude that a quadratic equation with real coefficients has 
exactly two roots. We shall see later on that a similar theorem is 
trae for an equation of any degree and with either real or complex 
coefficients; an equation of the nth degree has exactly n roots. 
The only point in the proof which presents any difficulty is the 
first, viz. the proof that any equation must have at least one 
root. This we must postpone for the present. We may, how- 
ever, at once call attention to one very interesting result of this 
theorem. In the theory of number' we start from the positive 
integers, and from the ideas of addition and multiplication, and 
the converse operations of subtraction and division. We find 
that these operations arc not always possible unless we admit 
new kinds of numbers. We can only attach a meaning to 3 — 7 
if we admit negative mimbers, or to ^ if we admit rational frac- 
tions. When we extend our list of arithmetical operations so as 
to include root extraction and the solution of equations, we find 

* A polynomial in i — 3^+iji is of course deflaed in exactly the aame way as a 
polynomial in x, i.e. as an espresaion of the form aiiZ'" + aiz"-"' + ... +«„. 
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that some of them, such as the extraction of the square root of 
a number which (like 2) is not a perfect square, are not possible 
unless we widen our conception of a number, and admit the 
irrational numbers of Chap. I. 

Others, such as the extraction of the square root of — 1, are 
not possible unless we go still further, and admit the complex 
numbers of this chapter. And it would not be unnatural to 
suppose that, when we come to consider equations of higher 
degree, some might prove to be insoluble even by the aid of 
complex numbers, and that thus we might be led to the con- 
siderations of higher and higher types of, so to say, hyper-oomplex 
numbers. The fact that any algebraical equation whatever can 
be solved by means of ordinary complex numbers shows that this 
is not the case. The application of any of the ordinary algebraical 
operations to complex numbers will yield only complex numbers. 
In technical language ' tbe field of the complex numbers is closed 
for algebraical operations.' 

Before we pass on to other matters, let us add that all 
theorems of elementary algebra which are proved merely by 
the application of the rules of addition and multiplication are 
true -whether the numbers which occur in them are real or com- 
plex, since the rules referred to apply to complex as well as 
real numbers. For example, we know that if a and are the 
roots of 

aa^ + 2ba: + c^0, 

then a + /3 = -{26/a), a;3 = (c/a). 

Similarly, if a, ^, y arc the roots of 

then 

a-!.^ + Y = -(3&/a), ^7 + 7a + a/3 = (3c/a), (X0y = -(d/a). 
All such theorems as these are true whether a,b, ... a, 0, ... are 
real or complex. 

35. The Argand diagram. Let P be the point (m, y) in 
Fig. 30, r, $ its polar coordinates, so that 
x=rco3 0, y = r sm0, r = /^{x' + y"), cosd :sm$ :1 ■.:x:y:r. 
We shall denote the complex number x + yt by s, and we 
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shall call z the complex variable. We shall call P the point 
z, or the point corresponding 
to z ; and z the argument of 
P. We shall call x the real 
part, y the imaginary part, r 
the modulus, and $ the ampli- 
tude of z, and we shall write 



It should be observed that r 

is essentially positive (except Fi'.. 30. 

when e = 0). 

When 1/ = we shall say that z is real, when a; = that z is 
purely imaginary. Two numbers as + yi, a:~yi which differ only 
in the signs of their imaginary parts, we shall call conjugate. It 
will be observed that the sum (2a;) of two conjugate numbers and 
their product (a^+y') are both real, that their moduli (Vic^ + ^) 
are equal, and that their product is equal to the square of the 
modulus of either. The roots of a quadratic with real coefficients, 
for example, are conjugate, when not real. 

It must be observed that 8 or am s is a many-valued function 
of z, having an infinity of values diiFeriug by multiples of 27r. Any 
one of its values is an angle by turning through which about 
a line originally lying along OX will come to lie along OP. We 
shall denote that one of these values which lies between — ■n- 
and + TT as the principal value of the amphtude of z. This 
iguous except when one of the values is tt, 
a value. In this c^e we must make 
to which value is to be regarded as 
the principal value. In general, when we speak of the amplitude 
of z we shall, unless the contrary is stated, mean the principal 
value of the amplitude. 

Complex numbers were first studied from a geometrical point 
of view by Wessel, Gauss and Argand, and the figure is usually 
known as the Argand diagram. 

36. De Moivre's Theorem. The following statements 
follow immediately from the definitions of addition and multi- 
plication. 



definition is unambi 

in which 

some speciaJ provisi 
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(1) The real (or imaginary) part of the sum of two complex 
niimhers is the sum of their real (or imaginary) parts. 

(2) The modulus of the product of two complex numbers is 
the product of their moduli. 

(3) One value of the amplitude of the product of two com- 
plex numbers is the sum of their amplitudes. 

It should be observed that it is not true that the principal value of 
am (s/) is the sum of the principal values of am z and am z'. For esample, if 
2=E'=-l-(-i, the principal values of the amplitudes of « and s" are each |ir. 
Bufc3j'= -2% and the principal value of am (as') is -^ir and not fir. 

The two last theorems may be expressed in the equation 
r (cos 8 + i sin B)x p (cos + * sin 0) 

-rp (»»(» + « + <'«m(« + «l, 
which may be proved at once by multiplying out and using the 
ordinary trigonometrical formulae for cos (9 + 0) and sin (6 + <p). 
More generally 

r, (cos 01 + i sin 0,) x r^ (cos ^^ + * sin ^2) x . , , x r„ (cos 0^ + i sin ^„) 
= nrs...r„lcos(^, + £'a+... + ^«)+isin(e, + ^2+-..+M. 
A particularly interesting case is that in which 

We then obtain the equation 

(cos 0-{-i sin 8)" = cos n0-\-i sin n8, 
where n is any positive integer : a result known as De Moivre's 
Theorem*. 

Again, if z = r (cos ^ + i sin 8), 

1/e = (cos O-isin 8)/r. 
Thus the modulus of the reciprocal of z is the reciprocal of the 
modulus of z, and the amplitude of the reciprocal is the amplitude 
of z with its sign changed. Hence we deduce from (2) and (3) : 

(4) The modulus of the quotient of two complex numbers is 
the quotient of their moduli. 

(5) One value of the amplitude of the quotient of two com- 
plex numbers is the difference of their amphtudes. 

* ItwiUsometimeBbBoon-'enient, for tlie sake of brevity, to denote 003 + isinfl 
by Ciefl ! in this notation, suggostea by Profs. HarlineBB and Morley, Db Moivre's 
theorem is expressed by the equation (Ois S]" = Cisii0. 
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Again (cos + i&m 0)~" = (cos — i sin fl)" 

= cos (~n0) + i3iQ{- 110). 

Hence J)e Moivre's Theorem, holds for all integral values of n, 
positive or negative. A large number of important applications of 
this theorem will be given later on in this chapter (§§ 38 et seq.). 

To the theorems (1) — (5) we may add the following theorem, 
which is also of very great importance, 

(6) The modulus of the sum of any number of complex 
quantities is not greater than the sum of their moduli. 




Let OP, OP', ... he the displacements corresponding to the 
various complex quantities. Draw PQ equal and parallel to 
OP', QR equal and parallel to OP", and so on. Finally we 
reach a point U, such that 

OU = OP + dP' + OP" + .... 

The length OU is the modulus of the sum of the complex 
quantities, whereas the sitm of their moduli is the total length 
of the broken line OPQR ...U. The truth of the theorem is now 
obvious (see also Ex. XXHI, 1). 

37, We add some theorem:; concerning rational functions of 
complex numbers. A rational function of the complex variable e 
is defined exactly as is a rational function of a real variable x, 
viz. as the quotient of two polynomials in s. 
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Theorem 1. If R{x + yi) is a rational function of ce + yi, it 
can be reduced to the form X +Yi, where X and Y are rational 
functions of a: amd y with real coefficients. 

In the first place it is evident that any polynomial P(x + yi) 
can be reduced, in virtue of the definitions of addition and multi- 
plication, to the form A + Bi, where A and B are polynomials 
in X and y with real coefficients. Similarly Q{x + yi) can be 
reduced to the form G + Di. Hence 

R{x + yi) = P{x + yi)IQ{x + yi) 
can be expressed in the form 

{A + Bi)l{C + Bi) = {A^ Bt) {G - J)i)l(G +Bi) (C - DO 
_ AG + B D B O -AD . 

which proves the theorem. 

Theorem 2. If R(x+ yi) — X + Yi, R denoting a rational 
function as before, but with real coefficients, then R{x — yi) = X —Yi. 

In the first place this is easily verified for a power {x -}- yiy^ 
by actual expansion. 

It follows by addition that the theorem is true for any poly- 
nomial with real coefficients. Hence, in the notation used above, 
^_ A-Bi AG + BD BC-AD . 
-«(*■ y^>- c^Di^ G'+D^ G^ + B^^' 
the reduction being the same as before except that the sign of i 
is changed throughout. It is evident that results similar to those 
of Theorems 1 and 2 hold for functions of any number of complex 



Theorem 3. The roots of an equation 

a„s»4-aj2™-i + ... -^ a„ = 0, 
whose coeffi.cients are real, may, in so far as they are not themselves 
real, be arranged in conjugate pairs. 

For it follows from Theorem 2 that if x + yi is a root, so is 
X — yi. A particular case of this theorem is the result (§ 34) 
that the roots of a quadratic equation with real coefficients are 
either real or conjugate. 

This theorem is sometimes stated as follows — in an equation 
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with real cocjficdents complea) roots occur in conjugate pairs. It 
should be compared with the result of Exs. IV. 10, which may be 
stated as follows — in an eqiiation vdth rational coefficients irrational 
roots occur in conjugate pairs*. 

Exajnples XXIII. 1. Prove theorem (6) of g 36 directly fi-om the 
definitions and without the aid of geometrical considerations. 
[First, to [trove that ji + a'lgl^j + la'l is to prove that 

The theorem is then easily extended to the general case.] 

2. The one and only case in which 

is that in which the numbers s, !!,... have all the same amplitude. Prove 
this both geometrically and analytically. 

3. The modulus of the sum of any number of complex numbei-s is not 
leas than the sum of their real (or imaginary) parte. 

4. If the sum and product of two complex numbers are both real the 
two numbers must either be real or conjugate. 

6. If o + 6V2 + ((! + rfV2)s = -l + ^s/3 + (C+i)V2)', 

where a, b, c, d, A, B, C, D are real rational numbers, then 
a=A, h=B, c=0, d=D. 

6. Express the following numbers in the form A+Bi, where A and B 
are real numbers : {l+^)^ (1-*?, (3-20/(2+3^), (X+,«")/(^-/.j), 

X and fi denoting any real numbers. 

7. Express the following functions of 2—»;-\-yi in the form X-\- Yi, where 
Zand r are real functions of a: and y : ^,^, £", 1/s, 2+(iM, (l-!-3)/[l-4 
(a+^3)/(y+8B), a, 0,y,h denoting real numbers. 

8. Find the moduli of the numbers and functions in the two preceding 
examples. 

9. The two lines joining the points z=a, s=h and s=e, z=d will be 
perpendicular if 

i.e.if {a-6)/{e-i:^ is purely imaginary. What is the condition that the lines 
should be parallel? 

10. The three angular points of a triangle are given by z=a, 2=/3, z=y, 
where a, ji, y are complex quantities. Establish the following propositions : 

(i) The centre of gravity is given b^ 2 = ^ {a + 0+y). 

(ii) The ciroum-cmtre ie given by \z-a | = |e-/3| = | ^-y\. 

■e rational, are sometimes said to be 
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(iii) The th'ee perpendieylafs frow. the wtgxd 
sides meet in a point given by 



''(i^)=«(^3-(3)-' 



[If A, B, C are the vertices, and P any point e, the condition that AP 
should be perpendicular to BO (Es. 9) is that {^—a)l{^-y) should be purely 
imaginary, or that fl(£-a)fi(e-y)+/(!-a)/(3-'y)=0. 

Thia equation and the two aimilar equations, obtained by permuting q, (3, 7 
cyclically, are satisfied by the same value of 2, aa appears from the fact that 
the sum of the three left-hand aides is zero (so that the third equation is a 
consequence of the flrat two). This proves the theorem.] 
(iv) There is a point P inside the triangle such that 
CBP=^AGP=BAP^<^. 
A Iso cot ru = cot A + cot B + cot G. 

[From the equations'* 

,. = fi(/' = am(3-,3)-am(T--^), 
cotam(.~^) = {fl(.-/3)//(.^^)},etc., 
we deduce 

^R{z-^)R(y^&) + I[z-fi)I(y^&) (1). 

This equation, and the two similar equations obtained by permuting 
o, ^, y cyclically, suffice do determine cot a and the real and imaginary parts 
of «. If we add the three equations z disappears and we are left with 

Coim1{I{^)R{y)-R(fi)I{y)) 

= 2{flO)-B(7-S)+/W/(7-|3)} (2), 

the sign of aummation referring to the three terms produced by cyclical inter- 
change of a, ^, y. 

Now cotJ = cot{am('x-o)-am09-a)! 

_ fi( y-a)iiO-'')+/(Y--)/(g-«) 

T(y-<,}R(0-<^)-R(y-a)W-a)' 

and a little reduction shows that the denominator of this fraction is equal to 
the coefficient of cot m in equation (2), with its sign changed. Hence we can 
deduce that cot r»=cot J.+cot B+cotC] 

11. The two triangles who«e vertices are the points a, h, a and x, y, z ■ 
respectively wiO be similar if 

'ill ; = 0. 



[The condition required is that ^B/ji(7 = Xy/X2(largc lettera denoting 
the points whose at^uments are the corresponding small letters), or 
{b-a)/(c-a) = (y-a;)l(g-x}, which is the same as-.the given condition.] 

* We suppose that as we go round the triangle in the direction ABC we leave 
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12. Deduce from the last example tliat if the pointa n, y, z are cciUinear 
we can find real nambers a, % y such that a + /3+7 = and ax-k-&y-\-y^=-^i 
and conversely (cf. Ess. XXII. 4). [Use the fact that in this case the 
triangle formed by x, y, s is similar to a certain liae-triangle on the axis OX., 
and apply the result of the last example.] 

13. The general eauation of the first degree with complex coefficients. 
The equation <(j + 5=0 has the one solution 3= -(6/it), unless 01=0. If we put 

a=«+i,', b=^+i0', z=3!+iy, 
and equate real and imaginary parta, we obtain two aquations to determine 
the two real quantities *■ and y. The equation will have a real root H y=0, 
which, gives oar4-j3 = 0, a';i;+,3'=0, and the condition that these equations 
should be consistent is a0 - a'^ = 0. 

14. The general qiiadratic equation with complex coefficients. This 
equation is 

Unless a and A are botli aero we can divide through, by a + iA. Heuce 
we may consider 

.s+2(6+jS)5+(c+iO)=0 (1), 

as the standard form of our equation. Patting £=a;+iy and equating real 
and imaginary parts we obtain a pair of simultaneous equations for x and y, 

x^ -yii+2{bi£- By)+c=0, 2xy+2{l^+Bx) + G=0. 
If wo put 

^■+b=$, y-i-B^i), b^-B^-c=h, 2bB-G='k, 
these equations become i^-<f= A, 2|tj = k. 

Squaring and adding we obtain 

We must choose the signs so that ^ has the sign of h ; i.e. if h is positive 
we must take like signs, if .t is negative unlike signs. 

Oondiliani for equal roots. The two roots can only be equal if both the 
square roots above vanish, i.e if A=0, i=0, or if cb'^- B'', C=2bB Thp^e 
conditions are equivalent to the single condition c+iO=(b+iB)'' «hKh 
obviously expresses the fact that the left-hand side of (1) is a perfect square 

Condition for a real root. If a^ + 2(6 + V5)a-+(c-|-j(7)=0, where j; is real, 
then «^+2&c+c=0, 2Bx+G=0. Eliminating x we find that the required 
condition ia (72-465(7-1-4^32=0. 

Condition for apvavly imaginary root. This is easily found to be 
C^-^BC- ^1^0=0. 

Conditions for a pair of aonjugate complex roots. Since the sum and the 
product of two conjugate complex quantities are both real, b+iB and e+iC 
must both be real, i.e. B=0, C=^Q. Thus the equation (1) can liave a pair of 
conjugate complex roots only if its coefficients are real. The reader should 
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verify this conclusion by means of the explicit expressions of the roots. 
Moreover, even in this case, if 6^£c the roots will be real. Hence for a 
pair of conjugato roots we must have B=d, 0=0, }fi<c. 

16. The Cubic ecLuation. Consider the cubic equation 
23 + 3Zfe + ff = 0, 
where Q and 3 are complex qiiantitiea, it being given that the equation haa 
(a) a real root, (6) a purely imaginary root, (c) a pair of conjugate roots. 

If H=\-i-im G=p+i(T, we arrive at the following conclusions. 

(a) Arealroot. If ft+Otherealroot is -ct/3^ and(T5+27XfiV-a7fi3p=0 
On the other hand, if f(=0, we must also have (r=0, and the i,oefiicjents jf 
the equation are real. In this case there may be three leal loots 

(6) A pureti/ imaginas-y root. If (i={=0 the puielj unaginarj lort is 
(fild/xji, and p^ - 27Xf(V - 27/iV=0, If /i=0, then alsc p=0, and the root 
is iy, where y is given by the equation ^'-3Xy-o-=0, which has leil 
coefficients. In this case there may be three purely imagmiiy roots 

(e) A pair of conjugate roots. Let these be «+yi Then smce the ■sum 
of the three roots la zero the third root must be —2a:. From the lelations 
between the coefficients and the roots of an equation we deduce 

f - 3^^ = zE, ix (a^ +■/) = a. 

Hence & and H must both be real 

In each case we can either find a root (in which case the equation can be 
reduced to a quadratic hj dividing by a known factor) or we can reduce the 
solution of the equation to the solution of a cubic equation with real coeffi- 
cients. 

16. The cubic equation a^ + aiX^ + a23:-^a3 = Q, where ai^Ai-ViAi, ... has 
a pair of conjugate imaginary roots. Prove that provided A^' =|=0 the remain- 
ing root is —Ji'aa/^a', and twoideutical relations hold between Ji, Ai, A^, .... 
Examine the ease in which As' = 0. 

17. Prove that ii^+3Hz+&~0 has two imaginary roots, the equation 

Sa^ + &aE-G = 
has one real root which is the real part a of the imaginary roots of the 
original equation ; and show that a lias the same sign as G. 

18. An equation of any order with complex coefficients will in general 
have no real roots, nor pairs of conjugate complex roots. How many con- 
ditions must be satisfied by the coefficients in order that the equation should 
have (a) a real root, (b) a pair of conjugate roots 1 

19. Coaxal circles. In Fig. 32, let a, b, z be the arguments of A, B, P. 

Thou sxa.^-^=APB, 

the principal value of the amplitude being taken, and APB being a positive 
angle less than n-. If the two circles shown in the figure are equal, and 



y Google 



COMPLEX NUMBERS [ill 

1 the argument of P', 1\, Pi, aiid APB = S, it is chhj to 



z^ -a 
The locus defined by the equation 



where 6 ia constant, is the arc APB. By 
writing w-fl, -d, -ir-f fl for 5 we obtain 
the other three area shown. 

The system of equations obtained by 
supposing that tf is a parameter, varying 
from — JT to +«■, represents the system of 
oiroks which can be drawn tkrcmgh the 
points A, B. It should however be observed 
that each circle has to be divided into two 
pao^ to which correspond diftereut values 
of 6. 




20. Now let u 



consider the equatio 



.)j.x . 



..(1), 



where X is a constant. 

Take the point K on BA produced so that KPA=KBP. Then the 
triangles KPA, KBP are similar, and so 

APIBP=EPIKB=KAiKP=\. 

Hence KAiKB=i?, and therefore ff is a fined point for all positions of P 
which satisfy the equation (1). Also KP^=EA . KB=const. Hence the 
locus of P is a oirde whose centre is K. For different values of X the equation 
(1) therefore represents a system of circles. 

Every circle of this system cuts at right angles every circle of the system 
of Ex. 19. For the equation KP^=KA . KB shoivs that KP is a tangent to 
the circle APB. 

The system of Ex. 19 is a system of coaxal circles of the common point 
kind. The system of Ex. 20 ia called a system of coaxal circles of the limiting 
point hind; if X is very small the circle is a very small circle containing B in 
its interior, if X is very large a very small circle containing A in its interior : 
it is from this fa«t that the name is derived. 

21. Bilinear Transformatiions. Consider the equation 

z=Z+a (1), 

whore e=x-^-iy and Z=X-\-iY are two complex variables which we may 
suppose to be represented in two planes s:oy, XOY. To every value of 3 
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corresponds ono of Z, and conversely. If a = a + t|3, fclieu 

and to the point («, y) corresponds the point {X, Y). If (a:, y) describes a 
curve of any kiod in its plane, (X, 10 describes a, curve in its plane. Thus 
to any figure in one plane corresponds a figure in the other. A passage of 
this kind from a figure in the plane xoy to a figure in the plane XOY by 
means of a relation such as (1) between s and Z is called a tTarmformaiiim, 
In this particular case the relation between correspouding figures is very 
easily defined. The (X, F) figure is the same in size, shape, and orientation 
as the (if, y) figure, but is shifted a distance a to the left, and a distance & 
downwards. Such a transformation is called a translation. 

Now consider the equation 

^ = ^ (2), 

whore p is real This gives 3)=pX, i/ = pT, The two figures are similar and 
similarly situated about their respective origins, but the scale of the (X, Y) 
figure is (1/p) times that of the {(V, y) figure. Such a transformation is called 
a magnification. 

Finally consider the equation 

. = (cos^ + isin</,)ir (3). 

It is clear that |j| = |2|, am«=am^+<f., and that the two figures differ 
only in that the {X, Y) figure is the {x, y) figure turned about the origin 
through an angle ^ in the negative direction. Such a transformation is 
called a rotation. 

The general linear transfonnation 

z^aZ-^h (4) 

is a combination of the three transformations {!}, (2), (3). For if |a|=p and 
ama=^ we can replace (4) by the tfiree equations 

2=/+6, ^=pZ\ Z'=(co&4,+iaiiii,)Z. 

Thus the general linear transformation is eqtdvaleiit to the combination of 
a translation,, a magnification, and a rotation. 

Nest let us consider the transformation 

^=1/2. W 

If \Z\=Il and am2'=e, then \i\=llR and am3= -6, and to pass from 
the {x, y) figure to the (X, Y) figure we invert the former with respect to o, 
with unit radius of inversion, and then construct the image of the new figure 
in the asas oa; (i.e. the symmetrical figure on the other side of ox): We thus 
obtain a figure in the {ic, y) plane, similar in every respect to the (X', F) 

Finally consider the transformation 

^={aZ+h)j{cZ-k-d) (6). 

This is equivalent to the combination of the transformations 
z^{ajo)-\-{hc-ad){z'jc}, ^^IjZ', Z' = cZ+d, 
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i.e. to % certain oorabination of tranaformationa of the types already con- 
sidered. 

The transformation z={aZ+b)l(_cZ+d) 

is called the general bilinear traiisfoi-mation. Solving for Z ivo obtain 
Z.(d,-b)l(ez-cil. 

This is the most general type of trauBformation for which one and only 
one value of z corresponds to each value of Z, and conversely. 

32. The general bilinear tramfin'mation transforms circles into circles. 
This may be proved in a variety of ways. We may assume the well known 
theorem in pure geometry, that inversion transforms circles into circles 
(which may of course in particular cases be straight linen). Or we may take 
the equation 

*^'* {y+iy'){x-tiy)+{h+ihy 

assume that x hxtAy satisfy the equation of a circle, calculate os and^ in terms 
of X and F, and so find the relation between X and Y hy straigiitforward 
algebra. Or finally we may use the results of Ess. 19 and 20. This is the 
best and simplest laethod. If, e.g., the {x, y) circle is 

|(.-,);(-p)|.x, 

and we substitute for 3 in terras of ^, we obtain 

(z- ,-);(/-,-) l-v, 

where it = — — , p = ^j'— , \ =X — — — - 

23. Consider the transformations z=\jZ, z={l-^Z)j{\~Z), and draw 
the (X, Y) curres which correspond to (1) circles whose centre is the origin, 
(2) straight lines throi^h the origin, in the {x, y) plane. 

24. The condition that the transformation s=(aZ+h)l(cZ+d} should 
make the circle 3^+^=1 correspond to a straight line in the {X, Y) plane, 

3S. Cross ratios. Tiie cross ratio (Hiis, ^H) ia deSned to be 

If the four points «i, s^, z^, Zf are on the same line, this agrees with the 
definition adopted in elementary geometry, There are 34 cross ratios which 
can ba formed from 2,, i^, z,, Zi by permuting the suffixes. These consist of 
sis groups of four equal cross ratios. If one ratio is X the six distinct cross 
ratios ai'eX, 1-X, 1/X, 1/(1-X), 1 -(l/X), X/(A-1). The four points aie said 
to be harmonie or kmvnonieally related if any one of these is equal to - 1. In 
this case the sis ratios are — 1,-1, ^, J, 3, 3. 

If any cross ratio is real all are real and the four points He on a circle. For 

am (^l-^3)fa'-^i) _f) /ar „\ 
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ao that am{(zi-£3)/(si— 5,)) and am{(%—z3)/(s2-!4)} are either equal or differ 
by JT (cf. Ex. 19). 

If (^1^25 23^4)= — 1, we have the two equations 



-xx^3 










Fig. 33. 



The four points Ai, A2, A^, Ai 
(Fig. 33) he on a circle, Ai and Jj 
being separated by As and J4. Also 
AiA^AyAi^A^A^jAiAi. Let be 
the middle point of ^3^44. The 
equation 

{ H-H){>i-Zi) _ ^ 

{2i-z*)(*i-«3) 
may be put in the form 

or, what ia the same thing, 

But this is equivalent to 7>Ai .'0J2'''0Ai'=0Ai\ Hence OAi and OA^ 
make equal angles with ^3.^4, and 0.^1.0^12=0^13^=0^4'^. It will be ob- 
served that the relation between the pairs Ay, A^ and A^, Ai ia aymmetrical. 
Hence if 0' is the middle point of AiA^, O'A^ and 0'.^4 are equally inclined 
to ^1.^2, and O'As. O'Ai^O'Ai^^O'A^K 

26. If the points Aj, A^ are given by aj^+2fe+c=0, and the points 
As, Ai by a's'+26'j!+c'=0, and ia the middle point of A^Af, and 
aif+a'f!-2bh'=0, then OAj, OA^ are equally inclined to AgA^ and 
OA-,. OAs=OAs^=OAil (Math. Trip. 1901.) 

[The pairs Ai, A^ and ^3, Ai are harmonically related.] 

27. Tlie condition tliat four points should lie on a. circle. A sufficient 
condition is that one (and therefore all) of the orosa ratios should be real 
(Ex, 25) ; this condition is also necessary. Another form of the condition ia 
that it should be possible to choose real quantities a, &, y such that 



1 



1 



= 0. 



Zl^ + Z2l3 ^Zi + Z^Z, Zsli + Z,Zi I 

To prove this we obaervethatthe transformation 2=1/(2-2,) is equivalent 
to an inversion with respect to the point z,, coupled with a certain reflexion 
(Ex. 21). If zi, Zi, Z3 lie on a circle through £4 the corresponding points 
Zi^l/izi-Zi), ^2=1/(^2-24), 23=lj(z3-st) lie on a straight line. Hence 
(Ex. 12) we can find real quantities a, ff, y' such that a'+(3'+y=0 and 
o'l(!:,—Zi)+^'j{z2-!St)+y'l(zs--Xi) = 0, and it is easy to prove that this is 
equivalent to the given condition. 
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28. Prove the following analogue of Do Moivre's Tiioorem for real quanti- 
ties; — if ipi, rp,, ij>s, ... is a, series of positive acute angles auch that 

tainf'm+ 1 — tan 0„j sec 01 + sec 0j„ tan 1^1 , 
then tan ip^+^^tarnjitaSic ifi^+seo (^tani^„, 

sec 0,„ + „=sec 0^ sec <fi,^ + tan ip^^ tan 0„, 
and tan^4-eeci^^={tan^,-l-sec^)'''. 

[Use the method of mathematical induction.] 

29. The transformation e=Z"'. In this ease r=R^, and 6 and me 
differ by a multiple of Syr, If Z describes a circle round the origin, z 
describes a circle round the origin m times. 

The whole {x, y) plane corresponds to any one of w, sectors in the {X, Y) 
plane, ea«h of ai^Ie air/m. To each point in the (.a:, y) plane correspond 
«i points in the {X, Y) plane. 

30. Complex functions of a real Tariable. If f{t}, ip it) are two real 
functions of a real variable t defined for a certain range of values of (, we call 

^=f{t) + i4,(t) (1) 

a complex function of t. We can represent it graphically by drawing the 

»-/«, ■/-•(.(<)! 
the equation of the curve may be obtained by eliminating ( between these 
equations. If s is a polynomial in t, or rational function of t, with complex 
coefficients, we can express it in the form (1) anci so determine the curve 
represented by the function. 

(i) Let z^a^{b-a)t, 

where (t and Z) are complex numbers. If a=a-\-ia', b-8+i^', then 

^=fl+((3-«)i, y ''a' +{&'-<•') I- 
The curve is the straight line joining the points s = a and e = b. The segment 
between the points corresponds to the range of values of t from to 1. 
Find the values of ( which correspond to the two produced segments of the 
line. 

fii) If ^=^c+p{{l+it)l{l'il)}, 

the curve is the circle of centre e and radius p. As t varies through all real 
values s describes the circle once. 

(iii) In general the equation i={a+bl)j(c+dt) repreients a cncle. 
This can be proved by calculating x and y and elimmating . but this process 
is rather cumbrous. A simpler method is obtained by using the result of 
Ex. 22. Let z=(a+bZ)l{e-KiZ), Z-=t. As t vanes Z describes a stiaight 
line, viz. the axis of X Hence « describes a cu^le 

(iv) The equation z=a-i-'ibt-{-et' 

rxipresents a parabola generally, a straight line if bjo is real. 
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(v) The equation 2^(a + 2bt + cfi)l{a + 2&l + yt^), where a, ft y are real, 
represents a conic section. 
[Eliminate t from 
x^{A + 2Bt + Cfi)/{a + 2^t + yfi), z = {A' + 2B' t-i- 0' f')j(a + -2fii + yf-) 
<where a=A+iA\ 6 = B+iff, c=C+iG').-] 

38. Formulae for sin nd and cos nff. De Moivre's Theorem 
enables us to express sin nd and cos nO, where ti is a positive 
integer, in terms of sin 6 and cos 0. For from the formula 

cos nd + i sin nd = (cos ^ + * sin ^)" 
(where Ji is a positive integer) we deduce 
cos nd = R [{cos ^ + i sin 6}"] 

= (cos^)"|l-/'™) tan^^+f'^] hm'f-...l, 

sin nd^I [(cos ^ + i sin C)"] 

= (cos $)"■ j r""j tan - Q') tan^' ^ + . . .[ , 

where ( . ) is tlie general binomial coefficient 

n(n -l){n-2)...( n -r + l) 
1.2.S...r 
(sometimes written "0,.). 
Then 

^-'-©"©'•^ ». 

(Sw'-(i)*-©''+ «■ 

where ( = tan ^. 
By division 

t.„«»={(»)«-(;;)f+...|/{i-g)«.+ ,..} .,.(8). 

From (1) and (2) we can deduce further formulae expressing 

cos nO, - -. — IT 
sin f 

in terms of cos ^ only. For 

cos»fl tan'^ = sin^ 8 cos"-"' d = cos"-'' ^ (1 - cos' dy-, 
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and on substituting in (1), after multiplying up by cos"^, we 
Bee that 

cos n0 = an cos" + a„^i cos"~^ + ... 
where a^, ttn-a, ■■- are constants, and the last term is a constant 
or a multiple of cos 9, according as n is even or odd. 
Similarly, from (2), we deduce 
sinnff 



To determine the actual values of the coefficients generally 
and directlyj and by meacs of really elementary methods, is a 
matter of some little difficulty. The formulae are 

2 cos nd = (2 cos fl)" - ^ (2 cos S)"^' + ^-^^^ (2 cos ^)"-* 



n(n- 



sinm^ 



{»)■ 

That these formulae are correct is easily veriiled by induc- 
tion. For 

2 cos (11 + 1) 9 = cos 9 (2 cos iifl) - 2 (1 - cos' S) 5!^ , 
sin(» + l)9 



\ Sin ^ y 



sne. 



and if we assume that the formulae hold for n = 1, 2, ... & (and 
they are easily verified for k = 1, 2, 3), we can at once show that 
they hold for n = k + l. We leave this as an exercise for the 
reader. 

39. When tanwfi is given we can regard the equation (3), 
which we may write for brevity in the form tan ti^ = /((), as an 
equation of the rtth degree in t, one of whose roots is i = tan 0. 

Similarly, one of the roots of 

tau|.(9 + ^)|=/« 

is t — ts.n{6 + {kTrln)] {k being any integer). But since 
tan(Tii9+/;7r)= tami^, 
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the two equations are the same. Hence tan {8 + (kTr/n)] is a root 
of (3) for ali values of k. 

As we give k all integral values, this expression assumes n 
and only n distinct values, viz. 

tan^, tBta(8 + ~), tan f^H- —V ....... tan Ii9 +^--^^^1. 



These are therefore the roots of (3), considered as an equation 
in t. It follows that any symmetric function of these qua,ntitiea 
can be expressed in terms of the coefficients of (3), i.e. in terms 
of tan n$. The equations (1), (2), (4), (5) can of course be 
considered from the same point of view. Some illustrations will 
be found in the examples which follow. 

Bxamples XXIV. 1. The equation (3) may be written in the form 

where tan nd or cot it6 is to bo chosen according as « is odd or even. 
2. Show tliat 

sec« d + sec'' ('^+ ^"j + . . . + sec* Is + '—^"J 

ia equal U> n^ sec^ n$ or n^ cosec^ n6 according as «. is odd or even, 

{Math. Trip. 1900.) 
[The expression given isii+2«,.^,where!,.is aroot of the equation in Ex. 1.] 

.?. Prove that sec^^ +sec'^4-3ec*^ + seo^ y = 1120. 
4. Ifmiaodd 
i»-^^^r'-24-^^^p-i-... = i/iS-tan«^Vi»-tan2^y..ria-tan2^V 
where r=^{ii-l). State and prove the corresponding formula when m. ia 



5, The roots of the equation 2coamfl = ic"- — ^k"-^-) — 



2CO.S, 2.o,(« + ^),... 2o«,{« + ?&-^'-'). 

6. The roots of 64j;3_ii2j^^.56:c_7 = ai'e sin^^, sin^-^, ein'y . 
Deduce that sin-^+sin— --siny=^v'7- 

7. Show that 4cos^(if/7) is a root of in3-5x^ + 6x-l = 0, and find the 
other roots. {Math. Trip. 1898.) 
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8. Factor-formulae for eoa nd and (ain n0)/(sin 6)*. Show that 2 cos n6 
s equal to 



"° 2-(o»-»-™'i)(" 



according as m ia odd or cvon. 

9. Show that sin^siiil^ ... sin^=2"*<'*-^', 

where r is equal torn — 2or tow — 1 according aa n is odd or even. 

[Put 5 = in Ex. 8: consider the sigu carefully, when taking the square 
root of each side.] 

10. Show that (sin ne)/{am 0) is equal to 



and deduce, by putting fl = 0, that 



A!L-»JL.ri'- 



>Jn. 



obtain the corresponding formula for the case in which n is even. 

40. Boots of complex numbers. We have not, up to the 
present, attributed any meaning to symbols such aa ^a, a™'", 
when a is a complex number, and m and n integers. It is, 
however, natural to adopt the definitions which are given in 
elementary algebra for real values of a. Thus we define iya or 
a^", where ji is a positive integer, as any number a which satisfies 
the equation s" = a ; and a*"'", where m is an integer, as (a^")™. 
These definitions do not prejudge the question as to whether 
there are or are nob more than one (or any) roots of the equation. 

41. Solution of the equation z^' = a. Let 

a = p (cos ^ + i sin ^), 
where p is positive and is an angle such that — tt < 3 tt. 

* The results of Exs. 8 — 11 are of ooiisiderable importnnoe in Higher Trigo- 
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r (cos + isin 0), the equation takes the form 
r" (cos nO + i sin n8) = p (cos ^ + i ain 4,), 

so that )■" = p, cosn5 = coH0, ain h^ = sin <^ (1). 

The only possible value of r is ^p, the ordinary arithmetical 
?ith-root of p ; and in order that the last two equations should be 
satisfied it is necessary and sufficient that n6 = <j> + S&tt, where k 
is an integer, or 

= (<f> + 2kiT)jn: 
If k^pn + q, whore p and q arc integers, aad OSg<ra, the 
value of 8 is 'ipir + (0 + 2g7r)/n, and in this the value of ^ is a 
matter of indifference, Hence the equation 

s"'=a = p {cos + 1 sin 0) 
has n roots and n only, given hy z = r (cos ^ + 1 sin $), where 

r = Vp> e = {4> + H^)h (3 = 0, 1, 2,...ra-l). 
That these n roots are in reality all 
distinct is easily seen by plotting 
them on the Argand Diagram. The 
figure (Fig. 34) shows the four 
fourth roots of 

(l'6)(cos 55° + isin 55°). 
The particular root 

y/,{co5(</>/)i) + sin(,(./«)l 
is called the principal value of p'a. 

The case in which a = l,p = !,<!> = 
The n roots of the equation s" ~ 1 are 

cos (2g7r/w) + ji sin (S^tt/m), (§ = 0, 1, ... 11 — 1). 
These quantities are called the n-th roots of unity ; the principal 
value is unity itself. If we write aj„ for cos (Stt/m) + * sin (^ir/n) 
we see that the n roots of unity are 

1, (B„, w„=, ... m,i^\ 

Examples XXV. 1. The two square roots of 1 are 1,-1; the throe 
ouhe roots are 1, ^{-l + i,JSj, ^{-l~i^Sj; the four fourth roots are 1, 
i, —1, -i; and the five fifth roots are 

1, iy5-l + jVlO4-2^0), ^{-^5-1+^10-3^51. 
^ { _ ^5 - 1 - i "/iO - 2V5|= i {V5 - 1 - 1 VlO + a^S} . 




s of particular interest. 
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2. Prove that l + (fl„ + a)„2 + ... + iB„''-'=0. 

3. Prove that {x+ffa3+Z'X3^){3:+^a3^ + e<^s)=^+f + ^^ -Tf2-^-.vi/- 

4. The nth roots of a are ^a, m„^(1, m„^]:la, ...m^-^'^a, where SJa 
denotes the pnnoipcd reth root. 

5. It follows from Ess. XXIII. 14 that the roots of 

E= = « + 
fli^ +^/[iW("H^=)+a}]±^^/[H^/(''=+3=)-«!], 

like or unlike signs being cbosen according as 3 b positive or negative. Show 
that this result ^rees with the result of g 41. 

6. Show that {ii?«'-a^')j{ir?-aF) is equal to 



( j^-2cM;c<«-+aM {^r*- 2(tB 



^ L? - 2(M^COS ^ + «^^ ... (x^ 



J^ 



[The factors of x^""- a^"" are 

{x-a), («-«ffl2m), {x-aa\^), ...(x-a,^^-^). 
The factor s-aa^" is x + a. The ftictora (x-aie^'), [a^-oaj^'"') taken 
together give a factor ai^ - ^ax cos — + a'.] 

7. Resolve j^^m + i-c^sm + i^ ifi'^+a^\ and a^'^"'"^' + a^''*i into factors in a 
similar way. 

8. Show that x^" - 2a^a" cos tf + a^ is equal to 

f it^ - 2*a era ^ + <(S V^ - 2^a cos ^^ + a^y . . 

...(^_3^.eos^-±^<p^-"+«^). 
[Use the formula 

^2„ _ 2^«„» cos .3 + «^ = K - a" (cos d + i sin «)J {a;" - a" (cos d - i sin 0)}, 
and split up ea«h of the last two eipressiona into n factors.] 

9. The problem of finding the accurate value of o)„ in a numerical form 
involving only square roots, as in the formula ffl3=^( — I + iV^)) is the 
algebraical equivalent of the geometrical problem of icacribiDg ia a circle 
a regular polygon of n sides by Euclidean methods, ie by ruler and 
compasses. We saw n fact Ch jt rs I d II th t t 1 1 ng 
square roots could Iw be t ted da th ly rat d L 
which can be so lat t d 

Euclid gives co tru t f -3 4 5 6 8 10 12 d 1 It 

evident that the con t u t p bl f y 1 f wh 1 b 

found from these by m It pi uit hy y p w f 2 Th re h 

special values of n. f wl h h t t p bl th m t tp 
esting beii^ m=l 

Approxifnaie n.tt f gilpolj, ^ J btfJ 
will be found in books of practical geometry. 
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42, The general form of De Molvre's Theorem. It 

follows from the results of the last section that, if 5 is a positive 
integer, one of the values of (cos d + i sin O)'"! is 

cos (dlq) + i fiin i0jq). 
Raising oa^h of these expressions to the power p (where p is any 
integer positive or negative), we obtain the theorem that one of 
the values of (cos + ism 0)"'^ is cos (pd/q) + i sin (pOlq), or if a 
is any rational quantity, one of the values of (cos B -Vi sin 6)" is 

cos 16 -^-i sin ad. 
This is a generalised form of De Moivre's theorem stated in § 36. 

MISCELLANEOUS EXAMPLES ON CHAPTER IIL 

1. The condition that a triangle {xyz) should be equilateral ia that 

(fi +y^ + z^ — ys — Z3! — ^y = 0. 

[Let XYZ be the triangle. The displacement ZXia ra' turned through 

an angle %n in the positive or negative direction; or, as Cia§jr=iuj, 

Cis(-gjr)=l/ffl3=Bs=, ive have a:~z={z-y)a, or a^-z={z~y)<ei^. Hence 

x-i-ytai-^zat^=0 or 3^+^613^+ £103=0. The result follows from Es. XXV. 3.] 

2. liXYZ, X'TZ' are two triangles, and 

YZ. rz'=zl,Wx'='xT.'rT, 

then both triangles are equilateral. 
[From the equations 

(y-z){!,--z') = {z-^)(z'-^) = {x-y){^-f) = K^ 
my, we deduce SlKy' ~l') — 0, or Sxf^-Sy'^ — 0. Now apply the last 
example.] 

3. On the sides ofatriangle^Se similar triangles 5CX, CAr,ABZ&K 
described. Show that the centres of gravity of ABO, XYZ are coincident. 

[We have (^-c)/(6-c)=(y-«)/(c-a)=(3-6)/(a^6)=A, say Espresa 
i!{x+y+z) in terms of a, b, c] 

4. If ^, Y, Z ate points on the aides of the triangle J5(7, such tliat 

BX/XC^ OYj YA =AZiZB=r, 
and if ABG, XYZ are similar, then either t = J or both triangles are 
equilateral. 

5. Deduce Ptolemj'a Theorem concerning cyclic quadrilaterals from the 
fact that the cro^ ratios of lour coooychc points are real. 

[Start from tho identity 

Ixi — ^3) (xy - X4) + {x^ - x{) (.ra - ^^4) + {x-^ — x^j {^3 - ^^4) = 0.] 
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6 If s^ + 3'' = l, the points a, z' are ends of conjugftte linmeters of H,n 
ellipse whose foci are the points 1, -1. [If CP CD are conjugate semi 
diameters of an ellipse and S, H its foci, then CD is jiardllel to the estenor 
bisector of the angle SPH, and SP.HP^ CIP.'\ 

7 Piove that |a+6|2+|a-6[*=2{|tt|5+| &r} [Thi'< ir theanahtical 
equivalent of the geometrical theorem that, if M is the middle point of PQ, 
OP^ + 0Q'^^20M^+ 2MP\] 

8. Deduce from Ei. 7 that 

[If «+V(«=-S^=Ji, «-^{a''-*2)=3j, wo have 

ajidso {|^,H.|,,|)2=2{la|2+|«^-6a[+|6|^}=|a^-6|»+l«-6|^+2|«=-6^|. 
Another way of stating the result is; if ii and 23 are the roots of 
oi2 + 2j3s+y = 0, then 

hil + l^l = (l/l«l){(|-i3+V'n'|)+(|-^-V'n'l))-] 

9. If ^+4a,^+6a2a^+4o3iK+a4=0 is an equation with real coefficients 
and has two real and two complex roots, concyclio in the Argand diagram, then 

10. The four roots of ao^ + M^ + 6«23'* + 4o3a: + ai = will be harmonic- 
ally related if 

Ooa3^+»i^a4+aa^-Oo«sa4— aoiOaUj^O, 

[EipresB Zsa,uZa,^2iZn.n, where Zi^u-'{z,-Zi)izs-H) + l.>^i-^s}(^3-!'^) 
and £1, !3, ^, sj are the roots of the equation, in terms of the coeflcients.] 

11. Imaginary points and straight lines. Let ax-^-b>/+c—0 be an 
equation with complex eoefScienfa (which of course may be real in special 
caees). 

If we give w any particular real or comples salue, we can find the corre- 
sponding value of 1/. The aggregate of pairs of real or comples values of ^ 
and y which satisfy the equation is called an vmagvmury straight line; the 
pairs of values are called imaginari/ points, and are said to lie on the line. 
The values of x and 1/ are called the coordinaiea of the point {x, y). When 
it; and y are real, the point is called a real point : when a,,i,e are all real {or 
can bo made all real by division by a factor), the line is called a real line. 
The points x=a+i0, y=y-Yi& and .v = o — i0, y^y — ih are said to be con- 
jugate ; and so are the lines 
{A-\-%A')ie^-{B-ViB')y+C+iC =0 {A-i.A)i-\-{B'-iB)v+C -iG =0 

Verify the following assertions — everj real line contains infinitely many 
pairs of conjugate imaginary points every imaginary line contains one and 
only one real point; an imagiaaty line cinnot contain a pan of conjugate 
imaginary points:— and find the eruditi ns {a) thit the Ime jDin ng twD 
given imaginary points should be real and (6) that the point of intersection 
of two im^inary lines should le real 
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12. Sum the aeries 

oosa+(x,sia+b)+aos{a+2b) + ..., m-ia+sin{a+b)+mi{a+2b) + .. 
to «. terms. 

[Sum the geometrical series 

(costt+isina)(l+(cos6+isin6)+(oos&+i:sini)H...} 
to n terms, and equate real and imaginary jtarts.] 

13, Also sum 



.+(;')c„.+(;)«..2.+..., ,+Q.i 



sin2a+... 
to w + 1 terms. 

14. Sura the series co3a + .KcoB{a + /3) + ...+;B"-'coa {ii + (m- 1)(3}, 

{Malk. Trip. 1905.) 

15. Find the modulus and the amplitude of 

l+cosfl+tsind, l+oos^-iainfl, l-cos6+iainS, l~cos8-i&m6. 

16. Find the square roots of the numbers in the preceding example. 

17. Prove that 

\r+arn~fl~i"oos0/ = cos {^nn- -n0j ■^-^ sm {^n-rr -wd). 

18. Prove the identities 

= «* + J*+3' — 5a'y3+ 53^/^2^. 

19. Solve the equations 

«'3-3ap+{a' + l) = and x^-5tM^+ba^x + {a^ + l)=0. 

20. li f{x)=ao+ai^+...+ak^, then 
{f{x}+f{«x)-i-...+f{a''-'-x))!n = a„ + a^j^ + as^w^+... + a>.n^^, 

a being any root of ^=1 (except ^^"l), and Xm the greatest multiple of n 
contained in X. Find a similar formula for a^-l-a^+„a!'+a^+tai'^+.... 

21. If (H-*)"=flo+pi:c+psJ:'+... 
(«, being a positive integer), prove that 

Po-pi+^t-- = 2^"'o(yBin-^, ^|-p3 + ^5-... = 2=''sini)t7r. 

n being a multiple of 3. {Maih. Trip. 1899.) 

23. Show how to deduce the formulae given in § 38 from the addition 
theorems for uos .c and sin n:, using no complex quantities. [See Hobaon's 
Trigonomelr^, Ch. Vll.] 
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24. Prove that, when m is odd, 32cosec'(!-7r/m)=™''-l, the summation 
ostending to ?■=!, 3, ..., m-l. 

The corresponding sum, extended only to values of r less than m and 
prime to it, is denoted by S. Show that, if «i is the product of unequal odd 
primes a, &, e, ...*,then 3S=(a^-l) (i^-l)(c2-l).,.{F^l). 

[Math. Trip. 1902.) 

25. Prove that, if m is odd, 

'V'tan*{(2)- + l)T/m} = iM(m-l)(m2+m-3). 

{Math. Trip. 1903.) 

26. If a^=a + bcos{e + (2riclii)], for r = l, 2, ..., n, show that 

3M(m-3)2ni2QiQ5 = 3?i3 2aiaaa3+(m-l)(«-S)(2ai)3, 
if n>3, and iind the corresponding equation when n = 3. {Math TVip. 1906.) 

27. The roots of 
l-„i,-^(|zl)^^+ ''("-^n"-^' #+...+(-l)iM-'^t,^=0 

tan — tan — tan <^'^~^)'^ 

4w' 4re ' '"' 4«. 

[The equation is (l-a;0"+i(l+.^')''=O.] 

28. Ifa = jr/4ra,show(cf. Ex. 27)that 

cota, -cotSo, cotGo, ..., { — )"-icot(2B-l)a 
are the roots of 

^.^_,^-i_'':(|rl)a;n-a+ "(''-'^)(''~^\ ^«-3_.„=0. 

Deduce that 

cot a cosec* a — Cot 3a cosec^ 3n + . . . to re terms 
is equal to %n\ {Math. Trip. 1901.) 

29. There are in general two points unaltered by the transformation 
z={aZ-Vh)j{(:Z+d). If these pointe are a, ^, the transformation can be put 
in the form {e-a)l{s-S)=k{Z ~a)j{Z-ff). 

In particular, reduce the transformation z = {\ + Z)l{\~Z) to this form. 
Divide the Z-plane into 8 regions by means of the axes and the unit circle. 
Find the region in the s-plano which corresponds to each of these regions, 

30. If a=.Z*— 1, then as z describes the circle |2|=k, the two corre- 
sponding positions of Z ea«h dfscribe the Cassinian oval pip3=K, whore 
Pi, p'i are the distances from the points ±1. Trace the ovals for different 
values of K. 

31. If ( is a complex number such that | ! | = 1, then as t varies, the point 
x={at + h)j{t-c) describes a circle, unless |c|=l, when it desori.besa straight 
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32. If t varies as in the last example, the point x^^ {fit+{bli)} in 
general describes an ellipse whose foci are given bj ^^=ab, and whose axes 
are |a| + |6| and |«|-|6]. But if |«| = |&|,^ describes the finite straight 
line joining the points ±,J{ab). 

33. If z=^Z+Z\ the circle |2]=1 corresponds to a oardioid in the 



34. Discuss the transformation 3=J{Z+(l/2)}, showing in particular 
that to the circles X^-\- ¥^=a^ correspond the confooal ellipses 



fi(-9F {K"-i"' 



35. If {z-\-Vf = ijZ, the uait circle in the s-plane corresponds to the 
parabola i£oos''^e = l in the ^-plane, and the inside of the circle to the 
outside of the parabola. 

36. Show that, by means of the transformation z = {{Z~io)l{Z-k-ie)Y, 
the upper half of the a-plaoe may bo made to correspond tc the interior of 
a certMO semicircle in the .^-plane. 

37. Consider the relation as= + 2fc^ + 6Z^ + 2(f3 + 2/Z + c = 0. 

Show that there are two values of Z for which the corresponding values 
of z are equal, and vice versa. We call these the branch points in the Z and 
3-planes respectively. Show that, if z describes an ellipse whose foci are the 
branch points, so does Z. 

[We can, without loss of generality, take the given relation in the form 
2«+3£2coso>+22„i 
—the reader should satisfy himself that this is the case. The branch points 
in either plane are +coseo a. An ellipse of the form specified is given by 

This is equivalent (Ex. 8) to 

|^+^(j3_cosec^«)| + l2-V(.2-cosec^B)|=const. 
Express this in terms of ZJ] 

38. If s=t(Z"'+6.Z", where m, n are positive integers and a, h real, show 
that as Z describes the unit circle, z describes a hypo- or epi-cycloid. 

39. Pi'ove that 

40. By putting fl=^7r in the last example, prove that 

, TT ^ Sir , rejT 1 

'='^* 2^Tl '^'^ a^HH - ^°* 3^Ti = V(2i^Tl) ■ 
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41. Prove that 

sin)ie = 3»-isin5sin (fl + -) ... ai" |^ + ^^-^— }■ 
[Put a=a = l in ^x. XXV. 8, and change 6 into afl.] 

43. Provethat tan ^ tan |^ ... tan '" ~ ^^ "" = 1. 
44 Prove that 

whore ^ = 1, r=^(w-l) if «. is odd, and /4=w, r=^n,-l if » is even. 
46. If 1 / n fa: + tan'T j is eiprcsaed in the form 

^^cos ^^_^^. 

{Mat/i. Trip. 1905.) 
[Apply the ordinary rule for partial fractions: it will be found that 
J,.(-l).-.2.m.^co,-.-.g!:|,n_.ot.^, 
and Ex. 40 can be used to obtain the given I'eault.] 
46. Show that 

(Math. Trip. 1907.) 
[The right-hand side is 

where «=«is a+t sin a=Cisa. The roots of .j^''+l=0 are 
Ci, («_!)' (,..0,1,...,2»-I). 
Split up the right-hand side into partial fractions of the form 



J,.>- 



.,/] 



(?!:±l>.!'Pis,(?'-+AK 



It will be found that J,= -jsin^-^-^-Cia^- I---'- . To get the result 
in the form given we must associate the terms in pairs (r, n+r) where 
r=0, 1, ..., n-l.] 
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47. Show that, if m and m are positive integers, and m < «, thnn 
a^-V{l+i^) = (l/«)2oi'""''/(a^-oi), where oi is a root of ^ + 1 = 0: and lieiioe 
show that, if «. is even, 

and find the corresponding formula when m is odd. 

48. Express ic^~'-l{l-a:"), where m and «are positive integers, and m<n, 
in partial fractions, and obtain the formulae for 1/(1 -r") corresponding to 
those of Ex. 47. 



. Show that 






50. If pi, Pa, ... p„ are the distances of a point /', in the plar 
regidar polygon, from the vertices, prove that 



wliere is the centre and a the radius of the circumcircle of the polygon, 
!■ the length OP, and 8 the angle between OP and the radius from to any 
vertes of the polygon. 

61. If .4,-12.,, J„, fii-Ss----Cmare concentric regular polygons, wand n 
being prime to one another, prove that 

" ™ 1 _ mn P""'-a^"" _ 

rl .-1 {ArB,Y ~ b^- «* J^- 26'™a™"eos"'»fl + a*™' 
where a and 6 are the radii of the circumcircles of the [wlygons, and 6 the 
angle between any two radii drawn one to a vertex of each polygon, 

{Math. Tnp. 1903,) 

62. If p and q are integers, and q prime to p, and & is an odd positive 
int^er less than 3p, and 8=qjTlp, show that 

v-i cos k (a-k-nd) , v~i sin k (a + ne) 

where (=cos %6+isia W, 1 ^\^p. 

In this etniation write ^{h+l) for X and cos 2a — j sin 2a for a-.] 
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CHAPTER IV. 

LIMITS OF FUNCTIONS OF A POSITIYE INTEGRAL VARIABLE. 

43. Functions of a posltlTe integral variable. In 

Chapter II. we discussed the notion of a function of a real 
variable x, and illustrated the discussion by a large number of 
examples of such functions. And the resider will remember that 
there was one important particular with regard to which the 
functions which we took as illustrations differed very widely. 
Some were defined for all values of x, some for rational values 
only, some for integral values only, and so on. 

Consider, for example, the following fun t n^ ( ) i/= ^ (n) y='J^ 
(iii) y=the denominator of a;, (iy) y=the squaie loot (f the pioduot of the 
numerator and the denominator of x, (v) y=the li ^est pr me fictor f r 
(vi) y = the product of ^!0 aud the largest pi me fa t r of (v ) y=the 
artih prime number, (viii) y=th6 height measired n 1 es f o v t 
in Dartmoor prison. 

Then the aggr^ates of values of x for which these functions are defined 
or, as we may say, the fields of defi/nition of the functiona, consist of (i) all 
values of a, (ii) all podlive values of x, (iii) all rational values of a:, (iv) all 
pontine rational values of x, (v) all integral values of x, (vi), (vii) all positive 
integral values of x, (viii) a certain number of positive integral values of x, 
viz., 1, 3, ...,iV, where .3'' is the total number of convicts at Dartmoor at the 
present moment of time*. 

Now let us consider a function, such as (vii) above, which is 
defined for all positive integral values of cc and no others. This 
function may be regarded from two slightly diffei'ent points of 

* In tie last case N depenila on the time, and convict x, wbere a: has a definite 
value, ia a different individual at diSerent moments of time. Thus if we take 
different momenta of time into oonaideration we iavo a simple example of a 
funotioE y = F{x, t) of two variables, defined for a certain range of values of t, vix. 
from the time of the establishment ot Dartmoor prison to the time of its abandoc- 
inent, and for a eertain number of positive integral values of x, this number 
varying with t. 
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view. We may consider it, as has so far been our custom, as a 
function of the real variable x defined for some only of the values 
of «, viz. positive integral values, and say that for all other values 
of x the definition fails. Or we may, as in Chap. I. § 8, leave 
values of x other than positive integral values entirely out of 
account, and regard our function as a function of the positive 
integral variable n, whose values are the positive integers 
1, 2, 3, 4, .... 
In this case we may write 

and regard j/ now as a function of n defined for all values of n. 

It is obvious that any function of x defined for all values of « 
gives rise to a function of n defined for all values of n. Thus fi:om 
the function i/ = a? we deduce the function y = n'^ by merely 
omitting from consideration all values of x other than positive 
integers, and the corresponding values of y. On the other hand 
from any function of n we can deduce any number of functions 
of x by merely assigning values to y, corresponding to values of 
X other than positive integral values, in any way we please. 

44. Interpolation. The problem of determining a function of x which 
ahall assume, for all positive integral values of x, values agreeing with those 
of a given function of «, is of extreme importance in higher mathematics. 
It is called the problem, of functional interpolation. 

Were the problem however merely that of finding some function of a; to 
fulfil the condition stated it would of course present no difficulty whatever. 
We could, aa cKplainod above, simply fill in the missing values as we pleased ; 
we might indeed simply regard the given values of the function of n as all 
the values of the function of x and say that the definition of the latter func- 
tion failed for all other values of x. But such purely theoretical solutions 
are obviously not what is usually wanted. What is usually wanted is some 
fomvula involving ie {of as simple a kind as possible) which assumes the given 
values for x=\, % .... 

In some cases, especially when the function of «, ia itself defined by a 
formula, there is an obvious solution. If for ejtamplc y=0 («), where ^ {n} 
is a function of «. which would have a meaning even were n not a positive 
integer (e.g. n, m^, (ra~ l)/(n-l-l)), we naturally take our function of x to be 
y = <ii {tc). But even in this very simple case it is easy to write down other 
almost equally obvious solutions of the problem. For example 

!8 the value ^ in) for » = «, since sin nn=Q. 
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In other caaes <(> (m) may be defined by a forimila, auch as ( — 1)", which 
ceases to define for some values of x at anj rate (as here in the case of 
fractional values of a with even denominators, or irrational values). But it 
may be possible to transform the formula in such a way that it does define 
for all vfthieiS of x. In this case, for example, 
( l)''=co.«^ 
f n a te d the i bleu f te pol t I ed 1 1 e t 

In other cases <p( ) ay be defl ed fo ■jome vol e of k other tl a 
post e nt^e-^ b t not for all Thus f on //= " ve are led to ^= 
Th s esp es o has a meamng fo some only of the ema □ g lues f 
If fo s mj he ty Te o h e "selves t< pos 'ilu f 1 a a 

meaning fo all ntfto tal values of a ce 

(^/§)- =-J{r!qr 

ac rding to the dehn t on of fraot onal nd ces idoj ted n ele entary 
algeb B t when j- us tn i onal x has (so far a we a « n a pos t on to 
say at the \ re ent ome t) no me. g at all Thua n th s ise the 
p oblem of nte ■polat n at o ce leads s t co der the i|uest o of 
extend ng our defin to s ch a vay that v shall ha e a nean gee 

vhen s r^t nal We shall see later on how the des red estena o may 
be ctFcctcil. 

Again consider the case iu which 

111 this case there is no obvioiis formula iu *■ which reduces to n\ for x=ii, 
as X ! means nothing for values of x other thau the positive integers. This 
is a case in which attempts to solve the problem of interpolation have led to 
important advancea in mathematics. For mathematicians have succeeded in 
discovering a function (the Gamma-function) which possesses the deeii'ed 
property and many other interesting and important properties besides. 

45. Finite and infinite claBses. Before we proceed further 
it is necessary to make a few remarks about certain ideas of an 
abstract and logical nature which are of constant occurrence in 
Pure Mathematics. 

In the first place, the reader is probably familiar with the 
"notion of a clasa It is unnecessary to discuss here any logical 
difficulties which may be involved in the notion of a 'class': 
roughly speaking we may say that a class is the aggregate or 
collection of all the entities or objects which possess a certain 
property, simple or complex. Thus we have the class of British 
■subjects, or red-headed Germans, or- positive integers, or real 
numbers. 
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Moreover, the reader has probably an idea of what is meant 
"by a finite or infinite class. Thus the class of British subjects is 
a finite class: the aggregate of all British subjects, past, present, 
and future, has a certain definite number n, though of course we 
cannot tell at present the actual value of n. The class of present 
British subjects, on the other hand, has a number n which could 
be ascertained by counting, were the methods of the census 
■effective enough. 

On the other hand the class of positive integers is not finite 
but infinite. This may be expressed more precisely as follows. 
If n is any positive integer (e.g. 1000, 1,000,000 or any number 
we like to think of), there are more than n positive integers. 
Thus if the number we think of is 1,000,000, there are obviously 
at least 1,000,001 positive integers. Similarly the class of real 
numbers, or of points on a line, is inlinite. It is convenient to 
■express this by saying that there are an infinite number of 
positive integers, or real numbers, or points on a line. But the 
reader must he careful always to remember that by saying this 
"we mean simply that the class in question is not a class with a 
■definite number of members, such as 1000 or 1,000,000. 

46. PropertieB possessed by a function of n fbr large 
Tallies of n. We may now return to the 'functions of ii' which we 
were discussing in §§ 43, 44. They have many points of difference 
from the functions of x which we discussed in Chap. II. But there 
is one fundamental characteristic which the two classes of func- 
tions have in common — the values of the ■variable for which they 
■are defined form an infinite class. It is this fact which forms the 
basis of all the considerations which follow and which, as we shall 
see in the nest chapter, apply, mutatis mutandis, to functions of a; 
as well. 

Suppose that <p(n) is any function of n, and that P is any 
property which ip{n) may or may not have, such as that of being 
a positive integer or of being greater than 1. Consider, for each 
■of the values n~l, 2, 3, .... whether <j>{n} has the property P or 
not. Then there are three possibilities — 

(a) <f> (w) may have the property P for all values of n, or for 
all values of n except a definite number N of such values : 
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(6) (f) (n) may have the property for no values of n, or only for 
a definite numher H of such values : 
(c) neither (a) nor (6) may be true. 

If (h) IB true the values of n for which tf> (n) has the property 
form a finite class. If (a) is true the values of n for which ^ {n} 
has not the property form a finite class.. In the third case neither 
class is finite. Let us consider some particular cases. 

(1) Let ip{n)=n, and let P be the property of being a positive integer. 
Then <^ («.) has the property P for all values of n. 

If on the other hand P denotes the property of being a positive integer 
greater than or equal to 1000, <f> (m) has the property for all values of n except 
a definite number of values of n, viz, 1, 2, 3, ..., 999. In either of these 
cases (a) is true. 

(2) If ^(m)=«, andPisthe property of being leas than 1000, (&) is true. 

(3) If iji(n) = »i, and P is the property of being odd,{c) is true. For ^{n) 
is odd if «. is odd and even if ra is even, and either the odd or the even values 
of n form an infinite class. 

Sxample. Consider, in each of the following oaaea, whether {a), (6), or (c) 

(i) ^ (»)=«, P being the property of being a perfect square, 

(ii) ^(™)=the Jith prime number, P being the property of being odd, 

(iii) ^ (»i)=the mth prime number, P being the property of being even, 

(iv) ^ ()i,)=the reth prime number, P being the property ^ {n)>n, 

(v) 0(m) = l-^(-l)»{l/«), P being the property 0(ji)<l, 

(vi) .^(re) = l-(-l)''(l/ra),P being the property ^()i)<2, 

(vii) («.) = 1000 {1 + ( ~ l)"j/n, P being the property {n)<\, 

(viii) ^ («)=!/», P being the property i^(n)<-001, 

(is) ^ (!*)={- 1)"M P heing the property \<t>{n)\ <-001, 

(s) ^(m) = 10000/ji, or (-1)''10000/b, P being either of the properties 

^(n)<-OOIor]0(ji)|<-OOl, 

(xi) 0()i)=(fl,-l)/(n+l), P being the property l-iji(m)<-0001. 

47. Let us now suppo.se that 0(m) and P are such that the 
assertion (a) is true, i.e. that ^ (n) ha.s the property P, if not for 
all values of n, at any rate for all values of n except a definite 
number N of such values. We may denote these exceptional 
values by 

»i, rta, ..., Jljv- 

There is of course no reason why these JV" values should be the 
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first N values 1, 2, ..., N, though, as the preceding examples 
show, this is frequently the case in practice. 

But whether this is so or not we know that "^(w) has the 
property P if n> n^^. Thus the mth prime is odd if k > 2 (ii = 2 
being the only exception to the statement), and \jn<'W\ if 
n > 1000 (the first 1000 values of n being the exceptions), and 

1000{1+(-1)"}/m<1, 
if «> 2000, the exceptional values being 2, 4, (3, .... 2000. That 
is to say, in each of these cases the property is possessed for all 
values of n from a definite value onwards. 

We shall frequently express this by saying that <p (k) has the 
property for large, or veri/ large, or all suffiiciently large values of n. 
Thus when we say that ^ {n) has the property P (which will as a 
rule be a property expressed by some relation of inequality) for 
large values of n, what we mean is that we can determine some 
definite number, »i„ say, such that <f){n) has the property for all 
values of n greater than or equal to «o. This number n„, in the 
examples considered above, may be taken to be any number 
greater than n^, the greatest of the exceptional numbers : it is 
most natural to take it to be wjj- + l. 

Thus we may say that ' all large primes are odd,' or that ' l/n is 
less than -001 for large values of n.' And the reader must make 
himself familiar with the use of the word large in statements of 
this kind. Large is in fact a word which, standing by itself, has 
no more absolute meaning in mathematics than in the language 
of common sense. It is a truism that in common life a number 
which is large in one connection Is small in another ; 6 goals is a 
large score in a football match, but 6 runs is not a Itirge score io a 
cricket match; and 300 runs is a large score, but £300 is not 
a large income — and so of course in mathematics large generally 
means large enough, and what is large enough for one purpose 
may not be large enough for another. 

We know now what' is meant by the assertion ' (f> (n) has the 
property P for large values of n.' It is with assertions of this 
kind that we shall be concerned throughout this chapter. Given 
a function (?i), are there any properties of which such an 
assertion is true ? 
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48. The phrase 'n, tends to infinity.' There is a some- 
what different way of looking at the matter which it is natural to 

adopt. Suppose that n assumes successively the values 1, 2, 3 

The word ' successively ' naturally suggests succession in time, and 
we may suppose n, if we like, bo assume these values at successive 
moments of time (e.g. at the beginnings of successive seconds). 
Then as the seconds pass n gets larger and larger and there is 
no limit to the extent of its increase. However large a number 
we may think of (e.g. 969372855) a time will come when n has 
become larger than this number. 

It is convenient to have a short phrase to express this unending 
growth of n, and we shall say that n tends to infinity, or Ji ^ ■» , 
this last symbol being usually employed as an abbreviation for 
' infinity.' The phrase ' tends to ' like the word ' successively ' 
naturally suggests the idea of change in time, and it is convenient 
to think of the ' variation of n as accomplished in time in the 
manner described above. This however is a mere matter of con- 
venience. The variable n is a purely logical entity which has in 
itself nothing to do with time. 

The reader cannot too strongly impress upon himself that 
when we say that n ' tends to qo ' we mean simply that n is 
supposed to assume a series of values which increase continually 
and without limit. There is no number 'infinity' : such an 
equation as 

is as it stands ahsolutely meaningless : n cannot be equal to oo , 
because ' equal to co ' means nothing. So fiir in fact the symbol 
oo means nothing at all except in the one phrase ' tends bo oo ,' 
the meaning of which we have explained above. Later on we 
shall learn how to attach a meaning to other phrases involving 
the symbol m , but the reader will always have to bear in mind 

(1) that oo hy itself means nothing, although phrases con- 
taining it sometimes mean something, 

(2) that in every case in which a phrase containing the 
symbol co means something it will do so simply because we 
have previously attached a meaning to it by means of a special 
definition. 
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Now it is clear that if </>(m) has the property P for large values 
of n, and if n 'tends to <xi ,' in the sense which we have just 
explained, n will ultimately assume values large enough to ensure 
that if>(n) has the property P. And so another way of putting 
the question ' what properties has ^ (n) for sufficiently large 
values of Ji ? ' is ' how does <f> (n) behave as n tends to go ? ' 

49. The behaviour of a function of n as n tends to 

infinity. We shall now proceed, in the light of the remarks 
made in the preceding sections, to consider the meaning of some 
kinds of statements which are perpetually occurring in higher 
mathematics. Let us consider for example, the two following 
statements— (a) Ijn is small for large values of n, (b) 1 —(Ijn) is 
nearly equal to 1 for large values of m,— neither of which, we 
imagine, anyone will be inclined to dispute. Yet, obvious as 
they may seem, there is a good deal in them which will repay 
the reader's attention. Let us take {a) first, as being slightly the 
simpler. 

We have already considered the statement ' 1/n is less than "01 
for large values of n.' This, we saw, means that the inequality 
l/)i<"01 is true for all values of n greater than some definite 
value, in fact greater than 100. Similarly it is true that ' 1/n is 
less than "0001 for large values of n': in fact l/n< '0001 if 
n > 10000. And instead of -01 or 0001 we might take 000001 or 
■00000001, or indeed any positive number we like. 

It is obviously convenient to have some way of expressing the 
fact that antf such statement as '1/n is less than '01 for large 
values of n' is true, when we substitute for ■Ql some smaller, 
number, such as '0001 or '000001 or any other number we care 
to choose. And clearly we ean do this by saying that 'however 
small B inay he (provided of course it is positive) l/«<8 for 
sufficiently large values of n.' That this is true is obvious. For 
1/tkS if n >1/5; so that our 'sufficiently large' values of n need 
oniy all be greater than IjB. The assertion is however a complex 
one, in that it really stands for the whole class of assertions which 
we obtain by giving to 8 special values such as -01. And of course 
the smaller is S and the larger 1/S the larger must the least of the 
' sufficiently large ' values of n be, values which are sufficiently 
large when S has one value being inadequate when it has another. 

8—2 
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The last statement italicised is what is really meant by the 
statement (a), that 1/m is small when n is large. Similarly for 
(6), which reaUy means "if ^(n) = l — (1/n), then the statement 
' 1 — ^ (n) < B for sufficiently large ■values of n ' is true whatever 
positive value (such as "01 or '0001) we attribute to S." That' the 
statement (6) is true is obvious from the fact that 1 — (m) = 1/ji. 
There is another way in which it is common to state the facts 
expressed by the assertions (a) and (h). This is suggested ab once 
by § 48. Instead of saying ' 1/n is small for large values of n' we 
eay ' Ijn tends to as Ji tends to oo .' Similarly we say that 
' 1 — (1/n) tends to 1 as n tends to oo ' : and these statements are 
to be regai-ded as precisely equivalent to {a) and (6), Thus the 
statements- 

' Ijn is small when n is large,' 
' Ijn tends to as w tends to co ' 
are equivalent to one another and to the more formal statement 
'if S is any positive number, however small, ljn<S for 
sufficiently large values of n' 
or to the still more formal statement 

'if B is any positive number, however small, we can find 

a number n^ such that Ijn < S for all values of n greater than 

or equal to n„.' 

The reader should imagine himself confronted by an opponent who 

questions tlie truth of the statement. He mould name a aeries of oumhara 

growing smaller and smaller. He might begin with OOl. The reader would 

reply that l/ji<'001 as soon as n>1000. The opponent would be bound to 

admit thia, but would try ^ain with some smaller number, such, as '0000001. 

The reader would reply that 1/ra < -0000001 as soon aa w > 10000000 : and so 

on. In this simple ease it is evident that the reader would always have the 

better of the at^ument. 

We shall now introduce yet another way of expressing this 
property of the function 1/n. We shall say that 'the limit of 1/n 
as n tends to oo is 0,' a statement which we may express 
symbolically in the form 

lim(l/M) = 0, 

or simply iim (!/«.) = 0. We shall also sometimes use the notation 
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or simply l/n-^O, which may be read 'Ijn tends to as w tends 
to CO ,' 1q the same way we shall write 

lim {1 - (1/k)} = 1, lini{l-(l/«)|-:, l-(:/m)-^l, 

orl-(lW-l. 

50. Now let us consider a different example : let (j> («) = n\ 
Then 'n^ is large when n is large.' This statement is equivalent 
to the more formal statements 

'if G is any positive number, however large, n''>G for 
sufficiently large values of n' 

' we can. find a number n^ such that n'^ > G for all values 
of n greater than or equal to si,.' 
And it is natural in this case to say that ' n' tends to co as re 
tends to oo ,' or ' n' tends to co with ii ' and to write 



or simply ra'-a- oo . 

Finally consider the function (f>{n) = ~-n?. In this case tf)(n) 
is large, but negative, when n is large, and we naturally say that 
' - n^ tends to - oo as w tends to oo ' and write 

And the use of the symbol — oo in this sense suggests that it 
will sometimes be convenient to write )i' -* + cc for n.^ ^- oc and 
generally to use + oo instead of oo , in order to secure greater 
uniformity of notation. 

But we must once more repeat that in all these statements 
the symbols x , + oo , — co mean nothing whatever in themselves, 
and only acquire a meaning when they occur in certain special 
connections in virtue of the explanations which we have just 
given. 

51. Definition of a limit. After the discussion which 
precedes the reader should be in a position to appreciate the 
general notion of a limit. Roughly we may say that ^(n) tends 
to a limit I as n tends to xi if 4> (n) is nearly equal to I when n is 
large. But although the meaning of this statement should be 
clear enough after the preceding explanations, it is not, as it 
stands, precise enough to serve as a strict mathematical definition. 
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It is, in fact, equivalent to a whole class of statements of the 
type 'for sufficiently large values of n, (f> (n) differs from I by less 
them B.' This statement has to be true for S — -01 or '0001 or any 
positive number ; and for any such value of 8 it has to be true for 
any value of n after a certain definite value ii„, though, the smaller 
B, the larger (as a rule) will be this value n^. 

We accordingly frame the following formal definition : 
Definition I. ■ The fwnction <j> {n) ib said to tend to the limit 
I as n tends to oo, if howmei small he the positiie number B, 
^{n) differs fi-om I by less than h /or bufficiently laige values of n; 
or if however small be the positive number B we can determine a 
value n„ corresponding to B and such that <f)(n) differs from I by 
less than B for all valms of n gteatei than ot equal to «„. 

It is usual to denote the diflerence (f>{n)'^l taken positively, 
by |^(n)-^j. It is equal to 0(«)-Z or to i — («), whichever 
is positive, and agrees with the definition of the modulus of 
<j> (n) — I, as given in Ch. Ill, though at present we are only 
considering real values, positive or negative. 

With this notation the definition may be stated more shortly 
as follows: 'if given any positive number, B, however small, we 
can find n^ so that \(f){n) — l\<B for nin„, thm we say that <t> (n) 
tends to the limit I as n tends to co , and write 
lim (n) = i: 

Sometimes we mAy omit the 'n-^ai' ; and sometimes it is convenient, foi' 
brevity, to write <fi(n)-a.L 

It should be observed that % is a function of 8. Thus if ^{ic)=l/m, 1=0, 
and the condition reduces to i/B< 8 (?(£%), which is satisfied if Mo=1+[1/S] 
(the int^r larger by one tbaln the greatest int^er contained in 1/6). There 
ia one and only one case in which the game % wiH do for aU values of @. 
If, from a certain value JV of m onwamie (n) is constant, aay equal to C, it is 
evident that ^(?()-(?=0 for m>JF; so that the inequality |0(n)-(7|<8 is 
satisfied for n^y and all positive values of 8. And if ]i^(n.)— J|<S for 
TOg^and all positive values of 8 it ia evident that ip(n)^l for n>iV,so 
that (n.) is oonHtaut for all such values of n. 

52. The definition of a limit may be illustrated geometrically 
as follows. The graph of <f)(n) consists of a number of points 
corresponding to the values n = l, 2, 3, .... 
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Draw the line y = l, and the parallel lines y = l~h, y = l + h 
at distance S from it. Then 
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if, when once these lines have been drawn, no matter how close 
they may be together, we can always draw a line iK = iV (as in the 
figure) in such a way that the point of the graph on this line, and 
all points to the right of it, lie between fchem. We shall find 
this geometrical way of looking at our definition particularly 
useful when we come to deal with functions defined for all values 
of a real variable and not merely for positive integral values, 

63. So much for functions of n which tend to a limit as n 
tends to t». We must now frame corresponding definitions for 
functions which, like the functions n^ or — n^, tend to positive or 
negative infinity. The reader should by now find no difficulty in 
appreciating the point of 

Deb'inition II. The function <p (n) is said to tend to + co 
(positive infinity) with n, if, when any number 0, however large, 
is assigned, we can determine n^ so that ip(n)>Q for n =nn; orif, 
however large 6 may be, («) > Gfor suficiently large values of n. 

Another, less precise, form of statement is 'if we can make 
tf)(n) as large as we please by sufficiently increasing n.' This is 
open to the objection that it obscures a fundamental point, viz. 
that <f> (n) must be greater than G for all values of w £ n^, and not 
merely for some such values. But there is no harm in using this 
form of expression if we are clear what it means. 
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When (f> (n) tends to + co we write 

We may leave it to the reader to frame the corresponding 
definition for functions which tend to negative infinity. 

64. Some points concerning: the definitions. The reader 
should carefully observe the following points. 

(1) We may obviously alter the values of ^(w) for any 
finite number of values of n, in any way we please, without in 
the least affecting the behaviour of ^ (n) as n tends to co . For 
example Ijn tends to as Ji tends to oo . We may deduce any 
number of new functions from l/n by altering a finite number of 
its values. For instance we may consider the function i^ («) which 
is equal to 3 for n= 1, 2, 7, 9, 106, 107, 108, 237 and equal to 
Ijn for all other values of n. For this function, just as for the 
original function l/n, \im<f>(7i) = 0. Similarly, for the function 
4>{n) which is equal to 3 if k = 1, 2, 7, 9. 106, 107, 108, 237, and 
to Ji^ otherwise, it is true that (n) -*■ + oo . 

(2) On the other hand we cannot as a rule alter an infinite 
number of the values of ^ {«) without fundamentally affecting its 
behaviour as n tends to co . If for example we altered the function 
Ijn by changing its value to 1 whenever n is a multiple of 100 
it would no longer be true that Hm {«) = 0. So long as a finite 
number of values only were affected we could always choose the 
numtier «„ of the definition so as to be greater than the greatest 
of the values of n for which i^(m) was altered.. In the examples 
above, for instance, we could always take 1% > 237, and indeed we 
should be compelled to do so as soon as our imaginary opponent 
of § 49 had assigned a value of S as small as 3 (in the first 
example) or a value of G as great as 3 (in the second). But 
now however large Ug may be there will be greater values of n for 
which ij>{n) has been altered. 

(3) In applying the test of Definition I. it is of course 
absolutely essential that we should have \<p(n) — l\<B not merely 
for n — n^ but for n^n^, i.e. for n,, cmd for all larger values of n. 
In the last example, given B we can obviously choose Jio so that 
(ji) < S for n = Jiu : we have only to choose a sufficiently large 
value of n which is not a multiple of 100. But when «„ is thus 
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chosen it is not true that ^ (n) <S for w S m^ : all the multiples 
of 100 which are greater than n^ are exceptions to this statement. 

(4) If 0{«) is always greater than I we can replace 
\i}i(n) — l\ by (ji) — I. Thus the teat whether 1/n tends to the 
limit as re tends to x is simply whether ljn<B for »£«„. 
If however 0(w) = (— l)"/n, I is again 0, but ^{nj — l is some- 
times positive and sometimes negative. In such a case we must 
state the condition in the form [ ^ (n) — ^ | < 5, in this particular 
case in the form [ </) (ii) | < S. 

(5) The limit I may itself he otte of the actual values of 
()!.). Thus if cft(n) = for all values of n it is obvious that 
lim ^ (n) = 0. Again if we had (in (2) and (3) above) altered 
the value of the function (when n is a multiple of 100) to 
instead of to 1 we should have obtained a function <J3(n) = 
(si a multiple of 100), <p (ii) = 1/n (otherwise). The limit of this 
function as n tends to cc is still obviously 0. This limit is itself 
the value of the function for'an infinite number of values of n, 
viz. all multiples of 100, 

On the other hand the limit itself need not {and in general will 
no() he the value of the fimcidon for any value of n. This is 
sufficiently obvious in the case of <i> (tt) = Ijn. The limit is ; but 
the function is never zero for any value of n. 

The reader cannot impress these faota too strongly on his 
mind. A limit is not a value of the function : it is something 
quite distinct from these values, though defined by its relations to 
them. The limits may possibly be equal to some of the values of 
the fiinction — whether this be so or not has absolutely nothing to 
do with the notion of the limit : it is, so to say, a mere accident. 

For the function,? '^(n) = 0, I, 

the limit is equal to all the values of ij> ()*) : for 

*(») = !/.., (-1)-/.., I + (!/«), l+l(-l)"/«i 
it is not equal to any value of (n) : for 

(n) = (sin ittTT)/?!, 1 + |(sin ^Ji-n-)/?^} 
(whose limits as n tends to oo are easily seen to be and 1, since 
sin ^JJTT is never numerically greater than 1) the limit is equal to 
the value which i^ (n) assumes for all even values of n, but the 



y Google 



122 LIMITS OF FUNCTIONS OP AN INTEGRAL VARIABLE [iV 

values assumed for odd values of n are all different from the limit 
and from one another. 

(6) A function may be always numerically very large when 
n is very iai'ge without tending either to + oo or to — oo . A 
sufficient illustration of this is given by 0(7i) = (— l)"n or (— l)"?!^, 
A function can only tend to + » or to — co if, after a certain 
value of n, it maintains a constant sign. 

Exaanples XXVI. Consider the behavioiu of the following functions of 
a; as m tends to to ; 

1. ^ («.)=«.*, where i6 is a positive or negative integer or rational fraction. 
If i: is positive re* tends to +co with n. If jfc is negative lim «.*~0. If k=0, 
«*=I for flJl values of yi (by the definition of w"). Hence lim ?i^=l. 

The reader will find it instructive, even in an almost ohvious case like this, 
to write down a formal proof that the conditions of our definitions are satisfied. 
Take for instance the case ot k>0. Let & be any assigned number, however 
lai^. We wishto choose liQ so that n.*>G' for !j>%. We have in fact only 
to take for Ho any number greater than i/G. If e.g. i:=i, m<> 10000 for 
n>ll, »*>I00000000 for n^lOl, and so on. 

From a geometrical point of view the matter may be stated as follows. If 
k>Q the graph of .!/=ic* is of the general form of j1 in Fig. 36; if i<0 of the 
form of B; if k=0 it is a line C parallel to the axis of x. At present we are 
only concerned with the series of points marked on these curves. 




2. (j> (M)=the wth prime number. If there were only a finite number of 
primes r^ («) would be defined only for a finite nnmber of values of n. There 
are however, as was first shoivn by Euclid, infinitely many primes. Euclid's 
proof ie as follows. If there axe only a finite number of primes let them be 
1, 2, 3, 5, 7, XI, ...K Consider the number 1 + (1 .2.3. 5. Y.ll ... A"). 
This number is evidently not divisible by any of 2, 3, 5, ... JV, since the 
remainder when it is divided by any of these numbers is 1. It is therefore 
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not divisible by any piime ".i^e 1 aid lo therefore itself prime, which ie 
contrary to our hyp thesis 

Again it is obiious that fci all ^ilue, >{ i f'.i^e t-1 2, 3) <t>{n)>n. 
Hence ^ {«.)-» +05 

3. ^(m)=the number uf primes le-is than n Here igiin rJi()i)-» + co . 

4. {»)=[on], where a is any positive number. Here 

0W = O(OS'i<l/o), 0W = 1 {l/<>^»*<2/a), 
and so on; and 0(«.)-fc+oo, 

5. If 0(m) = lOOOOOO/n, Um^(m)=0: if f (»)=ji/lOOOOOO, f (re)-*+tD. 
These conclusions are in no way affected by the fact that at first ■J)(ji.) is 
much larger than ^ (n) (being, in fact, larger until n= 1000). 

a. <^(j!,)=l/{ji-(-l)"},K-(-l)",ji{l-(-l)''j. The first function tends 
to 0, the second to + 1» , the third does not tend either to a limit or to + co . 

7. 0()i)=(sinnfl)/», where 6 is any real number. Since |sin)i^|gl, 
|*W|<l/^andlim*W=0. 

8. ^(K)=(sin)ifl)/Vi, {Anne)in\ {acos^n0+bsir,^n6)/n, where a and 6 
are any real numbers. 

9. ^(?i) = sin nSir. If S is integral <!> (b) = for all values of b, and there- 
fore lim0(m)=O. 

Next lot 6 bo rational, e.g. 6~pjq, where p and q are positive integers. 
Let n=ciq+b where a is the quotient and b the remainder ivhen n ia 
divided by 5. Then sin(npTrjq) = { — 1)"" sin {bpitlg^). Suppose, for example, 
p even; then as 11 increases from to j— 1, </>(«) takes the values 

0, Binipwiq), sm{2p^lq\...sin{{q-l)p^lq}. 

Wben ra increases from § to 2§ — 1 those values are repeated ; and so also 
aa « goes from 2g to 3j- i, 3q to 4q— 1, and so on. Thus the values of (n) 
form a pmpetaal cyclic repetition of a jmiti series of different values. It is 
evident that when this is the case <j> (k) cannot tend to a hmit or to +co or 
to — CO as Ji tends to infinity. 

The case in which 6 is irrational is a little more difficult. It is discussed 
in the next set of examples. 

55. Oscillating Functions. Definition. When {n) does 
not tend to a limit, nor to + x , nor to —'X),asn tends to <xi, we 
say that cfi (n) osciUates as n tends to x . 

A function (n) certainly ostrillates if its values form, aa 
in the case considered in the last example above, a continual 
repetition of a cycle of values. But of course it may oscillate 
without possessing this peculiarity. Oscillation is, according to 
its definition, a purely negative quality — a function oscillates 
when it does not do certain other things. 
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The simplest example of an oscillatory function is given by 
♦ (») = (-!)", 
which is equal to + 1 when n is even and to — 1 when n is odd. 
In this case the values recur cyclically. But consider 

*(«)-(- If +(!/«), 
the values of which are 

-1 + 1, l + (l/2), -l + {l/3), l+(l/4), -l+(l/5), ... 
When n is large every value is nearly equal to + 1 or — l,and 
obviously ^ (n) does not tend to a limit or to + oo or to — x , and 
therefore it oscillates: but the values do not recur. It is to be 
observed that in this case every value of {n) is numerically less 
than or equal to 3/2. Similarly 

^ (n) = (- 1)» 100 + (1000/w) 
oscillates. When n is large enough every value is nearly equal to 
100 or — 100. The numerically greatest value is 900 (for n = 1). 
But now consider (f> (n) = (— 1)" n, the values of which are — 1, 2, 

— 3, 4, — 5, This function oscillates, for it does not tend to a 

limit, nor to + ca , nor to — co . But in this case we cannot assign 
any limit beyond which the numerical value of the terms does 
not rise. The distinction between these two examples suggests a 
further definition. 

Definition. If (n) oscillates as n tends to oo it will be said 
to oscillate finitely or infinitely according as it is or is not possible 
to assign a nwmber K such that all the values of <l>(n) are numeri- 
cally less than K, i.e. \if>{n)\ < K for all values of n. 

These definitions, as well as those of §54, are further illustrated 
in the following examples. 

Examples XXVII. Consider the behaviour as n tends to co of the 
following functions : 

1. (-1)", 5 + 3(-i)", {1000000/n)-l-{-l)", I000000(--l)"4-(l/™). 

2. (-I)"n, 1000000-f-(-l)"ji. 3. l600000-«, (-1)''{1000000-m). 
4. »{! + (- 1)") . In this case the values of {v) are 

0, 4, 0, 8, 0, 12, 0, 16, .... 
The odd terms are all zero and the even terms tend to +aj: 0(«) 
oscillates iniinitely. 
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5. n.^+(_i)nji. The second term oscillates infinitely, but tho first is 
very much larger than the second when «. ia lai^e. In fact (p (») ^n'—ii and 
«,2-fi=(m-§)^-J ia gi-eater than any assigned value G if n>\+sl{Q--¥^). 
Thusi;6{w)-«-+co. 

7. lH-3(-l)", (ll/n)+3{-l)», llw+3(-I)", lI + {3{-I)''W, 
n + SnC-l)", {ll + 3(-inM {U+3(-I)"}k, (Il/»i) + 3(-ir«, 

8. sin nSn. We have already seen (Exa. XXVI. 9) that when is rational 
^ («) oscillates finitely— unless fl is an integer, when ^{n)=0, tj>{n)^0. 

The case in which 6 is irrational is a little more difficult. But it is not 
difficult to see that tj> («.) still oscillates finitely. We can without loss of 
generality suppose 0<fl<l, In the iirst plaeo \>p(n)\<l. Hence <j>{n) 
must oscillate finitely or tend to a limit We shall consider whether the 
second alternative if really possible Let us suppose then that 
hm "smnftr^? 

Then however small e is we can choose % so that ain hPtt lici li tween 
l-i and l + f toi all values of n greater thin oi eqml tt /;, Hence 
sin (re+I)tfn- — smii^ff is numeriLally le-s than 2f foi ill iuch vilue^ of n, 
and so |sinjfl7rcos0i + i)57r|<* 

Hence cos{!i + i)fl5r = cos«tfjrc08iSjr-sinra^jrsinJdn- 

must be numerically less than e/ 1 sin J flir |. Similarly 

cos (m - i) 0w=co8 ne,r cos i5n-+sin nffir sin ^dw 
must be numerically less than e/[sinjflir|; and so each of cosrafiir cos^fln-, 
sinwSwsin^Sn-must be numerically less than t/ 1 sin J At |. That is to say, if?!, 
is laJ^e cos reflir cos ^Str ia very small, and this can only be the case if cos nOir 
ia very small. Similarly sin itdir must be very small (so that I must be zero). 
But it is impossible that cos uSjt and aiandir can botk be very small, aa the 
sum of their squares ia unity. Thus the hypothesis that aiti nSw tenda to a 
limit I is impossible, and therefore sin ndtr oscillates as n tends to co . 

The reader should consider with particular care the argument 
'oosra^jr cos^djT is very small, and this can only be the case if cosii^jr 
is very small' Why, he may ask, should it not be the other factor cos Idir 
which is ' very small ' ? The answer is to be found, of course, in the meaning 
of the phrase ' very small ' as used in this connection When we say ' ij> («} 
is vei7 small ' for lai^e values of n, we mean that we can choose % so that 
•j>{n) ia numerically smaller than any ansigned nmnbet, if n is sufticiently 
laige. Such an assertion is palpably absurd when made of a fixed number 
such as cos ^ Sir, which is not zero. 

9. smn0i!- + {\ln), sin nfln- + (lOOOOOO/re), sin nfljr + I, ainn5™- + w, 
(-Ifsinmfl^r, sin nflTT + (-!)", sin ra^Tr +■{(-! )"/«}, sin ji^7r + (-.l)''H. 

10. dcoswdir + BsinTOflTT, sin^mSir, cos^ Ji^ir, acoa^n^jr + Ssin^Bi^n-. 

11. a + 6«4-{-I)~(e+tfn)+ecosK5jr+/sin)ifl7r. 
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12. n sin w^. If n is integral, ip (re) = 0, ^ {«) — 0. If m is rational but 
not integral, or irrational, (n) oscillates infinitely. 

13. n (acos^jifftr+bain^TiSir). In this case ^(TO)^+t» if a and b are 
both positive, -^-co if both are negative. Consider the special oases in 
which wO, b>0, or a>0, 6 = 0, or <t=0, 6 = 0. If a and b have opposite 
signs 1^ (ra) generally oscilUtes infinitely. Consider any exceptional cases. 

14. sin {n^dw). If is integral, ^ (m)-«.0. Otherwise i^ (m) osciEatea 
finitely, as may be shown by ailments similar to though more complex 
than those used in Exs. XXVI. 9 and XXVIl. 8*. 

15. sin (» ! Sir). If 6 has any rational value p/q, Ji ! fl is certainly integral 
for all values of n greater than or equal to q. Hence if, (n.) -^ 0. The case in 
which 6 is irrational cannot be settled without the aid of considerations of a 
much more difficult character. 

cos (k! At), aofis,'' (n,'.0ir)+baiii^ (yilSw), where S is rational, 
««-[M(-l)"(«™-[&«])- 18. yn], i-iryn], ^n-Wn]. 

The smallest prime factor ofn. When m is a prime, •p(n)=ji. When 
en, ^ (re) = 2. Thus ^ (m) oscillates infinitely. 
The largest prime factor of n. 
The number of days in the year n a.d. 

Examples XXVIII. 1. If 0(«)-*+a, and V'(«) ><f.(n) for all values 
of n, then -^ (re) -*- + co . 

2. If rj, (») * 0, and I ^ (re) I g 1 (re) | for all values of », then f (n) -*■ 0. 

3. If lim|<Ji(?i)j=0, thenlim ^(re)=0. 

4. If i])(n) tends to a limit or oscillates finitely, and | '('(re) |g| ip(n) | for 
regjju, then TJr(ii) tends to a limit or oscillates finitely. 

5. If 0(re)-* + to, or —so, or oscillates infinitely, and |"|'(re)|g|i$(K)| 
for w^re^, thon i/'(«)-" + co or -co or oscillates infinitely. 

6. ' If (n.) oscillates and, however great be % we can find values of re 
greater than no and for which ^ (re) is either greater than or less than tj> (re), 
then '/' (n.) oscillates.' Is this true ? If not give an example to the contrary 
[*(»)-(-!)-, +(»)-0]. 

7. If ij)(n)-*'l as n.-j-co, then also 0(m+p)-a-^ p being any fixed 
integer. [Thia foUowa at once from the definition. Similarly we see that if 
ip (re) tends to + to or -co or oscillates so also does (re +p)-] 

8. The same conclusions hold (escept in the case of oscillation) if p 
varies with re but is always numerically less than a fixed positive integer jV; 
or if p varies with re in any way, so long as it is always positive. 

9. Determine the least value of no for which it is true that 

(a) n,2+re>1000 («S«o). W re2+re>1000000 (reS^o)- 

* See Bromwieb's Infinite Series, p. 485. 
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10. Determine tke least value of n^ for whieb, it ia true that 

(«) )t+(-l)''>1000 (jiS«o), (6) 9i+(-l)''>1000000 (i*>no). 

11. Determine the least value of m,, io^ which it ia true that 

(a) n^-^n>Q («i%), (6) «,+(~l)">(? (™>no), 

C being any positive number. 

[(«) %=[HV(<? + i)]; (6) «D=l + [(?] or 2 + [ff], according aa [C] is odd 
or even: i.e. ™,=l + [f^+i {H.(^l)i«];.] 

12. Determine the least value of rig such that 

(a) m/(»i^ + l)<-0001. (6) (l/™) + {(-I)''/n=)<'000001, for»£%. 
[Let us take the latter case. In the first place 

(i;»)+{(-i)-/«"la(»+i)/«', 

and it is easy to see that the least value of % such that (?i + l)/«,^<'000001, 
for Ji^Bo, is 1000002. But the inequality given is satisfied by k=1000001, 
and this is the value of bo required.] 

56. Some g^eneraJ theorems urith regard to limits. 
A. The behaviour of the sum of two fHinctions whose 
behaviour is known. 

Theorem I. If <I> (n) and i^ (n) tend to limits a, b, then 
i^(ji) + ■>/'(«) tends to the limit a + b. 

This is almost obvious. The argument which the reader will 
at once form in his mind is roughly this: ' when n is large ^{n) is 
nearly equal to a and -^jf (n) to b and therefore their sum is nearly 
equal to a + b.' It ia well to state the argument quite formally, 
however. 

Let 8 be any assigned positive number (e.g. "001, 'OOOOOOl, ...). 
We require to show that a number Mq can be found such that 

\<l,{n) + ir{n)-a~b\<S (1), 

for n =n„. Now by a proposition proved in Chapter III. (more 
generally indeed than we need here) the modulus of the sum of 
two numbers is less than or equal to the sum of their moduli. 
Thus 

\<P{n) + ^^r(n)-a-b\^\4.(n)-'a\ + \^|r(n)-b\. 

It follows that the desired condition will certainly be satisfied if 
Ud can be so chosen that 

*W-»| + |+(»)-i>[<S (2). 

for n £jio. But this is certainly the case. For since lim^(n) = a 
we can, by the definition of a limit, find rii so that | ^ (w) - a | < S', 
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for n £W], and this however small may be S'. Nothing prevents 
our taking fi" = -^S, so that \il>(n) — a\<^6, for n = ni. Sioiilarly 
we can find n^ so that 1 1^ (n) ~b\<^B for n £ nj. Now take n^ 
to be the greater of the two numbers w,, n^. Then if n = 7io 
\if)(n) — a\<^B and \ylr(n) — b\<^B, and therefore (2) is satisfied 
and the theorem is proved. 

The argument may be coneiaely stated thus ; since lim <p (n) ■= « and 
lim^ {«.)=& we can cliooae tii, n^ao that 

|0(n)-a|<ie {™>™,), |f(«)-&[<iS {n>n,), 
and then, if «, is greater than either % or «3, 

|*(™)+f(«)-a-&|g]0(«)-a|+|^(»)-6|<e, 
and therefore U.ra{<j,(n)+-jt{n)) = a+b. 

Even when stated thus the argument may possibly appear to the reader to 
be meiely a piece of uselesa pedantry, or an attempt to manufacture diffi- 
culties out of what is really obvious. We do not assert that such ao opinion 
is, in this case, entirely groundless. The result really is very obvious: nor 
would any mathematician think it worth while as a rule to state arguments 
for what is so obvious at such length.. 

But the reader must remember that the theorem, obvious though it may 
be, is one of the most fundamental and important theorems in all mathe- 
matics. It is one which eveiy mathematician uses, consciously or uneoosci- 
oualy, twenty times a day. The proof of such a theorem pitist be made 
absolutely clear, explicit, and rigorous ; no room must be left for any possible 
misapprehension or confusion. And this is not alL The great majority of 
theorems concerning limits are, as the reader will discover before long, far 
from being so simple and so obvious as this one. In this case the result 
obviously indicated by common sense was true. In more difficult cases 
common sense as often indicates an untrue result as a true one : sometimes it 
fails to give any indication at all. In such oases vague general arguments 
are worse than useless : they lead to mistakes not only gross in themselves 
but entirely confusing in their consequences. And unless the reader is pre- 
pared to take the trouble to try and understand the way in which rigorous 
methods apply to simple and obvious cases, whei'e their application is easy, he 
will find that when he comes to difBcult questions, which cannot be settled 
without them, he has not the capacity to use them. 

57. Results subBidiary to Theorem I. The reader should 
have no difficulty in verifying the following subsidiary results. 

1. If ip (n) tends to a limit, but ifr («) tends to +<x or to —<x> 
or oscillates finitely or infinitely, then <p{n) + \^ (n) behaves like 
f^(n). 
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2. If (fi (n) ^~ + CO , aivi i/r (re) -*<- + x or oscillates finitely, 
then <^ (m) -1- t/' (n) ^ 4- M . 

In this statement we may obviously change + oo iato — oo 
throughout. 

3. But if fj} (n) ->- 00 aiidj i^ (n) ->- — x> , then (re) + t|^ («) may 
either tend to a limit or (o + oo or to ~ co or may oscillate either 
Unitely or infinitely. 

These five possibilities are illustrated in order by (!) <j> {n) = k, i^ (») = - n, 
(ii) <\,{n) = n\ -;,(»)=-«, (iii) ,^(«.) = «, ■^{n)^-n\ (iv) (™) = » + {-l)", 
i('(ji)=-M, (v) i^(m)=K^+(-l)''™, ■f(m)=-ii2. The reader should con- 
afcnict additional examples of each case. 

4. J/0(m)-»-+co and-^{n) oscillates in finitely, ^(n) + -^(ii) 
may tend to + x or oscillate infinite^/, but cannot tend to a limit, 
or to — cc , or oscillate finitely. 

For ^ (Ji) = {^ (n) + yjr (n)} - ^ (m) ; and, if 4t{it)+-^ (m) behaved in any of the 
three last ways, it would follow, from the previous results, that ^ («)-*- co , 
which is not the ease. As esamples of the two cases which are possible, 
consider (i) <^(n)=m^ ^(n)=(-l}''n, (u) 4.(n)=7i, i,{n)=(-\)V. Here 
^ain the signs of +co and - cc may be ponauted throughout. 

5. If ip(n) and ^(n) both oscillate finitely, ip (n) + -yfr (n) must 
tend to a limit or oscillate finitely. 

Ab eiamples take 

(i) 0W=V'(«)=(-1)", (ii) «(™)=cosi«w, t(™)=3iiiin^. 

6. If ^(n) oscillates fi/nitely, cmd ■\^(n) infinitely, then 
4>{n} + "^ (n) oscillates infinitely. 

For iji (n) is in absolute value always less than a certain constant, say G, 
On the other hand ••jr (n), since it oscillates infinitely nmst assume values 
numerically greater than any assignable number (e.g. 10(?, lOOff, ...). Hence 
^(«.)+^(n) must assume values numerically greater than any assignable 
number (e.g. 9(?, 996^, ...). Hence ^(»i)4-i/'(w) must either tend to +<c or 
— CO or oscillate infinitely. But if it tended to +co, for instance, 

^[™)={0(») + f(w)}-0(«) 
would also tend to + co , by the preceding results. Thus ^ (m) + ^ (n) cannot 
tend to + a> , nor, for similar reasons, to — co ; hence it oscillates infinitely. 

7. If both (f>{n) and ^(n) oscillate infinitely, if) (n) + -i^ (n) 
may tend to a limit, or to + 00 , or to — 'x , or oscillate either finiiely 
or infinitely. 

Suppose, for instance, that ^(w)=(-l)"«i while i|f(n.)is in turn each of 
the functions (-I)"*')*, {l+(-l)''*i}m, -{l+(-l)~}m, (-l)'' + i(w+l), 
{-l)"ti. Wo thus obtain examples of all five possibilities. 
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This exhausts all the possibilities which are really distinct. 
The results may be conveniently summarised in the following 
tabular form, in which 1 stands for ' tends to a limit,' 2 for ' tends 
to + 20 ,' 3 for ' bends to — oo ,' 4 for ' oscillates finitely,' and 5 for 
' oscillates infinitely.' 



*(») 


f(y> 


<j,(n)+^{n) 




I 

3 


2 




3 


3 




4 


4 




5 


fi 


2 


2 




2 


:( 


1, 2, 3, 4, or 5 


2 


4 


2 


2 


6 


2 or 5 


4 


4 


I or 4 




5 


5 


5 


5 


1,2, 3, 4, or 5 



Before passing on to consider the product of two functions we 
may point out that the result of Theorem I, may be immediately 
extended to the sum of three or more functions which tend to 
limits a,s n-^-cD. 

58, B, The behaviour of the product of two functions 
vrhose behaviour is kno«m. We can now prove a similar 
set of theorems concerning the product of two functions. The 
principal result is the following. 

Theorem II. If lim <j>{n) = a and Hm i/r (n) = b, then 

lim (n) 1^ (n) = ab. 
Let ,(,(«)-» + ,(,,(»), .f-M = (, + ^,(»), 

SO that lim ^, (to) = and lim -^jf, (n) = 0. Then 

<^ (n) ^ (to) = ab + a-^, (to) + b<^ (h) + 0, (to) ^i («)■ 
Hence the numerical value of the difference 0(w)i/r(TO) — at is 
certainly not greater than the sum of the numerical values of 
ai^i (?i), 601 (to), <^t (n) T^i (n). From this it is obvious that 

\im{<f>{n)^lr(n)-abl = 0, 
which proves the theorem. 
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The following is a strictly formal proof. We liavo 

|0(n)^W-a6|£|«ViWH-|6*,WI + l'J.i(«)[l>/'iW|. 
Choose % so that for n^ito 

l^iWKWIsi, |+,(»)l<!8/|»|. 

Then |*(»)+(„)-«S|<J«+J8+iJ»-;(|«nS|)), 

which ia certainly loss than 6, if 6< J|a| |6|. That is to say we can choose 
% so that |i^(n)^(«)-a6|<6(?i.S?it), and so the theorem foUows. The 
reader should study the details of this proof attentively ; it ie an elementary 
specimen of a type of proof perpetually occurring in higher analysis. 

We need hardly point out that this theorem, like Theorem I., 
may be immediately extended to the product of any number of 
functions of n. 

59. Results subsidiary to Theorem II. There is of course 
a series of theorems concerning products analogous to those stated 
in § 57 for sums. It will be convenient to present the results in 
tabular form. We must distinguish now six diiferent ways in 
which 0(r) may behave as n tends to oo. It may (1) tend to a 
limit other than zero, (2) tend to zero, (3) tend to + co , (3') tend 
to — 00 , (4) oscillate finitely, (5) oscillate infinitely. We need 
not, as a rule, take account separately of (3) and (3'), as the 
results for one may be deduced from those for the other by a 
change of sign. 



Case 


0(«) 


■^{n) 


■J.W'/'W 


1 

a 




I 


1 

2 


3 




3 


3 or 3' 






4 


4 


5 






3 


6 


2 


2 


2 


7 


2 


3 


any way 


8 


2 


4 




9 


3 


5 


any way 


10 


3 




3 


11 


3 




3, 3', or 5 


12 


3 




3, 3', or 5 


1.3 


4 


4 


1, a, or 4 


14 


4 


5 


any way 


15 


5 


5 


any way 



We leave the verification of this table a, 



e to the reader. The 
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more difficult cases 7, S, 11, 13, 14, 15 may be illu,itrated by the following 
esampies. 



*(«) 


+(») 


*(»)+(») 


*(«) 


+(«) *(«)+(») 


i;» 




1 


(-!)-;« 


(^1)-. 1 


i;# 


« 


2 


(-!)•/«' 


(-1)-. 2 


i;» 


m^ 


3 


(-!)■/• 


(-!)•»■ 3 


-i/» 


)i2 


3' 


(-i)-;« 


(-1)—.' 3' 


(-!)■/» 


w 


4 


l/« 


(-l)-» 4 


(-!)■/• 


m^ 


5 


i;« 


(-!)-»' 5 




11 






13 


*(«) 


+(») 


*(") + (») 


*(») 


<,(») *(..) + (») 


« 


2 + (-X)- 


3 


(-1)" 


(-!)■ 1 


« 


-2-(-l 


3' 


i+(-i)" 


l-(-l)- 2 


n 


(-1)- 


5 


0OSj«ff 


sinjKTT 4 



ii-(-i)-)-[(i+(-iri/«] (i-(-in-»u+(-i)-i 1 

l+(-l)- {l-(-lW« 2 

(-1)- (-l)-» 3 

H-(-l)- l+{l-(-l)-]« 4 



*(«) +(») *(»)+(«) 

(-!)•« (-!)•» 3 

(-!)■« (-1)"% 3' 

{H-(-l)-)» + [|I-(-l)-}W (l-(-l)-l» 4 

Ab an iUuBtration of how to verify these examples we may take the first 
example under Case 14. Sinoe I — {~1)''=0 or 3 according as n is even or 
odd, while l+{ — 1)''=0 or 2 according as n is odd or even, the values of 
.(,(«) are 

a, -2/2, 2, -2/4, 2, ^2/6, ..., 

and so ^ (n.) oscillates finitely; while the values of -^(n) are 
3, - 3 X 2, 2, - 2 X 4, 2, -2x6, . . . , 
and i/r(K) oscillates infinitely. But •li{ri)'\i{n)=A tor all values of n. 
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60. A particular case of Theorem II which is important is 
that in which -^ (n) is constant. The theorem then asserts simply 
that Km k<fi (n) = ka if lim tfi (n) = a. 

To this we may join the subsidiary theorem that if 0(w) -* + ac , 
then a0 (w) ^ + so or — oo , according as a is positive or negative, 
unless a = 0, when of course atfi (n) = for all values of n and 
lim a0 (n) = 0. And if <p («.) oscillates finitely or infinitely so does 
aij>{n), unless o = 0. 

61, C. The behaviour of the difference or quotient of 
two functions whose behaviour is known. There is, of 
course, a similar set of theorems for the difference of two given 
functions; but they are such obvious corollaries from what pre- 
cedes that it would be waste of time to state them at length. 
In order to deal with the quotient 

t (")/*(»), 

we begin with the following theorem. 

Theorem III. If lim <p {n) = a, and a is not zero, then 

lim{l/0{«)} = l/«. 
Let ^ (m) = « + 01 (m), 

so that lim ^i (») = 0. Then 

|ll/0(«)l-(l/a)| = |0.(«)|/{|a|)« + 0.(«)|}, 
and it is plain, since lim 0i {n) = 0, that we can choose Ua so that 
for n S Jio this is smaller than any assigned number S, 



The thpf: 
of a tabli-. 



.s sub&iiliary to this may again be stated concisely by u. 



Case 


*(") 


1/0 in) 


2 


I 
2 


1 

3, 3', or 5 


3 


:i 


2 


4 




4 or 5 


5 


5 


2, 4, or 5 



Tho thre 
examples ; tl 



B complicated eases may be illustrated by the following 
Dbei' indicates the behaviour of I/<() (n). 
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C«se 2, <j>{n) = ljn 3 

0(,O=(-l)"/« 5 

,^(«)=ti+(-i)"}+[!i-{-i)"}W 5 

Case 5. </i(m) = (-1)"m 2 

0(™) = {I + (-l)''}+{l-(-l)"}« 4 

$W = {l+(-in7f + [{I-{-l)")W B 

It will not be necessary now to attempt to state an exhaustive 
series of theorems for the quotient -^ {n)l4> («). such aa may be 
deduced from the results above and those of § 59. The principal 
theorem is 

Theorem IV. lf\\m.^{n) = a and lim-v^(H) = 6, aivi fi+0, 
then lim \f {n)j<f> («)} = hja. 

This requires no proof, being an immediate consequence of 
Theorems II and III. 

The reader will however find it very instructive to draw up, 
at any rate partially, a table for the quotient similar to those 
we have given for the product and I'eciprocal, and to illustrate 
some of the possible cases with examples. 

62. Theokem V. IfR{^{n), -^{n), x('i), ...} is any rational 
function of {n), ■^ (n), ^ (n), etc., i.e. any function of the form 

P|^(»), +(»), >:(»).-l/ei*(«), +(»), x(»).-l. 

where P and Q denote polynomials in tf> (n), yjr {n), ^ (n), ...: and if 

lim (n) = a, lim -^ (n) = h, lim ;;( (m) = c, . . . , 
a7id Q(a, h, c,...) + 0; 

then \imR{<j>{n),ylr(n),x(n),...]'=Ria,b,c,...). 

For P is a sum of a finite number of terms of the type 

where ^ is a constant and p, q positive integers. This term, by 
Theorem II (or rather by its obvious extension to the product of 
any number of functions) tends to the hmit AaPlfi ..., and so P 
tends to the limit P(a, 6, c, .,.), by the similar extension of 
Theorem I. Similarly for Q: and the result then follows from 
Theorem IV. 
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63, The preceding general theorem may be applied to the 
following very important particular problem : what is tJie hehaviour 
of the most general rational function of n, viz, 

■^' h^ni + M^~^ + ... +\' 
as n tends to co . 

In order to apply the theorem we transform S(n) by writing 
it in the form 



u,+-+... 



^m-^h 



The term in brackets is of the form E {t^ (n)], where (j> (n) = 1/n, 
and so, by Theorem V, it tends, as n tends to oo , to the limit 
R{0) = ajh. Now, if ;»< 5, lim ni'-i = ; if p = q, ni^ = 1 and 
lira «»-* = 1 ; iip>q, n^-^ -* + «). Hence, by Theorem II, 

limS(?i) = {p<q), limS(«) = V&, ip = q), 
S(n)~^+ao {p>q,ar,lh„ positive), S(n)'i — oo (p>q,aajh^negative). 

Examples XXIX. 1. Determine the bebaviour, aa 7i'*-'xi, of each of 
the foUowicg functions of ti, and of their siuns, differences, products and 
quotients, taken in paira: 1+{(-1)''/k), (- l)''+(l/m), H-( -!)"», (-!)''+», 
n+{(~l)-ln}, (-])«^+(l/»), (-l)»(l+n), (-])ni + (l/«)l, (-1)''{«+(W}. 

3. Do the same for the functions 

cos«^^+(sinS^Kn-)/n, oos^'"' +» ain^ ^nn-, n Gastrin + {&m^n,^)|n. 

3, Which (if any) of the functions 

l/(ooB=i„,f + ».sina^^), l/{«.(oos^i»i^ + nsm^iM^)}, 

tend to a limit as »-*cc 1 

4. Denoting by S(n,) the general rational function of n, considered in 
§ 63, show that, in all cases 

lim )«{«+!)/« («))=!, \im[_S{n+{yn))/S(n)]=\. 

&4. Functions of n which increase steadily with n. A 

special but particularly important class of functions of n is formed 
of those whose variation as n tends to oo is always in the same 
direction, that is to say those which always increase (or always 
decrease) as n increases. Since — (^(ji) always increases if ^(n) 
always decreases, it is not necessary to consider the two kinds of 
functions separately ; for theorems proved for one kind can at 
once be extended to the other. 



y Google 



136 LIMITS OF FUNCTIONS OF AN INTEGRAL VARIABLE [iV 

Definition. The function (n) •will be said to increase steadily 
viith nif <f>(n + l) = tf)[n)for all values of n. 

It is to be observed that we do not exclude the case in which 
^{n) has the same value for several values of n; all we exclude is 
possible decrease. Thus the function 

*(«)-2» + (-!)», 
whose values for n = 0, 1, 2, 3, 4, .., are 

1,1,5,5,9,9,... 
is said to increase steadily with n. Our definition would indeed 
include even functions which, from some value of n, remain con- 
stant ; thus ^ (ra) = 1 steadily increases according to our definition, 
However, as these functions are extremely special ones, and as 
there can be no doubt as to their behaviour as n tends to <x> , this 
apparent incongruity in the definition is not a serious defect. 

There is one exceedingly important theorem concerning 
functions of this class. 

Theorem. If ^ (n) steadily increases vnth v., then either 
(i) {n) tends to a limit as n tends to on , or (ii) (n) -^ + 00. 

That is to say, while there are in general five alternatives as to 
the behaviour of a function, there are two only for this special 
kind of function. 

The proof is very simple. Imagine the various values of (j> (n) 
represented by points along the Hue L of Chap. I. Each point 
lies to the right of the preceding point (or coincides with it). 

Let Psi be the point corresponding to (f> (n). Let Q be any 
other point whatever on the line. Then either 

(1) there are values of n such that P^ lies to the right of Q 
(or coincides with it), or 

(2) there are no such values. 

In the first case we say that Q is a point which is reached for 
some value of n, in the second ease that it is a point which is not 
reached. Every point is a reached point or a not reached point. 
If any point Q is reached, so obviously are all points to the left of Q. 

There are two alternatives: (1) every point may be reached. 
Then it is clear that if is any number, however large, it will 
correspond to a point Q, and, for sufficiently large values of n, P^ 
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will lie bo the right of Q, and so will Pn+u In other words 

ef>(n)>G/or all values 0/ n from a certain value. That is 
<f>(n)-* + ^. 

Or (2) not every point may be reached. Then we can divide 
L into two segments, L,, L^, of which the first includes all reached 
points, the second all not reached points. The only douht is as to 
whether the point R which divides the two segments is I'eached 
or not. 

If E is reached, then, since no point P„ can lie to the right of 
R {as in that case other points in L^ would be reached), all the 
points P„ must coincide with R from some value of n, the first for 
which R is reached. Thus if OR = I, we have ^(n) — l from a 
certain value of n onwards; so that, of course, Um (j) (n) — I. 

On the other hand, if R is not reached all points to the left of 
R, however close to R, are reached. Tbus we can choose »„ so 
that 0(ji) is as nearly equal to I as we please when « = «„. 
Since, as n increases beyond n„,tf)(n) approaches even more nearly 
to the value I, it is clear that 

lim (n) = l. 
The theorem is thus proved. 

For example, if 0(ji) = 3-(]/tt), l = S: the point R(0R=3) 
is not reached. From a common-sense point of view the theorem 
may be stated thus. 

Let the point P move along the line £ in a series of jumps, 
its motion always being from left to right. Then either P will 
pass over the whole line, or its position will gradually approximate 
to a definite position R on the line L. The theorem is almost 
intuitive : the proof which precedes is merely a careful analysis of 
the process of argument implied in but suppressed by our intuition 
of its truth. 

Cor, 1. If i^(n) increases steadily with n it will tend to a 
limit or io + 00 according as it is or is not possible to find a fixed 
number G such that (n) < Q. 

Wc shall find this corollary exceedingly useful later on. 

Cor. 2. If >)>(n) increases steadily with 11 and ^(n)<Gfor 
all values of n, <f> (n) tends to a limit and this limit is less tJia/n or 
equal to G. 
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It should be noticed that the limit may be eqiial to G: if e.g. 
0{k)<3 — (1/w), every value of ^(n) is less than 3, but the limit 
is equal to 3. 

The reader should write out for himself the corresponding 
theorems and corollaries for the case in which (n) decreases as n 
increases. 

65. The great importance of these theorems lies in the fact 
that they give us (what we have so far been without) a means of 
deciding (in a great many eases) whetljer a given function of n 
does or does not tend to a limit as re -* co , without requiring us to 
be able to guess or otherwise infer beforehand what the limit is. If 
we know what the limit must be (if there is one) we can use the 
test 

*(»)-!!<. (..£«.); 
as for example in the case of 0(n) = l/m, where it is obvious that 
the limit van only be zero. 

But suppose we have to determine whether 



*(«)=(i + i)" 



tends to a limit. In this case it is not obvious what the limit, if 
there is one, will be : and it is evident that the test above, which 
involves I, cannot, at any rate directly, be used to decide whether 
I exists or not. 

Of course the test can sometimes be used indirectly, to prove that I 
eannot exist by means of a reduoHo ad absurdum. If e.g. ij)(re) = ( — 1)", it 
is clear that ( would have to he equal to 1 and also equal to - 1, which is 
obviously impossible. 

66. The limit of a?' as n tends to co . Let us apply some 
of the preceding results to the particularly important case in 
which <p(n) = x'". 

First, suppose x positive. Then since ij>(n+ I) '^ xtf) {n), ^(n) 
increases with n if ic > 1, decreases as n increases if ic<l. 
If a! = 1^ (^ (n) = 1, Hm eft (n) = 1, so that this special case need not 
detain us. 

Thus, if a->l, a:" must tend either to a limit (which must 
obviously be greater than 1), or to + co . Suppose it tends to a 
limit I. Then (Ex, XSVIII. 7) lim ^ (re + 1) - lim (n) = ^ ; but 
lim ^ (re + 1) = lim xt^ (n) = ic lim <f> (n) = xl. 
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and therefore l=isl: and aa x and I are both greater than 1, this 
is impossible. Hence 

Ea:. The reader may give an alternative proof, allowing liy the binomial 
theorem that, if a:=l+a(e>0), X">l + nd, and so that 3;"-.- + <» . 

On the other hand, if a; < 1, »" is a decreasing function and 
must therefore tend to a limit or to — 50 , Since a;" is positive 
the second alternative may be ignored. Thus lim x'^ = I, say, and 
as above 1=^x1, so that I must be zero. Hence 
iimA''' = (0<ic<l). 

In the special cases of it! = 0, 1, we clearly have limic" = 0, 
lima!"=l respectively. 

Ex. Prove aa in the preceding example that, if 0<j^< 1, (!/*>" tends 
to + CO , and deduce that sf tends to 0. 

We have finally to consider the case in which x is negative. 
If - 1 < iK < and x = -y, we have lim y" = by what precedes 
and therefore lim3:"=0. 

If ic = ~l it is obvious that «" oscillates, taking the values 
~ 1, 1 alternatively. 

Finally if a; < — 1, j/ > 1, 1/" tends to + 00 and therefore w" takes 
values, both positive and negative, numerically greater than any 
assigned number. Hence a:" oscillates infinitely. 
To sum up : 

<i>{n) = x-^ + '^, (a.>l), 

lim0(K) = l, (3^=1), 

lim0(iO = O, (-l<ic<l), 

(«) oscillates finitely, {x = — 1), 

0(?i) oscillates infinitely, (x< — 1). 

Examples XXX. 1. If (^(«) is positive and 0{k + I)>AXb), where 
^>1, for all values of «, then 0(ft)^ + co. 

[For 0(«)>/i0(ji-l)>Z«<;>Oi-2)... >K"-'<p{l), 

from which the conclusion follows at once.] 

3. The same result is true if the conditions above stated arc satisfied 
only forniJio. 

3. If 0(«) is poaitive and 0(m + l)<Z0(ra), where 0<^<1, then 
lim 0(!j)=O. This result also is true if the conditions are satisfied only for 
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4. If I ^(« + l) \<K \<Pin}\ for »>%, where 0<ir<l, thon lim 0(n)=O. 

5. If <l,{n) is positive and iim{-P{n+i)}/{<P{'n.)}-l>l, then ^(jO-^ + 'o. 
[For we can determine %, so that {<j){n+l)}l{<p{n}}>K>l, for n>n^: we 

may, eg., take K half-way between 1 a»d I. Now apply Es. 1.] 

6. If lim (0()H-l)}/{^(Ji)}=i, where I is nunierioally leas than unity, then 
lim^(ji)=0. [This follows from Ex. 4 as Ex. 5 follows froia Ex. 1.] 

7. Determine the behaviour, aa w*«>, of 0(m)=ra'iE", where r is any 
positive integer. 

[Here {.^(™+I)j/{0(«)}={{-«+l)W^*^ 

asn^co. If xis positive and greater than 1, c^(m)-»-+oo. If x is positive 
and 0<iC<l, <p{n)-s-0. It x is negative and equal to -y, 0(»i)=( - l)"n''y'', 
and it is easy to see that 0(n)-ii-O(-l<«<O) and i^{k.) oscillates infinitely 
(a!^-l). Finallyif ;t;=l, 0(K)=ra>', and <f(.^i)—+» ; and if a:=0, 0(m)=O 
for aU values of m.] 

8. Discuss »-'";<^ in the same way. [The results are the same, except 
that when x = l or - 1, i^(m)-i-0.] 

9. Draw up a table to show how «.*«" behaves aa 'n-j-co, for all real 
values of x, and all (positive and negative) integral values of ii. 

[The reader will observe that the vuliie of k is immaterial except in the 
special cases when x-=l or —1. In other words, t( is the faotori^ wlmh is the 
•most important factor : the second factor only asserts itself in the special 
cases when, owing to the fact that x= + 1, the first factor loses all or moat of 
its importance. The fact is that since lim {(m+l)/«.S''=l for all values of &, 
positive or negative, the limit of the ratio 0(n, + l)/0(ra) depends only upon a;.] 

10. Prove that if a; is positive ^x^-l, as ji*co. [Suppose, e.g., ^>1. 
Then x, ^x, ^x, .„ is a decreasing sequence, and ilx > I for all values of it. 
Thus l^x — l, where l^l. But if l>l we could find values of n, as large aa 
we please, for which Xjx>l or a:>l'': and as ;''-»+(o aa m-j-co this ia 
impossible.] 

11. ^n^l. [For"+^(« + l)<5'«if (» + l)"<»"^i or{H-{]/™)}''<«, 
which is certainly satisfied if n. > 3 (see § 87 for a proof). Thus l^n decreases 
as n increases from 3 onwards, and as it is always greater than unity it tends 
to a limit which is greater than or equal to unity. But if J^n'»-l{l>\), 
«.>(", which is certainly untrue for sufficiently lai^e values of m, since 
l«ln-' + a) with n (Exs. 7, 8).] 

12. ii/(»i!)-*+<D. [However lat^e G may be, «!>(?' if m is large 
enoi^h. For if ii^=Q"jn\, ti„i.i/u^—Ojn + l, which tends to zoroa3«-*fo, 
so that % does the same (Ex. 6).] 

67. The limit of f 1 + - ) . A more difficult case which 
can be settled by the help of § 64 is given by ip (n) = [1 + (l/w)]". 
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We shall prove first that 

hir>{^-^hr « 

i,e. that 

{'^r""-i>'-, m. 



Let 



(^7""'^ 



so that a > 1, Then the inequality (2) may be written in the 
form 

or («''-l)^>(a»--l)/(7i-l) (3), 

or, dividing by the positive factor a — 1, 

(a«-' + a"-=+ ... + l)/« > (a''-= + a'-^+ ... + l)/(«.- 1} ...(4). 
Multiplying up and subtracting we obtain 

(ji - 1) a"- -a-^^ -«»-'-...-! >0 (5), 

and this inequality is evidently true, since a > 1. Thus the 
inequality (1) is established. Hence, by the theorem of § 65, 
{l+(l/m))" tends to a limit, or to + x , as m-*-oo. 

But 

\^^n) '+"■■«+ 1.2 n^^'-'+ 1.2. ..n w" ' 

by the binomial theorem ; and so 



(-3" 






2 2- 
Thus (1 + (l/re)}" cannot tend to + oo , and so 

Km {1+-) =e, 

where e is a number such that 2 < e ^ 3. We shall have a great 
deal to do with this number e later on. 

68. The limit of n (^(3 - 1). We proved above tliat if a > 1 

Let a''("-^)=^. Tlien fi>l, and the inequality may be written in tlie form 
(n-l)(-W-l)>«(!y(i-I)- 
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Thus, if ^{n)=n{:^^-l), ipin) decreases steadily as n inoreasea. Also 
^ (n) is obviously always positive. Hence ^ (to) tends to a limit I as n-* 'n , 
and;>0. 

Moreover 0(»)>1 — (1/^) for all values of n. For the inequality 
m(^3-l)>l-(l/j3) becomes, if we put v" for ft ny''(y-l)>Y'-l, or 

«7''>7"~' + y''"' + ,.. + l, 
which is obviously true, since ■y>i. Hence 

Jim«(i/^^l)=/(^), 

where f iff) is afunotion of {i, afidf(p) ^ 1 - (1/^) for all vcdms o/(3>l. 

Nest suppose ,8 < 1, and let 3 = 1 /y ; then m {^^ -!)=-» (^^/y - l)/s/y- 
As TO--ii> , n (J/y-l)*/{y), fey what precedes. Also (Ex. XXX. 10) 

Hence if j3=(l/y)<l, 

™(^j3-l)-V(r). 
Finally, if 0= 1, m (!J'|3 - 1)=0 for all values of w. 
Thus we arrive at the result ; the limit 

definei a function of ^ for all poHtive values of ^. This funciion f{^) possesses 
the properties 

/(i;/i)--/(/3), /(i).o, 

and is positive or negative aceordiiig as j3 Jl. 

Later ou we shall be able to identify this function aa the Napierian 
logaritkm, of (3. 

Example. Prove that /(a(3)=/(u)+/(S). [Use the equations 
/(o^) = lim»{5/a3-l) = lim(«(^a-l)y^+TO(S/(3-I)).] 

69. Infinite Series. Suppose that u{n) is any function of 
ji defined for all values of n. If we add up the values of u{v) 
for c = 1, 2, ... 73 we obtain another function of n, viz. 

.(») = «(!) + « (2) +... + »(..), 
-alao defined for all values of n. It ia generally most convenient 
to alter our notation slightly and write this equation in the form 



or, more shortly, s„ = £ m^ , 

Now suppose that s„ tends to a limit s when it tends to c 
.i.e. that 

Urn S u^ — s. 
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This equation is usually written in one of the forms 

S », = n, u, + ih +«,+ ...= n, 
the dots denoting the indefinite continuance of the series of u's. 

The meaning of the above equations, expressed roughly, is 
that by adding more and more of the m's together we get nearer 
and nearer to the limit s. More precisely, if any small positive 
number e is chosen, we can choose n^ so that the sum of the first 
no or any greater number of terms lies between s— e and s + e; 
or in symbols 

s - e < s,i < s + e, 
if ft £ «„. 

In these circumstances we shall call the series 

a convergent infinite series, and we shall call s the sum of 
the series, or the sum of all the terms of the series. 

Thus to say that the series M(, + Mi+ ... cmwerges and has the 
sum s, or converges to the sum s or simply converges to s, is merely 
another way of stating that the sum Sa = u^ + u, + ... +tin of the 
first n terms tends to the limit s as w * oo , and the consideration 
of such infinite series introduces no new ideas beyond those with 
which the early part of this chapter should already have made 
the reader familiar. In fact the sum «„ is merely a function ift (n), 
such as we have been considering, expressed in a particular form. 
And any function (n) may be expressed in this form, by writing 
4,(n)-i,{0) + li,m-^m + ...+li,(n)-f(n-l)]. 

It is sometimes convenient to say that <f> (n) converges to the 
limit I, say, as n -*- oo , The use of the phrase ' converges ' instead 
of ' tends to ' is of course suggested by the phraseology usually 
employed in speaking of infinite series. 

If s„ -*- + X or to — 00 we shall say that the series Ut, + u,+ ... 
is divergent or, diverges to + oo , or — so , as the case may be. 
These phrases too may be applied to any function ^ (n) — e.g. if 
^{n)-i^ + <x> we may say that ip{n) diverges to + ao . If s„ does 
not tend to a limit or to + x or to — oo it (racillates finitely or 
infinitely : in this case we say that the aeries Ua + Ui + 
finitely or infinitely. 
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70. Creneral theorems concerning infinite series. When 
we are dealing with inlinite series we sliall constantly have 
occasion to use the foUowiDg general theorems, 

(1) If iti + WjH-... is convergent, and has the sura s, then 
a + Mi + Ji2+... is convergent and has the sum a + s. Similarly 
a + b + c+ ... + k + tCi + ii^+ ... is convergent and has the sum 
a + b + c + ...+k + s. 

(2) li Ui + u.i+ ... is convergent and has the sum s, then 
'*mH + %>i+s+ ■■•is convergent and has the sum 

(3) If any aeries considered in (1) or (2) diverges or oscil- 
lates so do the others, 

(4) If U1 + U3+ ... is convergent and has the sum s, then 
ctMi + aic^ + ... is convergent and has the sum as. 

(5) If the first series considered in (4) diverges or oscillates 
so does the second, unless a = 0. 

(6) If !ii + M2+... and v^ + Vi-i-... are both convergent the 
series (Mi + %)-!■ (ws + Vg) + ... is convergent and its sura is the sum 
of the first two series. 

All these theorems are almost obvious and may be proved at 
once from the definitions or by applying the results of ^ 56-60 to 
the sum s„ = it, + Ma + ... + m„. 

(7) If Mi + itaH-... is convergent, then limM„=:0. 

For u„ = s„ — Sn~i, and s„ and s„_, have the same limit s. 
Hence lim m„ = s — s = 0. 

The reader may be tempted to think that the converse of the theorem is 
true and that if lim m„=0 the series Sm„ must be convergent. That this is 
not the case is easily seen from an example. Let the series be 

so that m„=1/k. The sum of the first four terms is 

The stun of tlienext four terms is i + i+}+i>i=i; the sum of the next 
eight terms >t% = ^, and so on. The sum of the first 

4+4 + 8 + 16 + . .. + 2"=. 2" + ' 
terms is greater than 

S + l + l + i + ... + l = i{n + -J), 

and this increases beyond all limit mth n : hence the series divei-ges to + co . 
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(8) If % + w.j + ^(j -1- ... is convergent, so is any series formed 
by grouping the terms in brackets in any way to fonn new single 
terms, as e.g. in (Mi + H5 + W3) + i(4+(i's + «s)+ ■■■i and the sums 
of the two series are the same. 

Here again the converse is not true. Thus, ag. 1-1 + 1-1 + .,. oscillatea, 
while (1-1) + (1-1)+... or 0+0+0+.. . convcrgeB to 0. 

(9) If evert) term m„ is positive (or zero) the series 2m„ must 
either converge or diverge to + co. If it converges its sum must 
be positive (vinhsa 3i.]\ the terms are zero, when of course its sum 
is zero). 

For s„ is an increasing function of n, according bo the definition 
of § 6*, and we can apply the results of that section to s„. 

(10) If every term u,i is positive (or zero) the necessary and 
sufficient condition that the series 2m,j should be convergent is that 
it should be possible to find a number G such that the sum of any 
numher of terms is less than G, amd if G can be so found the 
sum of the series is not greater than G. 

This also follows at once from § 64. It is perhaps hardly 
necessary to point out that the theorem is not true if the condition 
that every u^ is positive is not fulfilled. For example 

1~1 + 1-1 + ... 
obviously oscillates, s„ being alternately equal to + 1 and to 0. 

(11) If Ui + u^+ ...,Vi + Vi+ ... are two series of positive (or 
sera) terms, amd the second series is convergent, and if Un=Vn for 
all values of n,then the first series is also convergent, and its sum 
is less than or equal to that of the second. 

For, if v, + V2+ .■■ = t, v, + Vj,+ ... +v,i^t,{ov all values of n, 
and so u, + U2+ ... + UnS. t; which proves the theorem. 

Conversely, if 2«„ is divergent, and r„ S= ii», then ^v^ is 



71. The Infinite geometrical series. We shall now con- 
sider the ' geometrical ' series, whose genera! term is ii,, = r""'. In 
this case 

s„=l+r + r'+...+r'^-' = (l-r"}l(l-r), 

except in the special case in which r= 1, when 

s„ = l + l + ... + l=w. 

In the last ease s,i — + 00 . In the general case s„ will tend to a 

H. A. 10 
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limit if and only if r" does bo. Referring to the results of § 66 
we see that the series l+r + r^+ ... is convergent and has the sum 
1/(1 - r) if and only if -l<r<l. 

If )• £ 1, s,( ^ n, and so s„ -^ + x ; i.e. the series diverges to +oo . 

If r = -l,s„ = l or as n is odd or even: i.e. s„ oscillates 
finitely. If r < - 1, s„ oscillates infinitely. Thus, to sum up, th^ 
series I +r + i-^+ ... diverges to + co if r £ 1, converges to 
1/(1 — r)if—l<r<l, oscillates finitely if r = -l, and oscillates 
infinitely if r < — 1, 

Examples XXXI 1 Becumng decimal. The commoneat example 

of an intnitp ^BOiiietuc '-eusi ib gnen ly an ordinary recurring decimal. 

Considei foi eximiile the deoiiiial 21715 This stands, according to the 

ordinary rules ot aiithmetic, for 
2 , J_ , X + i. + i_ + _L . A. =217 13 // J_\ 2687 
10 10- "^103 ^10* ^10" ^10*^ 10 ^ 1000^10'/ V 107 12375' 

The reader should consider where and how any of the genera! theorenia of 

g 70 have been used in this reduction. 

2, Show that in genera! 



the denominator containing n 9'a and m O's. 

3. Show that a pure recurring decimal ii 
fraction whose denommator doea not contain 2 

4. A detimal with in non-recorring and n recurring decimal figures is 
equal to a prosier fraction whose denominator is divisible by a"" or 5™ but by 
no higher power of either. [For the decimal is converted into the sum of an 
integer and a pure recurring decimal by multiplication by lO*", but not by 
multiplication by any lower power of 10.] 

5. The converses of Eis. 3, 4 are also true, but their proof depends on 
Fermat's Theorem in the Theory of Numbers. If r=plq, and 5 is prime to 
10, it is known that we can find n so that 10" — 1 is divisible by 3. Hence r 
may be oKpressed in the form P/(10"— 1) or in the form 

P P 

10™"^ lo''" "*"■■■ 

i.e. as a pure recumng decimal with n figiu-ea. But if j = 2''5^§, where Q ia 
prime to 10, and m ix the greater of a and /3, 10'"r has a denominator prime 
to 10, and is therefore expressible as the sum of an integer and a pure 
rectirring decimal. But this is not true of 10" f, for any value of /i less 
than m ; hence the decimal for r has exactly m non-recurring figiu«a. 
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B. To tho resulte of Exs. 2—5 we must add that of Ex. I. 4. Finally, if 
we nbierve thit 

9 i) q 

' io+ir+w+ -' 

we nee that eveiy teimiimt ng dec mal in aloo be expressed as a m led 
recumng decimil whose leuuning [ait la comijoaed eutiiely of 98 For 
example 217= 3189 Th s eiery propei fracti n can 1 e exire^ie^ a^ a re- 
currii^ lee mal and on^ eraelj 

" Decimals in general The expression of irrational mimhers as 
non reournne decimals Ai \ deunnl nlethe la utnn^oi ict Lcueopcnds 
to a kflnto nunilwi Ixit^ n U ai d 1 T i thp le mil tyiy tands 

for the series 

10 + 1^ + 1^+- ■ 
Since all the digits a^ are positive the sum s„ of the flrat n terras of this 
series increases with »; also it is certainly less than '9 or 1. Hence s„ tends 
to a limit between and 1. 

Moreovei' no two decimals can correspond to the same number (except in 
the special case noticed in Ex. 6). For suppose that -aiOaaa..., "616263... are 
two decimals which agree as far as the figures a,_i, 6r_i, while «r>6r' 
Then ar^b,-k-l>h-b^^ih,.^^... (unless &,^„ h^^.^, ... are all 9's), and so 
'ai<!!s...ov«,+i...>'6i6j...Jr^rti"" 

It follows that the expression of a rational fraction as a recurring decimal 
(Exs. 2 — 6) is UDique. It also follows that every decimal which does not 
recur represents some irrational number between and 1. Conversely, any 
aueh number can be expressed as such a decimal. For it must lie in one of 
the intervals 

0, 1/10; 1/10, 2/10; ...; 9/10; 1. 
If it lies in r/10, {4-+l)/10 the first figure is r: by subdividing this interval 
into 10 parts we can determine the second figure; and so on. 

Thus we see that the decimal 1'414..,, obtained by the ordinary process 
for the extraction of ^2, cannot recur. 

8. The decimals ■ 101 001 0001000010... and ■2020020002000020..., in 
which, tho number of zeros between two I's or 2's increases by one at each 
stage, represent irrational numbers. 

a The decimal -1 1101010001010.,., in which the Mth figure is 1 if ji is 
prime, and zero otherwise, represents an irrational number, [Since the 
number of primes is infinite the decimal does not terminate. Nor can it 
recur: for if it did we could determine m and p so that m, tn+p, m+2p, 
«i+3p, ,., are all prime num.bers; and this is absurd, since the series includes 
iii + mp,]* 

" All the results of Exs. XSXI. may fae extended, with suitable modifications, to 
decimals in any scale of notation. For a fuller (tiseussion see Bcomwicl!, In/inUe 
Series, Appendis I. 

10—2 
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Examples XXXII. I. If -1<'-<I, the seriea *""+»■"'*' + — is con- 
vergent and its sum is 1/(1 -f)-!-!--.- -'■■""' (§ ™. (2))- 

2. The series r™-l-j*+i+... is convergent and its sum ia !*>/(! -r) {§ 70, 
(4)). Verifj that the results of Exb. 1 and 2 are in a^eement. 

3. Prove that the series l + 2r+2r^+... is convet^nt, and that its sum 
is {l+r)l{l-r), (a) by writing it in the form -l+2(l+r+r=+...), ((3) by 
writing it in the form 1+2 (j- + i^+ ...), (v) by adding the two series 
l^r + r' + ..., r+f^ + .... In each case mention which of the theorems of 
§ 70 are uaed in your proof. 

4. Prove that the arithmetic sei'ies 

a+(a+b) + (a+2b) + ... 
is always divergent, unless both a and b are zero. Show that if &=|=0 it 
divet^es to + =0 or to -co according to the sign of 6, while if b =0 it diverges 
to +<o or — =c according to the sign of a. 

5. What is the sum of the series 

when the aeries is oonvorgeut ! [The series converges only if -l<r<l. Its 
sum is 1, except when r=l, when its sum is 0.] 

a. Sum the series r«+=--—^^+7j-~j + .... [The series is always conver- 
gent. Its sum is 1 +r^, except when r=0, when its sum is 0.] 

7. If we assume that l+r+r^+... ia convergent we can prove that its 
sum is 1/(1 -J-) by means of §70, (1) and (4). For if I-j-r + H + ... = s, 
s^l+r(l + r^ + ...) = l+rs. 

a Sumtheserios '■+i^ + (i^a+- 

when it ia convergent. [The seriea is convergent if - l<l/(l-f)-)<l, i.e. if 
r< -2 or if r:>0, and its sum is 1+r. It is abo convei^ent for i- = 0, when 
its sum is 0.] 

9. Answer the same question for the series 

10. Consider the convergence of 

(l-H-)-H(!^-l-)^)-H..., (l+r+j'') + {r^ + ri+rf') + ..., 
l-2r+r2+^_2r*-H*-H..., {l-2r+r'^) + (f^-^+r^)+..., 
and find their sums when they are convei^nt. 

11. If (i„ ia positive and not greater than I, the series ir(,-i-a,!--f «-jr^+... 
is convergent for 0<r<l, and the sum of the series is not greater than 
ll{l-r). 
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12. If in addition the aeries ao + ai + a^ ■]-... ia convei^ent, the serie«i 
Oo + Oi'' + «2'^+-" is convergent for 0<j'^I, and its sum is not greater than 
the lesser of ao+cti-¥ai+ ... and 1/(1— )■). 

13. Theseries ^ + + r4~3'''- 
is convergent. [For 1/(1 . 2...«)<l/2''-i.] 



'1.21. 2. 3. 4' "■' ' 1.2.3 ' 1.2.3.4.5 ' 

are convergent. 

15. The general liarmonic series 

where a and 6 are positive, divet^s to +tc , 

[FoTU^=l/{a+7ih)>llln{a+b)}. Now comiiare with l+(l/2)+(I/3) + ....] 

16. Show that the aeriea 

(K0-Mx} + («1-«2)+(W2-«3) + "- 

ia convei^nt if and only if «„ tends to a limit as k -^ o) . 

17. If M|+Ma+M3+... is divergent, so ia any aeries formed by grouping 
the terms in brackets in any way to form new single terms. 

18. Any series, formed by taking a selection of the terms of a convet^enfc 
series of positive terms, is itself convergent. 

72. The representation of functions of a continuous 
real variable by means of limits. In the preceding sections 
we have frequently been concerned with limits such as 

lim 0„ (x), 
and series such as 

u,(a;) + ^(a;) + ... = lim {u,{a;) + u,(a:) +...+ u„(x)}, 

iQ which the function of n whose limit we are seeking involves, 
besides n, another variable x. In such cases the limit is of course 
a function of ic. Thus in § 69 we came across the function 

and the sum of the geometrical series 1 + x + x'' + ... h a, function 
of X, viz. the function which is equal to 1/(1 — i'T)if — 1<«<1 and 
is undefined for all other values of x. 

Many of the apparently ' arbitrary ' or ' unnatural ' functions 
considered in Gh. II are capable of a simple representation of 
this kind, as will appear from the following examples. 
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Examples XXXIII. 1- ^(ffi)=a\ Here n does not appear at all in the 
expression of 0|,(«), and <^{x)='\ijai^^{x)^x for all values of a:. 

2. <^„(a')=«'/m. Here 0(^)=lim 0„(^)=O for all values of x. 

3. 0„(a:)=w. If :r>0, 0„Wh- + cc; if ^^■<0, ^„(x)*-=o: only for 
^=Ohas0,(;K) a limit (viz. 0) aa n-*-<xi. Thus c^{x)=0 wheu ^=0 and is 
not defined for any other value of .v. 

5. 4,„{x) = ^K Here 0(a') = O, (-I<^<1); 0(i-) = l, (,c = I); iiiid ^(s;) 
is not defined for any other value of s:. 

6. ^^{x)=m-^{l-x). HercJiW differa from the <i>{s) of Ex. 5 in that 
it ie defined and has the value for jt = 1, 

7. it)„(x)=3fln. Here ^(^t) differs from the if (^) of Ex. 6 in that it ia 
defined and has the value for ;c = - 1 as well as + 1 . 

8. *„(^)=^/(^"+l). [<(.(x)=0, (-l<.'^<l);*W=i(T=l);'/'(^'^) = l, 
(a< -I or ^>1); and (f (;k) is oot defined for «=- 1.] 

a i>^(x)=:^/(a/^-l), l/(^+]), 1/(^-1), l/CiB^+^-^X lAaT"-*-"). 

10. <t>„(ii!)=(^~l)/{3^+l}, (Ma^-l)/(w«"+lX C^-n.)/(a;''+«). [In the 
firstcasc<Ji(^)=lif ja;|> 1,0 (.»)=- 1 if 1*1 < 1,0 (;c)=0 if J--=l and (^(*) 
is not defined for 3:= - 1. The second and third functions differ ft^m the 
firet in that they are defined both for a;=l and x= — 1 : the second has the 
value 1 and the third the value — 1 for botb these values of A'.] 

11. Construct an example in which 0(.r) = l, (|a;I>l); <[>{x)= ~l, 
(\x\<l); and^(;B)=.0, (^=±1). 

12. 0„{*)-iD{C^'*-l)/(.,^''+l)!2, n/(^+^-» + n). 

13. 0„(«)={^/W+9'{*)|/(^+l). [Here0(^)=/(a;), (|*|>1);0(*) = 
ff{^), {]^\<l); 0(^)=M/W+5W}. (^=1); *nd 0{i-) is undefined for 

14. 0„W = {2/,r)arctan(»J:^). [0(a^) = !, ^■>0); 0(*) = O, (ar = 0); 
(*;)= - 1, (*<0). This function is important in the Theory of JTumbers, 
and is usually denoted by sgnx.] 

15. 0„(a;)=(l/m)sin?w;jr. [</)(j;)=0 for all values of x.] 

16. 0„(ie)=siuji,i?ir. [0(*) = O when * is an integer, and is otherwise 
undefined.] 

18. If 0„(j;) = sia{ji!^), 0(j;)=Oforalb'iM(:oBt»i values of a- {Ess. XXVI. 9, 
XXVII. 8). The consideration of irrational values presents greater difficulties. 

19. 0„{ic)=(cos^ie?r)''. [<p{x)-^0 except when x is integral, when 
0(^)=1.] 

20. <^„(,r) = (sin*.i^^)", (cos..'^)", {smx^)\ 
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21. ^„(A-)=C««)sa^fl- + dsinS^-fr)". [Rere,p(^) = Oi{ \aco^^x,r + bair,^^,r\ 
<1, 0(it;)=l if <[eoa^x»r+6sin*it*=l, and <P{.k) is otherwise undefined. 
For what vitlues of x these respective conditions are satisfied depends on 
the values of a and b. Thus if a and 6 &re both numerically lesa than unity, 
<(,{3:)=0 for all values of x. Consider, e.g., the cases «=&=!; a=6=^; 
o = 6 = 2; a = l, 6 = 2; a=2, 6=1; it = 2, 6=i.) 

23. If JVS1762, the number of days in the year jV a.d. is 

lim {365 + (cos^ ^Ifrry - {cm^l^N^)" + {cos^j^iW )"}. 

73. laimltB of Complex flinctions and series of Complex 
terms. In this chapter we have, up to the present, concerned 
ourselves only with real functions of n and series all of whose 
terms are real. There is however no difficulty in extending our 
ideas and definitions to the case in which the functions or the 
terms of the series are complex. 

Suppose that (f>{n) is complex and equal to 
E(n) + iS(n), 
where R (n), S (n) are real functions of n. Then i/,as n^oo,B (n) 
and S(n) converge respectively to limits r and s, we shall say that 
tf> (n) converges to the limit r + is, and write 

lim ^{11) = r + is. 
Similarly if Un is complex and equal to ii„ + iw^ we shall say that 
the series 

«, + ih + n^-V ... 
is convergent and has the sum, r + is, if the series 

V1 + V3 + V3+ ..., lVj + VJj + W3+ ... 

are convergent and have the sums r, s respectively. 

To say that Ui + 0^ + 113+ ... is convergent and has the sum 
r + is is of course the same as to say that the sum 

s,. = % 4- M, + . . . + M„ = (i-, + JJ, + . . . + v„) + » (Wi + ro, + . . . + Wn) 
converges to the limit r -I- is as « -* oo . 

In the case of real functions and series we also gave definitions 
of divergence and oscillation (finite or infinite). But in the case 
of complex functions and series there are so many possibilities — 
e.g. Ii(n) may tend to +00 and S(n) oscillate— that this is 
hardly worth while. When it is necessary to make further dis- 
tinctions of this kind, we shall make them by stating the way in 
which the real or imaginary parts behave when taken s 
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74, The reader will find no difficulty in proving sueh 
theorems as the following, which are obvious extensions of 
theorems already proved for real functions and aeries. 

(1) If \imef)(n) = r + is, then \\mip(n+p) = r + is, for any 
fixed value of p. 

(2) If «i + M2 + ... is convergent and has the nam r + js, then 
a + b + c + ... + k+Ui + v^ + ... is convergent and has the sum 
a + b + c + ...+k + r + is, and Mj,+, + Up+i + ... is convergent and 
has the sum r + is — u, — ti~i— ... —Up. 

(3) Iflim0(H)=ttandlim-^(«)=6,theniim{^(tt)+-f(jO}=a+6. 

(4) If lim (n) = a, lim k^, {n) = ka. 

(5) If lim <p(n) = a and Hm i|r (n) = b, then lim (n) f (n) = ab. 

(6) If % + Mb + . . . converges to the sum a, and jii + Ug + . . . to 
the sum i, then (ux + Vi) + {u, + v,)+ ... converges to the sum a + 6. 

(7) If Mi + i(9 + .., converges to the sum a, i-3(| + ^+.,. 
converges to the sum ka. 

(8) If lii + Wa + Wa 4- ... is convergent, then lim j(„ = 0. 

(9) If Ml + Mo + Ma + ■ ■ ■ is convergent, so is any series formed 
by grouping the terms in brackets, and the sums of the two series 
are the same. 

A& an example, let us prove theorem. (5). Let 

^{n) = R{n)i.iS{n), ^{n) = R'{n)-\-iS'{n), m = r+u, J = / + u'. 

Then ii {«)*»-, S(«)*s, R'{n)*7', S'(n)-*s'. 

But 0(b) ylfin) = RJi'-SS'-f-i(RS' + ieS) 

and RS'-SS'-^rr'-M', BS' + B'S-<~r^+}-'s, 

so that 0{n)V'(n)*!V~«s'+J(i-«'+/A 

U. ^(B),/-(«)^(r + V»)(,-'+iV) = a6. 

The following theorems are of a somewhat different character. 

(10) In order that (l>(n)='R{n) + iS{n) should c >nvei^e to 
zero a.sn — 'X) it is necessary and sufficient that 

,(,{n)H^'iSWf +(«(»))" 
should converge to zero. 

If fl(m) ftnd S(n) both converge to zero it is plain that ^{l^+S'') does so. 
The converse follows from the fact that the numerical vaJue of .fl or S cannot 
be greater than ^/(R^+S^). 
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(11) More generally, in order that <^{n) should converge to a 
limit Ht is necessaiy and sufficient that 

l*('0-'l 

should converge to zero. 

For tji{n)-l converges to zero, and we can apply (10). 

75. The limit of ie" as n^~x , x being any complex 
number. Let us consider the important case in which ^()i) = a;". 
This problem has already been discussed for real values of iB in § 66. 

If ai'^ — l, «"+'^i, by (1) above. Bub since a.™+' = ^.«", 
a;''+^ ^- xl, by (4) above ; and therefore I = xl, which is only possible 
if (a) ; = or (6) x-=\. If ic = l, limic" = l. Apart from this 
special case the limit, if it exists, can only be zero. 

Now if ic = r (cos 6-\-i sin 6), 

where r is positive, we know that 

a;" = r" (cos n9 + i sin n0). 
ao that I a:" I = )■". Thus | a;" [ tends to zero if and only if i- < 1 ; 
and it follows from (10) of the last paragraph that 

lim fl!" = 0, 
if and only ifr<l. In no other case does x"- converge to a limit, 
except when a; = 1 and le" -*- 1 . 

76. The geometric series 1 +.'c + .'i^+ ..., urhen x is 
complex. Since 

unless n = X, when the value of s„ is n, it follows that the sei-ies 
1 +iC + iK^+ ... is convergent if and only if r = \!i;\<l. And its 
sum when convei-gent is 1/(1 —x). 

Thus if 3: = r(coaS + tsin ^) = r Cis 6, and ?■< 1, 
l+^ + ic=+,.. = l/(l-rCis^), 
or 1 + r Cis 6 + r' Cia IB + ... = 1/(1 - r Cis 6) 

= (1 -7'cos^ + iJ-sin^)/(l - 2)- cos ^ + r'^), 
or. separating the real and imaginary parts, 

1 + ?■ cos ^ + r^ cos 2i9 + . . . = (1 - r cos i9)/(l - 2r cos 6 + r% 

r sin ^ + r=sin 2^+ ... = ?■ sin i9/(l - 2j- cos ^ + ?■'). 

provided r<l. If we change into ^ + 7r we see that these 

results hold also for negative values of )■ numerically less than 1. 

Thus they hold for - 1 < r < 1. 
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Examples XXXIV. 1- Prove directly that il>{n)=r"cosne converges 
to if i-<l and to 1 if i-=l, 6=0. Prove further that if !■=!, ^#0 it 
oscillates finitely, if r>l, fl=0 it divei^es to +co and if r>l, 6^0 it oscil- 
lates infinitely. 

3, Establish a similar series of i-esults for ^(n)=j^sinmS, 

3. Prove (as for the case of a real *■ in Ex. XXXIT. 7) that if 
l+x+x^+... convei^a its sum can only be ll{l-x). 

4. Prove that x^+s^*^+ ... =x"'l{l-x), 

x"^-x'"*'+ ... =x"'j{l+x), 

if and only if |a:|<l. Which of the theorems of § 74 do you use? 

5. Lot (in the notation of Chap. Ill, §§ 25 et seq.) PoA=l, i'TPi^^' 
PjPj=^,.. where «=»-CiaA Plot the points Pf,, Pj, Pa, ..., and show 
how the figure obtained indicates the result of § 76, Prove that, if !■<!, the 
poiot P„, where it is large, is very near to the point 

{1-,-cos^)/(I-2j-cosS + !-=), ^■sinS/(l-2*-eo35 + !'«). 

6. Prove that, if -1<)'<1, 

l+2j-cosfl+2raco8 2S+...=(l-f2)/(I-2!-cos0+j'^. 

7. The series 1 + {xl{l+x)}+{a:l{l-i-a:)Y+... 

convei^es to the sum l/f 1-^-^J-l + a-if |a^/(l + ^)|<I. Show that this 
is eijuivalent to the assertion that x has a real part greater thau - J. 

8. Determine similarly the regions of values of s: for which the series, 
obtained by writing x for r in Ex. XXXII. 9, are convergent, and find their 
sums when they are convergent. 



MISCELLANEOUS EXAMPLES ON CHAPTER IV. 

1. The function <p («) takes for u^O, 1, 2, ... the values 1, 0, 0, 0, 1, 0, 0, 
0, 1, .... Espress i|j(») in terms of « by a formula which does not involve 
trigonometrical functions, [i^ (m) = ^ {1 + ( — 1 )" + i" + ( — i)"j.] 

2. If <j) (m) steadily increases, aiid i/r (n) steadily deci'eaisea, as « tends to 
=0 , and if 1^ («)>0 (w) fov all values of ra, then both tj) (n) and ^ («) tend to 
limits, and limi/)(?i)£limi/f (m). [Tliis is an iiitermediat* corollary from 
§64.] 

3. Prove that if 

then ^ (« + !)>$ («) and i/'(m + 1)<i/'(»). 

[The first inequality has ah-eady been proved iii § 67 ; the second may be 
proved similarly.] 
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4. Prove also that \lr (n)>(j) (n) for all values of n. : and deduce (by n 
of the preceding examples) that both <l>(n) and i/'('i) tend to limits 
tends to CO ■*. 

,»(>,i-l)...(w- » + l) 



-0^-^ 



in not being a positive integer, and 
--l<a'<I, therLii;t=( \x^*Oasv.—m. 

[For «,.^,K={(m-™)/(«+l)i^*-^. Now apply Ex. XXX. 13.] 

6. The arithmetic mean of the prodiicta of all distinct pairs of positive 
integers, whose siim is n, is denoted by S„. Show that lim (A'„/n^=l/6. 
{MatA. Trip. 1903.) 

7. If a)i=i{x+(Al3:)}, Xs=i{xi+(Alxi)}, and so on, x and A being 
positive, prove that lim x„=^A. 



h" «»"■»' Si-(£^)'] 



8. If ij) (w) is a positive integer for all values of ii, and tends to ao with b, 
thena.*'"*-*Oor +t» according as 0<x<;l or ^>I. Discuss the behaviour 
of *■*!"', as ?i-*oa, for other values of x. 

9t. If ra„ inereaaee (deoreaaea) steadily as n increases, the same is true of 
(ai+as+. ..+»„)/"■ 

10. J-t x„^i='J{&+x„), andi and Xi are positive, the sequence a^i, x^, x^, 
... is au increasing or decreasing Mequence according as Xj is leas than or 
greater than o, the positive root of the equation j^=;c+A ; and in either case 

11. If %+,=ifc/(l+a'„), and i and ri are positive, the sequence Xi, te^, X), 
... is an increasing or deci'easing sequence, according an Xi ia less than or 
greater than a, the positive root of the equation xfi+x-^k; and in either case 

12. Suppose that /(a;) ia a positive and increasing function of a^ such that 
the equation 3:=f(x) has juat one positive root a. Show, graphically or 
otherwise, that if jr,>0 and ^n+i=/{^n) then the sequence :fi, x^, ... has the 

Discuss the case in which 1,06 equation x^^fQn) has several positive roots. 

13. If Xi, X2 arc positive and ^Ki-i'=i(^n+*"ii-i)j t^e sequences icj, 0:3, 
.rj, ... and x^, X4, %, ... are one a decreasing and one an increasing si 
and their common limit is J (wi+aoj). 

14. Draw a gi'aph of the function 1/ defined by the equation 






'"+1 



(Math. Trip. 1901.) 
* A proof that lim j^{ii)-^(ji); = Oi and that therefore eaoli fiinctioo tends to 

the limit e, will be found in Chiyatal's Algebra, vol. ii, p. 78. We ahall however 

prove this in Ch. IX by a difiacent method. 

+ Ess. 9 — 13 are taken from Bcomivieh'a Injlnite Series. 
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15. The function y= Hm ;- ^'- - 

s equal to except when x is an integer, and then equal to 1. The functio: 

'-.'S' /"iwto'^""' 

is equal to i^ {x) unless ;p is an integer, and then equal to ij/ (x). 

16. Show thiit the graph of the function 



^ ^,i>{x) + x-'^<^ {^) 



is composed of parts of the graphs of 0(jt) and V'(^)i together with (as a rule) 
one isolated point. Is y defined for (a) «=1, (6) x= - 1, (c)^=0 ? 

17. Prove that the functioD y, which is equal to when ^ is rational and 
to 1 when x is irrational, may be represented in the form 

y^ lim sgn\^\ii^{iii\T!a)\ 

where, as in Ex. XSXIII. U, «^i z= lim (2/>r) arc tan {ii£}. 

[If x is rational, sinS(M!7r«), and therefore sgn \s\r? {■m,\ irx)] is equal to 
zero from a certain value of m onwards : if x is irrational, sin^ (m ! irj^) is 
always positive, and ao »gn {sin* (ni ! tts:)} is always equal to 1.] 

Prove that y may also be represented in the form 
l-jira[hm^{co3(m!w:E)|2»]. 

18. Sum the series 

S__L 2 1 



^{^ + l)...{'' + ^'} ^V(.. + l)...(^ + ^-l) (,. + l)(v + 2),..(. + ^)[' 

" I _ 1 f I _ 1 1 

^^^"'^ ^v{v + \)...(y + k)^lc\\..%,„k 0( + l)(» + 2)...(« + i)/ 

19. If|,.|<|„|, ^§-=-^(1 + ^ + 5 + ...); 

while if |,r|>|a|, -A.= ^;(^l+^ + ^+...). 

20. Expansion of (-la-+5)/(Kx2_(.2j^_|_(,) j^ powers of :^. Let o, ^ be 
the roots of a«^+2te+c=0, so that (iwr^+26.t;+i;=w(j:-a)(.-B-3). Tt is easy 
to verify that (unless a=^) 

Ax + B ^ _1__ /Aa + B _ A^ + B\ 
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We shall suppose A, £, a, b, c all riial. Then there are two cases, 
according as fe^Jac. 

(1) If h^>a.o, the roots a, 3 ai« real and distinct. If |a;| ie less than 
either \a\ or \^\ we can expand ll{^-a) and l/(a:— j3)in ascending powers of « 
(Es. 19). If |:e] is greater than either \a\ or |)3| we must expand in desoeuding 
powers of x; while if ]a-| lies between |a| and \fi\ one fraction must he es- 
pandod in ascending and one in descending powers of x. The reader should 
write down the actual results. If |a'[ is equal to |o| or |(3| no such expansion 
is possible. 

(2) If l)^<ae the roots are conjugate complex numbers (Chap. Ill, g 34) 
and wo can write 

«=pCisc^, f3=pCis(-0), 

where p^^a&^cja, pcos^ = J (a+e)= -6/a, so th.it cos i^= - V(6><:), 
sin.J,=^{l-(6^/c«i)}, 

If |«]<p each fraction may be expanded in ascending powers of j:. The 
coefftciont of ^ will be found to be 

{^psinn,^ + Bsin(m + l)0}/ap" + J8in^. 
If ]^|>p we obtain a similar expansion in descending powers, while if |j^|^p 
no such expansion is possible. 

21. Showthat, if |a;l<l, 

The sum to n terms is ,y — -rj — j- — . 

23. Expand Zl(x—a)^ in powers of ar, ascending or descending according 

as |*|<|a| or |^-|>|al. 

23. Show that if b^^ae and | <m; | < | 6 ] 

(Ja +£)/(«*=+ 26^ + 0) = ip„jf^, 

where p„={(~a)"/6'' + 2}{(ji. + l)e5-H6yl], and find the corresponding ex- 
pansion, in descending powers of x, which holds when |a«|>|fc|. 

24. Verifytheresult of Ex. 20 in the ease of the fraction l/(l+a^). [We 
haveI/(I-l-^)=£i^'sin{i(m+l)«-} = l-^8-i-iE'-....] 

25. Prove that, if [it;j<l, 1/(1 +ie+;c2) = (2y3)2*''sin{|((t+l),r}. 

26. Expand {l+x)j{l+sfl), {l+si^)l{l-i-iE^} and (l + a:+a,-=)/(l+:e*) iu 
a.3cending powers of x. For what values of x do your results hold f 

27. UaKa+b3:+cx^^l+p,x+piX*+... then 

l+j»ia^+yaV + ... = ^^-±^ „ ,„ ■ f -- --„ ,, 
a — ox a? - {b^ - 2ac) x+c^x' 

{Math. Ti-ip. 1900.) 
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28. If!ims„= 


= ^. then 






lim {s,+s^+...+k)Ih=L 




[Let s„ = ; + i„, 
■oifi„doesso. 


. Then we have to iJro\e that (^, + (34- . 


..+0/H tends 



We divide the numbers (j, l^, ... (,1 into two sets (1, i^, ..., tp und (p+i, 
tf+s, ..., ta. Here we suppose that p is a function of n which tends to co 
with n, but mmv dovdy than n, so that ^-*-co but pjii-*-0: e.g. we might 
suppose p to be the integi-al part of ^)i. 

Let { be any positive number. However small * may be, we can choose 
Ho so that t^tu fp-vi! ...,(,( are all numerically leas than Je when)i£%, aadso 

l(i«M+'pta+-+0/«l<i^('»-p)/«<if- 
But, if A is the greatest of the moduli of all the numbers (j^, (3, ..., we 
have also 

\{ti + h-^ ... ■Vt^)ln\<pAln, 
and, if iio is large enough, this will also be less than Je when 'iiSivo, since 
pj-a-t-O as m-»co . Thuis, if % is lai-ge enough, 

lft+^a+.■-+«/niS|(i^-i-'!ii+-.+'p)MI+l((„^.l+.-.^-0/«l<^- 
when M^TOo : which proves the theorem. 

The reader, if he desires to become ospert in dealing with questions about 
limits, should study the aj^ument here given with great care. It is very often 
necessary, in proving the limit of some given expression to be zero, to split it 
into two parts which have to be proved to have the limit zero in slightly 
different ways. When this is the case the proof is never very easy. 

The point of the proof is this: we have to prove that (C^+t^+ ..,+;„)/«. is 
small when n is large, the i's beiug small when their sufBses are large. We 
split up the terms in the bracket into two groups. The terms in the first 
group are not all small, but their ^t'Miiber is small compared with m. The 
number in the second group is ^lot small compared with n, but the terras are 
ali small, and their number at any rate less than tt, so that their sum is small 
compared with 11. Hence each of the parts into which ((, + (3+ ...+0/'* 
has been divided is small when n is large.] 

29. If^(K)-0(n-l)^Jas)i*K then also ^(m)/»*?. 

[If we put rj>(n) = ai+Ss+...+Su, we have 0(5i)-i^(M-l) = »„, and the 
theorem reduces to that proved in the last example.] 

30. If s„=^{l— (-1)"}, so that ^„isequal to 1 or iiccording as « is odd 
or even, then (si+Sa+ ■■■ +^)ln->'i as n^co . 

[This example proves that the converse of 28 is noi true : for s„ oscillates 

31. Let c„, s„ denote the sums of the first a terms of the series 

^+Qos&+co>iW+..., sm8+sia28+.... 
Prove that 

iim{Ci+C24-.,. +c„)/k = 0, hm (Si+^j4- ... +O/« = 500t-^e. 
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CHAPTER V. 

LIMITS OF FUNCTIONS OF A CONTINUOUS VARIABLE. 
CONTINUOUS AND DISCONTINUOUS FUNCTIONS. 

77. Iiimits as x tends to m . We shall now retuni to 
functions of a continuous real variable. We shall denote the 
typical such function by .^ («). We suppose x to assume suc- 
cessively all values corresponding to points on our fundamental 
straight line L, starting from some definite point on the line and 
progressing always to the right. This variation of x, like the 
corresponding variation of n (Chap. IV, § 48), is often conveniently 
thought of as taking place in time. In these circumstances we 
say that w tends to cc , and write a!-<~'x> . The only difference 
between the 'tending of m to m ' disc\issed in the last chapter, and 
this ' tending of a: to cc ,' is that x varies through ail values as it 
tends to ao , i.e. that the point P which corresponds to x coincides 
in turn with every point of i to the right of its initial position, 
whereas n tends to x by a series of jumps. We can express this 
distinction by saying that x tends continuously to x . 

As we explained at the beginning of the last chapter, there is 
a very close correspondence between functions of w and functions 
of n. Every function of n may be regarded as a selection from 
the values of a function of ^ In the last chapter we discussed 
the peculiarities which may chaiacterise the behaviour of a 
function (h) as ti tends to oc Now we are concerned with the 
same problem fm a function (j>{r) and the definitions and 
theorems to which wc aie led aie practically repetitions of those 
of the last chapter Thus coiiesponding to Def, 1 of § 51 we 
have : 

Definition 1 The function tj>,{r) is said to tend to the limit I 
as X tends to x if, when any positive number e, however small, is 
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assigned, a value X can he chosen such that, for all values of w 
equal to or greater than X, tfi {x) differs from I hy less than e, i.e. if 

When this is the case we may write 

or, when there is no risk of ambiguity, simply lim <f>{ci:) = l, or 
<j>(x)-»-l. Similarly we have: 

Definition 2. The function («) is said to tend to + x with 
X if when any number G, however large, is assigned, we can choose 
X so that 

*M>e {AX). 

We then write ^ (*)-»- + ^ ■ 

Similarly we define ^ (i»)-* — <» . Finally we have : 

Definition 3. If the conditions of none of the two preceding 
definitions are satisfied tf) (ic) is said to oscillate as os tends to co . 
If, for all values of x,\^{i!g)\ is less than, some constant K, (j}(a;) is 
said to oscillate finitely ; otherwise infinitely. 

The reader will remember that in the last chapter we con- 
sidered very carefully various less formal ways of expressing the 
facts represented by the equations tj>(n) — l, 0(n)-*-+x. Similar 
modes of expression may of course be used in the present case. 
Thus we may say that ip (x) is small or nearly equal to I or large 
when n is large, using the words ' small,' ' nearly,' ' large ' in 
a sense precisely similar to that in which they were used in 
Ch. IV. 

Examples XXXV. I. Considor the behaviour of the following functions 
as ^*^ : (Ite), I+(l/^), ^, ^, M, *-M, M + ^/{^-M}. 

The first four functions correspond esaotly to functions of n fully dis- 
cussed in Ch. IV. The graphs of the last three were constructed in Oh. II. 
(Ex8. XVII.), and the reader will see at once that [x]-*- + co , a; - [.r] oscillates 
finitely, and M + ^J^ - [«■]}-* + =o . 

One simple remark may be inserted here. The function (^(11;)=^— [«] 
osciilatea (between and 1) as is obvious ffom the form of its graph.. It is 
equal to zero whenever ^ ia an integer, so that the function <^{™) derived 
from it is always zero and so tends to the limit zero. The same is true of 
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In such caises as these, it is evident that 0(*)-*i or 0(j')-* + co or -a> 
involves the corresponding propertj for <j>(n), but that the wnverse is hy no 

2. Consider in the sanie way the functions ; 

cOBa^w, tan«?r, (coajfir)/*, (tana;^)/*, (l/^)+cosOTf, xqobxw, aflooaxir, 

XQOa^xir, {^cosxn)\ ncoe^vEir+ftsin^^cir, {aco&^a^+bsai^(eit)lx, 
ilhistrating your reniarka by means of the graphs of the functions*. 

3. Give a geometrical explanation of Def, 1, analogous to the geometrical 
explanation of Ch. IV, § 52, 

4. If ^{x)-t~l, 0(*)co3;rw and ^{x)mna:it oscillate finitely. If 
^ {x)-r- + 30 (or ~ so ) they oscillate infinitely. The graph of either function 
is a wavy curve oscillating between the curves y = 0(j;), i/=—ip(x). 

5. Discuss the behaviour, as x-^ an , of the function 

}./(»)(».• i,+ii-(«).m'«». 
The graph of y is a curve oscillating between the curves y=f{^), y=F{x). 
Consider in particular the cases 

"(i) /W = l+(1/^), J!-(^) = l-(l/:.); (ii)/(^) = <.+ (aW, /'W = 6 + 03M), 

where a+6; (iii) /W=l, Fi^x)=x; (iv) f{x)=~x, F{^)=x; 

(v) f{a!)'=smx7!, J5'(x)-ncosa™-; (vi)/(j^)=cos^a!7r+3siii*a^ff, 

Fix)=Z cos* xw + sin* X'n-. 

78. Limits as x tends to — <» . The reader will have no 
difficulty in finding for himself definitions of the meaning of the 
assertions ' x tends to — oo ' («-* — oo ) and 

^ hm^ {x) = I, ^_{x) ^ X (or - CO ). 

In fact if x = -y and (j) {x) = <p (— y) = ■^Ir (y), then x tends 
to — 00 as 1/ tends to x , and the question of the behaviour of 
^(ic) as ic tends to — ao is the same as that of the behaviour of 
1^ (y) as y tends to x . 

79. Theorems corresponding to those of Ch. IV, 
^ 56 — 63. The theorems concerning the sums, products, and 
quotients of functions, proved in Ch. lY, are all true (with the 
obvious verbal alterations which the reader will have no difficulty 
in supplying) for functions of the continuous variable x. Not only 
the enunciations but the proofs remain substantially the same. 

Fx. Draw up a table, with examples of each case, similar to the table on 
p, 130 in Ch. IV, i.e. to illustrate the different possibilities with regard to 
the behaviour of if>{x)+-^(x) when the behaviour oiip{x) and •^(x) isTtnown. 

The other tables of Ch. IV surest similar examples. 

* The reader has probably already drawn graphs of some of the functions con- 
sidered in Exs. 2, i, 3, while engaged on Ch. II and in particular Exs. xvi. 
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80. Steadily increasing or decreasing ftinctions. The 

definition which corresponds to that of § 64 is as follows: the 
fundiffii 4i{x)mU be said to increase steadily with x if ^{xi)^^{!0^ 
wlienever x^ >ic„. In many cases, of course, this condition is only 
satisfied from a definite value x=X onwards, i.e. when ^i >x^S.X. 
The theorem which follows requires no alteration but that of 
n into a: : and the proof is also pi-actically the same. 

The reader ahoiild consider whether or no the following fvmctiotia 
increase steadily with x (or at any rate increase steadily from a certain 
value of ^ onwards): ^^-a^, ;r+sin;K, ;*r+3sin«, ;i^+2sin;s, [.r], [*]+sin,j^, 
lx]+^[x-{x]i. All these functions tend to +« with x. 

Kv. Show that if ipix) steadily increases (or decreases) as ,w-»oo,then 
the behaviour of (j) (x) as x-^at is the same as that of (n) as »*to . 

81. laimits as x tends to 0. Let i^ («) be such a function 
of .« that lim <p {m) = I, and let y = 1/x. I'hen 

<f,{a:) = 4,(yy} = ylr(y) 
say. As a: tends to oo , i/ tends to the limit 0, and i}r(y) tends to 
the limit I. 

Let us now dismiss ic and consider tfr {y) simply as a function 
of y. We are for the moment concerned only with those values 
of y which correspond to large positive values of x, that is to say 
with small positive values of y. And i^ {y) has the property that 
by making y sufficiently small we can make ■^{y) differ by as 
little as we please from I. To put the matter more precisely, 
the statement expressed by \im^{x) = l meant that, when any 
positive number e, however small, was assigned, we could choose 
X so that 1 1^ {«) — ^ I < 6 for all values of x greater than or equal 
to X. But this is the same thing as saying that we can choose 
Tj = \jX so that \-^{y) — l\<e for all positive values of y less than 
or equal to t}. 

We are thus led to the following deiinitions. 

A. If when any positive number e, however small, is assigned 
we can choose ij so that 

l*(</)-i!<e, 
_/(»■ (XyS-^iWe say that 4>iy) t^ids to the limit I ivhen y tends to 
by positive values, and we write 
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B. If when any number G, howevei^ large, is assigned me can 
choose 1) so that 

4>{y)>G 

for <i<y&i], we say that <p{y} tends to +qo as y tends to by 
positive values, and we write 

<l>(y) ~*+'x-. 

We define in a similar way the meaning of ' (y) tends to the 
limit i as y tends to by negative values, or lim t})(y) = l.' We 

have in fact only to alter 0<y&7i to —'rj&y<0 in A, The 
reader will find it a useful exercise to write out formal definitions 
of the statements expressed by 

■0(3,)^ + CO,' '0(y).*-ac,' ' <^ (t/) ^ - CO ,' 
(v-^-D) fe^+o) (a— -0) 

If lim ^(y) = l and lim (y) = I, we write simply 
lim (y) = I. 

This ease is so important that it is worth while to give a 
formal definition. 

If when any positive numbffi- e, however small, is assigned we 
can choose ij so that, for all values of y different from zero but 
numerically less than or equal to v, 4'i'!/) differs from I by less 
than e, we say that <j> {y) tends to the limit I as y tends to 0, and 
write 

lim <j) (y) = I. 

So also ii <f>iy)^ + <--c and <p(y)-* + 'x we write ^(y)-*+x. 
Similarly we define the statement ^ (;/)-*- co . Finally, if <b(y) 

does not tend to a limit, or to 4- oo , or to — co , aa 1/ -*0, we say 
that 'fi{y) oscillates as y^~0, finitely or infinitely as the case may be. 
The preceding definitions have been stated in terms of a 
variable denoted by y: what letter is used is of course immaterial, 
and we may suppose w written instead of y throughout them. 

82. Limits as s: tends to a. Suppose that lim {;/) = ^ 
and write 

11—2 
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As y^-0, x^-a and '\^(x)—l, and we are naturally led to write 

or simply lim i^ (i«) = ( or if" (x)-^l, and to say that ■^jr {x) tends to 
the limit I as x tends to a. The meaning of this equation may 
be directly and formally defined as follows : if, given e, we can 
always determine t} so that 

l*W-i|<« 

for all values of x such that 0<\x — a\ = j;, then 

In other words, given any positive number e wc can find another 
7/ such that if x is different from a, but its difference from a is less 
than 7), ij> (x) will differ from I by less than e. 

By restricting ourselves to values of jb greater than a, i.e. by 
replacing 0<\x — a\^r} by a<x^a + 7i, we define '<f>{x) tends 
to I when x approaches a from the right'; which we may write as 
lim <l>(x) = l. 

Similarly wc define 

lira 4,(x)^l. 

Thus lim ^(ai) = ? is equivalent to the two assertions 

lim ^(a^) = i= lim ^(x). 

And we can give similar definitions referring to the cases in 
which <p(x)-*-+ CO (or — oo ) as x->'a through values greater {or less) 
than a ; but it is probably unnecessary to dwell further on these 
definitions, since they are exactly similar to those stated above in 
the special case when a = 0, and since we can always discuss the 
behaviour of ^(x) as x-t-a by putting x = y-^a and supposing 
that y-s-0. 

Examples XXXVI. 1. If 

thea 0(:e)+iJ/(a')*6+e, ^{a:)'^{ic)'^hc, and <t>(w)l^(a)-*b!e, uolees in the 
last cajse e—0. 

[We saw in g 79 that the theorems of Ch. IV, §@ 56 et seq. hold also for 
fimctions of x when .k-^oo (or — tc). By putting x = ~ljy we may extend 
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them to functions of ,y, when^-*-0, and by patting y=x+a to functions of a;, 

The reader should however try to prove them directly from the formal 
definition given above. Thus, in order to obtain a strict direct proof of tho 
first result he need only take the proof of Theorem I. in Ch. IV. and write 
throughout a: for n, a for =o and 0<|3r— *|gij instead of m*)i(,.] 

2. If w is a positive int^er al^—0 as x-^0. 

3. If VI is a negative integer **«-» + aj as a^-»+0, while a^-*— co or 
+ 00 aBs;-^-0, according as m is odd or oven. If w(=0, ^=1 and ^""■♦l. 

6. lira [{a + bx+ ... +l:x^)l{a+^+ ... +Ka^)]^ala\mhm a = 0. If o = 

the function tends to -(-co or — oo , as w * + 0, according as a, i3 have like or 
unlike signs; the case is reversed if a:-*--0. 

6. lim ,j!^=oi", if m is any i)Ositive or negative integer. 

[If m>0, put w=j/+a and apply Ex. 4. When m<0 tbo result follows 
from tho theorem concerning l/(()(a;). There is one esceptiooal case, viz. 
when a=0 and m is n^ative. 

It follows at onco tliat if P(.r) is any polynomial, limP(x)=P(a).'] 

7. lim B{x)^B(a'), if M denotes any rational function and a is not one 
of the roots of its denominator. 

8. Prove that if x and a are positive and unequal, and m is any rational 
number greater than 1, 

while if 0<m<l signs of the inequalities must be reversed. 

[Suppose first that a = l aad let m=pjq. It follows from the inequality 
(3) of § 67 that, if J is any number greater than unity, 

?-15(?'/2)(l«-l) 
aceordii^asp5?i ^^^ i* i^ ^^7 ^^ s^i l^y eimilar reaaoning, that the result 
remains true if 0<5<1, though both sides of the inequality are then 
negative. Writing x^lt for | and nt for pjq we obtain 

!o"'-lim{w-\) (1), 

according as m.'^l. If now we replace x by \jic, and multiply by -3f", we 
obtain 

iiM^-i(a;-l)5;iT™-l .,. (2). 

From (1) and (2) the result follows in the case of «=1. The proof may now 
be completed by writing a^/a for x.'] 

9. Show that the inequality stated in Kx. 8 holds also if «i is negative. 
Obtain corresponding inequalities when a: and a are both n^ative. [See 
Chrystal's Algebra, vol. ii, pp. 43-45.] 
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10. Deduce from Es. 8 that lim *■"'—«"'.&!■ all rational vahies of m, 

except ■when a=0 and in is negative. 

[This follows at once, when a is positive, from the inequalities of Ex. 8. 

For 

where S is the greater of the absolute values of nu^""' and Min"'"'. If a 
ia negative we write x=-y and a= — h. Then lim ^'" = 1101 (-1)'"^"' 
=(-l)'>'6-=a™.] 

83. The reader will probably fail to see at first that any proof 
of such results as those of Exs. 4, 5, 6, 7, 10 above is necessary. 
He may ask ' why not simply put jk = (or ;c = a) ? Of course 
then we get a, a/a, ii™, P(a), fi(a).' It is very important that he 
should see exactly where he is wrong. We shall therefore consider 
this point carefully before passing on to any further examples. 

The statement lim <f)(w) = l 

is a statement about the values of <f)(x) when ic has any value 
distinct from but differing hy little from 0*. It is iiot a statement 
about the value of ^(«) when, x=0. When we'make the state- 
ment we assert that, when x is nearly equal to 0, («) is nearly 
equal to I. We assert nothing whatever about what happens 
when X is actually equal to 0. So far as we know or care («) 
may not be defined at all for a; = ; or it may have some value 
other than I. For example, consider the function defined for all 
values of x by the equation i^ {x) = 0. It is obvious that 

lim 4.{x) = Q (1). 

Now consider the function ^ {x) which differs from ^{x) only 
in that, when x = (i,-^{x) = 1. In this case too 

lim^(a^) = (2), 

for, when x is nearly equal to 0, -^{x) is not only nearly but 
exactly equal to 0. But i/r(0) = l. The graph of this function 
consists'of the axis of x, with the point a.'=0 left out, and one 
isolated point, viz. the point (0, 1). The equation (2) expresses 
the fact that if we move along the graph towards the axis of y, 
from either side, the ordinate of the curve tends to the limiting 

* Thas in Def. A (g 81) we make a atatemant about values of y euoh that 
0-=|i/j^5j; the first of these ineqaalitiBS being ineerted expressly in order to 
exclude the valii^ y-O. 
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value : this is obvious from the fact that the ordinate is equal 
to ail the time. This fact is in no way affected by the position 
of the isolated point (0, 1). 

If the reader objects to this example on the score of 
ai-tificiality it is easy to give him simple formulae representing 
functions which behave precisely like this near x = 0. One is 

where [1— a;'] denotes as usual the algebraically greatest integer 
contained in 1 — a^. 

For if a; = 0, ■^(x) = [l] = l; while if 0<ic<l or -l<a;<0, 
0<l-a!=<landsoV-(a;) = [l-it^] = 0. 

Or again, let us consider the function 

already discussed in CIi. II (§ 14, (2)), This function is equal 
to 1 for all values of a) save a: = 0. It is not equal to 1 when 
(C = 0: it is in fact not defined at all for x = Q. For when we say 
that (x) is defined for k = we mean (as we explained in Ch. IJ, 
I.e.) that we can calculate its value for x — by putting ic = 
in the actual expression of <^ («). In this case we cannot When 
we put x = in ^(ic) we obtain 0/0, which is a meaningless 
expression. The reader may object ' divide numerator and de- 
nominator by X.' But he must admit that when a:=0 this is 
impossible. 

Thus 7/ = x/x is a function which differs from ?/ = 1 solely in 
that it is not defined for ce=0. None the less 

lim {m/m) = 1 
for xjx is equal to 1 so long as x differs i'rom 0, however small the 
difference may be. 

Similarly <l>{ai) = {{x+iy-l]/x = x + 2 so long as x is not 
equal to 0, but is undefined when x — 0. None the less 
\im<l>ix) = 2. 

On the other hand there is of course nothing to prevent the 
lijnit of ^{x) as x tends to from being equal to ^(0), the value of 
<p{x) for ic=0. Thus if <p(x) = x. (f>{0) = and lim0(«) = O. 
This is in fact, from a practical point of view, i.e. from the point 
of view of what most frequently occurs in applications, the 
ordinary case. 
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Examples XXXVII. 1. lim (a:^-a^)l{x-a)=2m. 

2. lim {a"''-a'")/(a'— a)=nta"'-', if m is any integer (koto excluded). 

3. Consider the caae in which a>0 and m = |. [Use the equation 
(^ii:—.Ja)l(x^a)=ll{y/x+^/a): the same method maybe applied to estend 
the result of Ex. 2 to tho case in which m is the reciprocal of any positive 
integer.] 

4. Show that the result of Ex. 2 remains true for all rational values 
of m, pTOvided a is positive. 

[ltx=^, a=lfl, then, by Ex. 3, y— 6 as *■-*«, and 

,.,.-a,.. ^ ,^^ |/^px /,,-M| 

a.-« x-a y^y^'b^ y^bW&'-l' Jl^l/-bJi 

=pb^-llqh'-i = (plg) aiPl«>-'. 

If g is odd the restriction that a is positive ia unnecessary. The reader should 

also deduce the result directly from the inequalities given ia Ex. sxsvi. 8.] 

5. lim {a?— 2«''+l)/(^— 3,^4-2) = !. [Divide numerator and denomi- 
nator by a: — l.] 

6. Diacuss tho behaviour of 

as X tends to by positive or negative values. 

[If m»j, lim^(«)=0. If m=«,hmi^(a>) =00/60. If i)i<w and n-m ia 
even 0(a:)-»OT or 0(:c)-»-oo according as 0^/60 > or < 0, If ™<ra and 
m-misodd^^^)^^.^.+=o,,jMf)^j— " ''^(^f^^,-*-"='(^f5],^+=° ^''■ 
cording as (fo/60 > or < 0.] 

7. Orders of smallness. When a; is small a:* is very much smaller, 
it* much smaller still, and so on ; in other words 

hm (:(^/j;) = 0, lim (^/3fl) = 0, .... 

Another way of stating the matter is to say that when x tends to 0, 
a:\3^, ... aU also tend to 0, hut ,r^ tends to much more rapidly than x, ^ 
than a:\ and so on. It is convenient to ha\e some scale bj 'which to measure 
the rapidity with which a functim whose limit, as % tends to 0, ia 0, 
diminishes with x, and it is natural to take tho iim]ile function's a, j', r', ... 
as the measures of our scale. 

We say, therefore, that rfiix) is of the first oidii of smaHneas if <p{x}l3! 
tends to a limit other than zero as j: tends to Thus 2-t+33^+v' is of the 
first order of smaUness, &icce lim (2j; + 3j"8+ji)/jr=2 

Similarly we define the second, third, fouith, orders of smallness. It 
must not be imagined that this scale of oiders of amallnesa is m anv way 
complete. If it wpie complete every function 1^(1) which tcnda to zei 1 with 
.r would be of eithei the tirst ur sec m 1 or lome highei oidei if si ittllness. 
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This ia obvioualy not the case For eiample •^{j;) = i'" tenda to zen injie 
rapidly than x^ and Ic^ iipidly than c^ 

The readei may Dot unnaturally ttink that uur scale might he made 
complete hy inUudmg m it fiactional orders of ^malliie^ Thus ne might 
say that x'l' wais ot the |th order of smallne^s We shall howe\cr tee htei 
on that such % scale of eiders would still be altogether incump!ete And 
as a matter of ftct the tntegial orders of imillnesa defined above are so 
Diiich more important in ipphcations than any others that it is hardl; 
necessary to attempt to make our definitions moie pieci-ie 

Orders of graatn^s Similar definitions aie at once suggested to meet 
the case in which tji(x) is large (positneh oi negatively) when c i'. small 
We shall say that 0{r) is of the l\h order of greatness when j is small if 
^{x)J!ir''=!^<j>{j;) tends to a limit difieient from zftro as v tends to 

These definitions hive reference to the case in which r-*0 There aie ot 
course corresponding dehnitions relating to the cases in which t-»-QO oi a 
Thus if a^<{/(x) tends to a limit other than zero, as a^-»co , we say that 4i{x) 
is of the ith order of smallness when x is large : while if (a;— a)*0(it;) tenda 
to a limit other than zero as x-^a, we say that ip(.v) is of the X^h order of 
largeness when .-c is nearly equal to a. 

*8. limV(H-a;)=IimV(f-a^) = l. [Put 1+*- (or l-a--)=»/, and use 
Ex. xxsvi. 10.] 

9. lim{^(l+iif)- ^{1 — x)]lx = l. [Multiply numerator and denominator 
byV{l+«)+^/{l-^).] 

10. Consider the behaviour of y{l+X^)-^{l-a:"')}lx" as x-^O, m and 
Si being positive integers, 

H. Umy(l+^+^)-l}/^=i 

12. limW(H-*>)-K/(l+^^)}/W(l-*=)-v'(l-^)i = l- 

13. Draw a graph of the function 

Has it a limit as 3;-*01 

[y = l except for ^^ = 1, g, i, j, when j/ is not defined, and )/-*^l as ,r-^0.] 

14. lim(sin;K)/.i^-l. 

[It ia proved in books on elementary Trigonometry (it follows in fact from 
thedeflnitionsof the trigonometrical ratios and of circular measurejf that if ic 
is positive and less than ^jt 

sin«<a'<tan3; 

' In the eEB,mple9 whioh follow it is to be assumed that limits as x-<-0 are 
reqnireil, unleas (as in Exs, 2S, 27) the contratj is eiplicitlj stated, 

+ The definition of circular measure presupposes tliat any aro of a circle has 
associated with it a de&nit^ number called Its length, and theproof of the inequalities 
which follow depends on certain properties of the ' length. ' which, are taken to be 
geometrically intuitive, as that the length of the arc ia greater than that of the chord 
of the arc. These questions will be discussed more fullj in Ch. VII. 
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or C08*<(sia.-.)/^'<l 

or 0<l-(sma!)/*<l-coa;K=2sm4j?. 

But 2sin^iA'<2(i^)S<ia-^. It follows at ouce that 11m {1 - (sin.-c)/.T;} = 0, 
I— +1) 
and lim {sin:K)/jf=0. Aa (sin.ir)/^ is an even function the result follows, 

We note that 1 - {sin x)lx tends to with x at least aa rapidly aa ^^^,] 

16. !im(l-oo3a-)/*5=^. 16. lim(sinna^)/«=o. Is this tnio if a=0? 

17. \vca{l-Qa%ax)ji;^=\a\ 

18. lo the figure OP=l, A6p=a.taAP=x, PN^max, ON^aosx, 
PT=t!aix, OT=aeci:. Show that when x is small PJV, PA, PT are of the 
first order of amallnese, ifA and AT of the second, and the triangle PJ!fT 
of the third. 




19. lim(arcsin^)/.s = l. [Put o^-slny.] 

20. lim(tautur)/a-=o, lim(arctan(tc)/a;=n. 

21. Showthat(ain»M;)/(einM), (tan»ij;)/(tanMi), (arcsio mj;)/(arcsia)M!), 
(arctan«i^)/(arctan)u.'), (sin «w;)/(taii ?«.■) and (aretftn)!M:)/(arcainiu;) all 
tend to the limit vij-n as a.'-»-0. 

23. lim(cosec^-cota')/^=.J. 23. lim{l+oosfl-a-)/tanS5r;c=i (as :e-!-1). 

24. How do the functions sin (I/«), (I/M)sin(I/a^), a:Bin(l/a;) behave 
as a--*07 [The first oscillates finitely, the second iiifiiiit<ily, the third 
tends to the limit 0. None is defined for j/ = 0. See Ess. XVI.J 

25. Does the function 

-(-3/(-i) 

tend to a limit as x tends to ? 

[iVo. The function is equal to 1 except when sin(I/A') = 0; i.e. when 
A'=I/jr, l/2jr, ,.., — l/w, -l/25ri.... For these vaJiies the expression of y 
assumes the meaningless form. 0/0, and y is therefore not defined for an 
infinity of values of itnear j!=0.] 

26. Prove that lim M=0, lira M=-l. 

a;*+fl ai-»--0 

27. Prove that, if m is any integer, [j^]-3-m and x~[!i:]—0 as a:-<-m+0, 
and [.i^]-*M!.-l, j;-[a^]-*.i as ar-*-m— 0. What are the corresponding limits 
for the functio™ Jl^-[t]}, (,-[^]f, W+V(»- W), «+(=.- W)'I 
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28. Find tbe limita of [9.^ and [1-afi] aa j:-»-+0 and a-^-0. 

29. Fnnctions which steadily increase or decrease as w^ai-0. If 
there ia a segment to the right of a, say («, a+B), such that 0(jt") g0(a;') if 
a<a+x"<a+3,''^a.+8, 0(a)) is said to increase steadily aa j.'-*(t+0. Simi- 
larly we define what is meant by saying that <^(*) increases steadily us 
i--*a-0, and there are corresponding definitions for decreasing functions. 

Show (of. §§ 64, 80) that if tp(x) steadily increases as a;-*a+0, then 0(a) 
tends to a limit or tends to +so as x—a-i-O. State tbe corresponding 
theorems for the other oases. 

Do the functions considered in Exs, 26-28 steadily increase c 
asa^-s-a+O, ora;-*(i-0(wherea=Oornt as the case may be) ^ 



30. Show that (sin ;c)/« steadily 
the equation 



*4-A 



^(x+k) 



);-* + or ;fH--0, [Use 



^■] 



84. Continuous fVinctions of a real variable. The 

reader has no doubt an idea as to what is meant by a oontinuo^is 
carve. Thus he would call the curve G in Fig. 38 continuous, 
the curve C discontinuous. 

Either of these curves may be regarded as the graph of a 
function ^(ic). It is natural to call a function continuous if its 




graph is a continuous curve, otherwise discontinuous. Let us 
take this as a provisional definition and try to distinguish more 
precisely some cf the properties which are involved in it. 

In the firet place it is evident that the property of the 
function y = ip(x) of which C is the graph may be analysed into 
some property possessed by the curve at each of its points. 
To be able to define continuity for all values of m we must first 
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define continuity for any parHculw value of x. Let us there- 
fore fix on some particular value of x, say the value a: = ^ 
corresponding to the point P of the graph. What are the 
characteristic properties of ^{x) associated with this value of ic? 

In the iirst place ^{x) is defined for x = ^. This is obviously 
essential. If 0(^) were not defined there would be a point 
missing from the curve. 

Secondly ^ (x) is defined for all values of x near (e = ^; i.e. we 
can find an interval, including « = 5 in its interior, for all points 
of which {x) is defined. 

Thirdly if x approaches the value ^ from either side qb(«) 
approaches the limit <l> {^). 

The properties thus defined are far from exhausting those 
which are possessed by the curve as pictured by the eye of 
common sense, This picture of a curve is a generalisation from 
particular curves such as straight lines and circles. But they are 
the simplest and moat fundamental properties ; and the graph of 
any function which has these properties would, so far as drawing 
it is practically possible, satisfy our geometrical intuition of what 
a continuous curve should be. We therefore select these properties 
as embodying the mathematical notion of continuity. We are thus 
led to the following 

Definition. The function <fi{x) is said to be continuous for 
a; = f if it tends to a limit as a: tends to | from, either side, a/nd 
each of these limits is equal to tf>{^). 

We can now define continuity throughout an interval. The 
function <j>(io) is said to be continuous throughout a certain 
interval of values of x if it is continuous for all values of x in that 
interval. It is said to be continuous everywhere if ifc is continuous 
for every value of x. Thus the function whose graph is C is 
continuous for every value of a; except x = ^' and x=^". It is 
continuous in the interval (^,, ^^. 

If we recur to the definitions of a limit we see that our 
definition is equivalent to ' {x) is continuous for x = ^ if, given e, 
we can choose ■?? so that \(p(x)~<f)(^)\<€ if O^lx-^lSr/.' 

86. This form of the definition may be illustrated geometric- 
ally as follows. Draw the two horizontal lines y = (t>(^)±e (Fig. 
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39), Then 1 (a;) — ^ (^) | < e expresses the fact that the point 
on the curve corresponding to a; lies between these two lines. 




Fia. 39. 
Similarly I a;— 1^1 Si? expresses the fact that ic lies in the interval 
(^~V> ? + '?)■ Thiis our definition asserts that if we draw two 
such horizontal lines, no matter how close together, we can always 
cut off a. vertical strip of the plane by two vertical lines in such 
a way that all that pai't of the curve which is contained in the 
strip lies between the two horizontal lines. 

This is evidently true of the curve G {Fig. 38), whatever value 
^ may have. 

We shall now discuss the continuity of some special types of 
functions. Some of the results which follow were (as was pointed 
out) tacitly assumed in Ch. II. 

Examples XXXVIII. 1. The sum orproductof two functions continuous 
at a point is continuous at that point. The quotient is aJso continuous 
vmlesfi the denominator vanishes at the point. [This follows at once from 
Ex. xxsvT. 1.] 

2. Any poljnomial is continuous for all values of x. Any rational 
fraction is continuous escept for values of x for which the denominator 
vanishes. [This follows from Exs. xxxvi. 6, 7.] 

3. .Jj; is cont u f all positive values of x (Ex. xxxvr. 10). It is not 
continuousfor;i;=0 alth ugl t equal to when a^=0 and also tends to the 
limit 03 X tends t Vy p t ve values. In fact ^x-^0 as x-^+0, but 
not as ^-*--0, / s t defined for negative values of a; and both 
conditions are w nt*d f nt uity. Similarly for a^'" where m, n are any 
positive integers at n 

4. Discuss the contmuity or discontiuuity of ^l'\ where n is odd, 
for x=0. 

6. l/.r is not contiauous for j^=0. It has no value for iK = 0, nor does it 
tend to a limit as s'-s-O. In fact l/.i;-*-+co or -*- 1» according as x-^-O by 
positive or negative values. 
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6. Discuss tbe contintiity of a;-™'", where m and n are positive integers, 
for^=0. 

7. The standard rational fuBction i((i;)=P(r')/^(^) is discontinuous for 
x=a, where a ie any loot uf y(jl=0 

Thus (^4-l)/(^^ 3J.+2) is diBooiitiiiuuua for j=l. It will be noticed 
that in the case of these fiinctions a disu)ntm«ity la always associated with 
(a) a failure of the definition for a particular talue of x and (6) a tending of 
the function to +co oi —an an % appioaches thia value from either side. 
Such a particular land of point of di^contmiuty m usually described as an 
infinity of the function. 'Infinities' are faifrom being the only possible kind 
of points of discontinuity ; but they are the kind of most common occurrence 
in ordinary work, 

8. Discuss the continuity of 

V1(«-.)(S-* IH{'-'){>-'% V{(»-«)/(»-»')), !!{{•- <t>Kl'-')). 

9. sin X, cos x are continuous for all values of x. 
[For sin(.t+/.)-sitt*=2sin^co3(:c+iA) 

which ia numerically less than the numerical value of h. Similarly for cos ,r.] 

10. For what values of x are tana;, cota;, sec^, coseca; continuous or 
discontinuous ? 

11. \i flji) is continuous for y=ri, and •fi{x) is a continuous function of 
^ which is equal to jj when x=^, then/{^{«)} is continuous for *'=^. 

13. sin{sina;) is continuous for all values oi x. 

13. If ^(x) is continuous for any particular value of a;, any polynomial 
in ^(.c), snchasa(0{^)}™+..., is so too. 

14. ocos^ar+ftain^.c is continuous for all values of x. 

15. Discuss the continuity of 

\j{aco&Kr.+hsm^x\ V(2+cos^), ^{l + mnx), l/V(l+sin,r). 

16. sio(l/*0, ^sin(l/.i!), x^^m{llx) are continuous except for ,^=0. 
[Apply Exs. 9 and 11.] 

17. The function which is equal to ji;sin(l/a;) except when x = 0, and to 
zero when x=Q, is continuous for cdl values of x. 

18. \jv\ x~\x'\ are discontinuous for all integral values of x. 

19. For what (if any) values of x are the following functions discon- 
tinuous: [:^j, yx\, {x~[x-\)\ v'(^-M), M + ^/(^-M), M, H + [2^], 

20. OlaiBBificatiou of diBContlniiities. Some of the preceding examples 
Biggest a classification of different types of discontinuity. 

(1) Suppose that $(«) tends to a limit as x-^a either by values 
greater than or by values less than a. Denote these limits by G and L 
respectively. Then, for continuity, it is necessary that ^(a^) should be 
defined for x=a, and that G~L^^{a.). Discontinuity may arise in a 
variety of wavs. 
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(a) O may be equal to L, but (a) may not be defined, or may differ 
fromCandi. Thus if 0(a;)=a;sin(l/j^) aud a=0, 0=1 = 0, but 0(a^) is 
not defined for x=Q. Or if ^{x)={l-s?'] and a=0, (3=X=0, but 
*(0)=1, 

(3) G and L may be unequal. In tbia case ^{a) may be equal to one 
or to neither, or be undefined. The first case is illustrated by ^{x)=[x\, 
when (for a=0) G' = 0=./>(0), £=-1: the second by ^ (a;) =[*]-[ -a^], 
wben = 1, L= - 1, 0{O)-O, and the third by ^(3!) = [a-]+a-sio (l/;p), when 
(?=0, L= - 1, and ^(0) is undefined. 

In any of these cases we say that 0(x) bas a simple discantinnity at 
.■»=(!, And to these cases we may add those in which one of C or Z exists, 
but ^{x) is only defined on one side of a=a, so that there is no question of 
the existence of the other limit. 

(2) It may be the case that only one (or neither) of G and L exists, but 
that {supposing for example G not to exist) i^ (»■)-* +«; or -co as ai-^a+O: 
so that {x) tends to a limit or to + oo or - co as .r approaches a from either 
side. Such is the case, for instance, if ^(:E) = I/a;or \lx\ and «=0. In such 
cases we say (of. Ex. 7) that ,*-=a ia an infinity of ^(x). 

And ^ain we may add to these cases those in which ^(a')-«-+oo or -to 
as x-^a from one side, hut is not defined at all on the other side of ^=a. 

(3) Any jjoint of discontinuity which is not a point of simple discon- 
tinuity nor an infinity is called a point of oscillatory diBCOntinnity. 
Such ia the point 3^=0 for the functions sin(l/A'), (1/,?) sin (!/»■). 

21. What is the nature of the discontinuities at x=0 of the functions ; 
(.in*)/', (l-co..)/^, V», [»] + [-»■], »««>■•■. ^(COMO.), oo>eo(i;r), 
«n(l/«)/.m(i;«)I 

22. The function which is equal to 1 when m is rational and to when 
je\% irrational (Oh. II, Ex. xvii. II) is discontinuous for a?^ values of .r. So too 
ia any function which is only defined for rational or for irrational values of m. 

23. The function which is equal to m when x ia irrational and to 
V{(l+i3')/(l+2^} when ar is a rational fraction flq (Ch. II, Ex xv 12) s 
discontinuous for all negative aud for positive national val es of « but 
continuous for positive in-ationdl values. [This is not very ob o a d f 
the reader can see it he may be sure that he understands the nat re f 
continuity and discontinuity.] 

24. For what points are the functions considered ia Ch. I\ , E s sx i 
discontinuous, and what is the nature of their discontinuities? [Consider, 
e.g., the function y= lim ;e"{Ex. 5). Here ?/ is only defined when - I<.?:^1; 

it is equal to for -1<3:<1 and to 1 for x=\. The points x=±l are 
points of simple discontinuity.] 

86. The fundamental property of a continuous function. 

It may perhaps be thought that the way in which we stated (§ 84 
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above) the property which a function must have, in order that its 
graph may satisfy our common sense notion of what a continuous 
curve should be, is not the simplest or most natural way possible. 
Another method of analysing our idea of continuity is the fol- 
lowing. Let A and B be two points, whose coordinates are x^, 
tf)(Xo) and w„ 0(a^i) respectively, on the graph of <j>{x). Draw 
any straight line L which passes between A and B. Then 
common sense certainly declares that if the graph of <t>(x) is 
continuous it must cut L. 

If we consider this property as an intrinsic geometrical 
property of continuous curves it is clear that there is no real 
loss of generality in supposing L to be parallel to the axis of x. 
In this case the ordinates of A and B cannot be equal : let us 
suppose, for definiteness, that if>(a:i)><j>(a:g). And let L be the 
line y = Jj, where (j> («„) < jj < (aji). Then to say that the graph 
of ^ («) must cut i is the same thing as to aay that there is a 
value of ic between x,, and iCj for which <^ (ic) = i]. 

We conclude then that a continuous function 0(ic) must 
possess the following property : if 

and i/ti<v< Vi! there is a value of x between x,, and x^ for which 
<f> (x) = 7). In other words as x varies from x„ to x^, y must assume 
at least once every value between y„ and y,. 

We shall now prove that if ip (a;) ia a continuous function of x 
in the sense defined in | Hi it does in fact possess this property. 
There is a certain range of values of * to the right of x„, for which 
(f>(x)<'i}. For <j>{xu)<7i, and so ^(a:) is certainly less than i? if 
<))(x)-<p (xo) is numerically less than 7i~-<p {x„). But since <f> (x) 
is continuous for x = Xo this condition is certainly satisfied if x is 
near enough to x^. Similarly there is a certain range of values 
to the left of x^ for which <)> {x) > rj. 

We can now easily prove our theorem by a reductio ad 
absurdum. For suppose that there is no value of x between x^ 
and iK, for which tf>(x)^i]. Then for every x in the interval 
(x^, Xi) 'f>(x) is either greater or less than jj. 

Let us divide the values of x between Xo and Xi into two classes 
T,Uas follows : 
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(1) in the class 2" we put all values ^ of at such that ^(a;) <?j 
for ai = f and for all values of x between t>;„ and ^ ; 

(2) in the class U we put all the other values of x, i.e. all 
values I such that either (^) =17 or there is a value of x between 
iK( and f for which if> {^) = V- 

Then it is evident that these two classes are related like the 
classes T and U of Ch. I, | 5, i.e. that the points of the class 
U lie entirely to the right of those of the class T, and that there 
is a point P which divides the two classes. 

Now, ex hypothesi, if Jo is the abscissa of P, (f> (f„) ^ r}. First 
suppose <fi (Jo) > 1), so that f(, belongs to the upper class ; and let 
if>{^,) = r} + k say. Then if P'(iK=n isE^nj point to the left of P, 
no matter how close, 0(J')<-jj and so 

which directly contradicts the condition of continuity at P. 

Next suppose ^(^„) = t}-k<i]. Then if P'(x=^') is any 
point to the right of P, no matter how close, either 0(J')=)7 or 
we can find another point P"(x = §") between P and P' and such 
that <f>(^")&Tj. In any case we can find a point as near to P as 
we please and such that the corresponding values of 1^ (x) differ by 
more than L And this again directly contradicts the hypothesis 
that («) is continuous at P. 

Hence the hypothesis that (x) is nowhere equal to j; is 
untenable, and the theoreiu is established. The fact is, of course, 
that (Jo) must be equal to tj. 

87. It is easy to see that the converse of the theorem just 
proved is not true. Thus such a function as the function ^(x) 
whose graph is represented by Fig. 40 obviously assumes at least 
ouce every value between 0(ic„) and ^(ic,): yet 0(ic) is obviously 
discontinuous. Indeed it is not even true that ^{x) must be 
continuous when it assumes each vahie once and once only. Thus 
let 0(a;) be defined as follows from jc = to x=\. If ic = let 
4,{x) = 0; if 0<a?<i let <\> {x) = i; - ^ ; \i x=^ let 0(*) = ^; if 
^<x<l let 0(a!)=!f-iB; and if a: = 1 let ^{x) = l. The graph 
of the function is shown in Fig. 41 ; it includes the points 0, G, F 
but wjt the points A, B, D, HJ. It is clear that, as x varies from 
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to 1, ^(ic) assumes once and once only every value between 
0(O) = O and 0(1) = 1 ; but 0(^) is discontinuous for «.'=0, ^, 1. 



'c 



As a matter of fact, however, the curves which usually occur 
in elementary mathematics are all composed of a finite number of 
pieces along which y always varies in the same direction. It is 
easy to show that if y = <\>{(b) always varies in the same direction 
(i-e. steadily increases or decreases) as x varies from iCo to iCi, the 
two notions of continuity are really equivalent, i.e. that if ^{so) 
takes every value between 0(iKo) and ^(aij) it must be a continuous 
function in the sense of § 84. For let ^ be any value of ai between 
a!„ and x^. As sc-*^ through values less than f, 0(a:) tends to 
a limit I. Similarly as x~*-^ through values greater than ^ it 
tends to a limit V. Moreover I &^{^)& V, and the function will 
be continuous for a; = | if and only if 

; = 0(f) = r. 
But if either of these equations is nntruo, say the first, it is 
evident that ^(«) never assumes any value which lies between I 
and 1^ (f ), which is contrary to our assumption. Thus ^ {x) must 
be continuous. The net result of this and the last section is 
consequently to show that our commonsense notion of what we 
mean by continuity is substantially accurate, and capable of precise 
statement in mathematical terms. 

88. Inverse functions. The reader is already familiar with 
some examples of inverse functions: thus arc sin i); and arc tan a; 
are the functions inverse to sin x and tan x. GenerftUy, \i y = <f>{^) 
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and X can be expressed in terms of y in the form x = -\^ {y), we call 
i/r the function inverse of 0, Thus if j/ = «', ai= iVy- It will be 
observed in this case that the inverse function diifei-a funda- 
mentally from the original function in two respects r it is not 
defined for all values of y, and, when it is defined, it has two 
values. Similarly if y = sin x, x = arc sin y, a> is only defined when 
— ISy^i, and then has an infinity of values. 

Let U8 suppose now, however, that 4>{'*') is a function which 
steadily increases or decreases (suppose the former) a-s x varies 
from a to h, and let ^(a) = a, 0(6) = jS. If <t>(x) is continuous, it 
assumes every value between a and ^, and conversely : we shall 
suppose this to be the case. These suppositions, however, are not 
enough to ensure that 0{«) assumes each such value once and 
only once. In order to ensure this we must exclude the possibility 
of i)>{x) revmwing stationary for any part of the time during 
which as varies from a to 6. We can do this by supposing that 
a^cc' <x"^b involves i^{x")> 0(«'), and not merely ^{(6")'^^{x), 
as we supposed in defining an increasing function in § 80. A 
function which satisfies this condition we may call an increasing 
fimction in the stricter sense, as opposed to the increasing functions 
in the wider sense with which we have hitherto been concerned. 

Then, as a: varies from a to b, <l>{x) varies from a to j3, assuming 
each value between a and ^ once and once only. Thus to a value 
of y between a and ^ corresponds one and only one value of x 
between a and b. And if we write a; = i/r(y), "^{y) is a function of 
y which has just one value for any value of y between a and ^. 
Moi'eover it is evident that "^{y) increases steadily as y increases 
from a to /3, assuming in turn, once and only once, each value 
between a and b. Finally, by §87, -^{y) is continuous throughout 
the interval (a, /3). 

Thus if y = <ji{x) is a function of x which, throughout the 
interval {a, b), is one-valued, continuous, and increasing in the 
stricter sense, then x = -iff{y)is a function of y which has the same 
properties thr&aghout the corresponding interval of values of y. 

Examples XXXIX. 1. As x increases from -\^ to ■\-\t-, y=-Aaa! is 
continuous and steadily increases, in the stricter sense, from —1 to +1. 
Hence ;p=arcsiny is a continuous and steadily increasing function of y from 
y= — \ to y=+l. Here arcsinj^ denotes the value of tte inverse sine 
whiuli lies botweoi! —\ji and -i-^?r. 

12—2 
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S. Apply similar reasoning to the function arc cosy. 

3. Show that the numerically least value of arctany is a function of 1/ 
continuous for all values of y, and increasing steadily from -^wto +^jraey 
varies through all real values positive and negative. 

89. The range of values of a continuous function^. Id 

this paragraph we shall state and prove some general theorems 
conceming continuous functions. These theorems are of a very 
abstract character, and the reader may well be tempted to regard 
them as obvious : but geneiul theorems, as he probably realises by 
now, are apt to be a good deal less obvious than they seem. 

Let us consider a function 0(ic) about which we shall only 
assume at present that it is defined for every value of a; in an 
interval («, h). 

It may be possible to assign a number G such that ^{sc)^G 
for all these values of x, i.e. such that the value of <^{x) cannot 
be greater than G, or, as we may say, ^ {x) cannot surpass G. In 
this case we shall say that <)>(x) is limited above. 

If can be assigned at all it can be assigned in an infinity of 
ways : for if <p (ic) cannot surpass G it certainly cannot surpass any 
number greater than G. But there is a least number G which 
<p(x) cannot surpass. For if we divide the aggregate of real 
numbers into two classes T, V composed respectively of the 
numbers which 0(«) can and cannot surpass, it is clear that when 
T and U are represented along the line L, as in § 5, 2" lies 
entirely to the left of U. As in § 5, there is a point P which 
divides the two classes. But in this case, since the two classes 
between them include all real numbers, the coordinate M oi P 
must belong to one class or the other. And it must belong to V. 
For if it belonged to T, ^ (x) could assume a value greater than 
M, say M+B: and then all the numbers between M and M+& 
could also be surpassed ; so that there would be points of I' to the 
right of P, which is not the case. 

Thus M is the least number which ^(x) cannot swpass: we call 
M the upper limit of (j> (te) in the interval {a, b). 

Similarly it may be possible to find a number which — {x) 
cannot surpass ; and if this is possible, it is possible to find a least 

* In this section I have for the most part followed the exposition of 
dc la Yallee Poussin {Gouts d'Auolyse, t. i. pp. 19—21), 
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number — m which — ^ {x) cannot surpass : or, what is the same 
thing, a greatest number m below which the value of {m) cannot 
sink. In this case we say that 0{a^) is limited below, and call m 
the lower limit of i^ {x). 

If both M and m can be determined in this way we shall say 
that (x) is limited throughout (a, b). And then m and M are 
the greatest and least numbers respectively such that 

for all values of x in the interval (a, b). 

If M cannot be determined <f) (ic) has no upper limit : in this 
case we can find values of (x) algebraically greater than any 
number we can assign. In the same way 0(ic) may have no 
lower limit. 

Theorem 1. 2/ (f>(a)) is continuom throughout (a, 6) it is 
limited througJiout {a, 6). 

We can certainly determine an interval {a, f), extending to 
the right from a, throughout which ^ (a;) is limited, for since 
0{.r) is continuous for x = a, we can, given any number 3, however 
small, determine an interval (a, f) throughout which ^{x) lies 
between ij>(a) — B and <f)(a) + B; and obviously ip (o)) is limited in 
this interval. 

Now divide the points f of the interval (a, b) into two classes 
T, U, putting I in y if (I) is limited in (a, f), and in U if this 
is not the case. By what precedes T cei-tainly exists : what we 
propose to prove is that U does not. Suppose that U does exist ; 
and let ^ be the value of ^ which divides T from U. Since ^{x) 
is continuous at a; = ,9 we can determine an interval {^ — v>^ + v) 
throughout which i^ (jS) — S<<p(x)<ip (yS) + S, however small B 
may be. Thus 0(«) is limited throughout (fi — ij/0 + r}). But 
0—7/ belongs to T. Therefore 0(jc) is limited throughout {<i,^—rj): ■ 
and therefore it is limited throughout the whole interval {a, 0+i}). 
But ^ + 1} belongs to U and so <f)(x) is not limited throughout 
(a, + 7}). This contradiction shows that TJ does not exist. And 
so («) is limited throughout the whole intei-val {a, h). 

Theorem 2. If ^(x) is continuous throughout {a, b) and M 
and m are its upper and lower limits, ^ (le) assv/mes tlie values M 
and m at least once each in the interval. 
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For since M—ij){a:) assumes values less than any assigaable 
number, l/[M~<l>{a!)] assumes values greater than any assignable 
number, and so, by Theorem 1, cannot be continuous. But 
M- ^(«) is a continuous function, and so 1I[M — (^(x)] is con- 
tinuous at any point at which its denominator does not vanish 
(Ex. xxxviii. 1). There must therefore be one such point: at 
this point tfi {x) = M. Similarly for m. 

Examples XL. 1. If ^{x)='i.js) except for s:=0, 0(a-)=O when x=0, 
<p (a;) has neither an upper nor a lower limit in any interval which includes 
^■ = in its interior, as e.g. the interval ( — 1, +1). 

2. If <j){x)=lla^ escept fora-=0, <l>{x)=0 when x--=0, <p(x) has the lower 
limit 0, but no upper limit, in the interval ( — 1, +1). 

3. Let 0(a^)=sin(lM escept for fl.-=.0, 0(a')=O when a^=0. Then ^(a^) is 
discontinuous at a^=0. In any interval (-6, + 8) the lower limit is —I, and 
the upper limit +1, and each of these values is assumed by (j>(x) an infinity 
of times, 

4. Let <ji{x) = a: — (x'\. This function is discoutinuoua for all integral 
values ot X. In the interval (0, 1) its lower limit is and its upper limit 1. 
It is equal to when x=0 or 1, but it is never equal to 1. Thus ^(^) never 
assumes a value equal to its upper limit. 

5. Let <l)(j)) = (i when x is irrational, <ti(x) = q when a: is a rational 
fraction pjq. In any interval (a, 6), ^ (x) has the lower limit 0, but no upper 
limit. But if ^{x) = ( — !)''(/ when !e = flq, 0(«) lias neither an upper nor a 
lower Umit in any interval. 

90. Oontinuons functions of several variables. The notions of con- 
tinuity and discontinuity may be extended to functions of several independent 
variables (Ch, II, §§ 21 ^ seq.). Their application to such functions, however, 
raises questions much more complicated and liifflcult than those which we 
have considered in this chapter. It would be impossible foi ua to discuss 
these questions in any detail here ; but we shall, in the sequel, require to 
know what is meant by a continuous function oi two variables, and we 
accordingly give the following definition. It is a stiaightfoiwaid t,eneral 
jsation of the last statement of § 84. 

The function <p (x, i/) of the two variablm x and y i» satd to be continuous 
forx=^, y='^if, ffiven any positive numher e however small, we can choose 6 so that 

|^(^,y)-0(|,,)|<. 
if Q^\s!—^\^S, Ogjy— ijj^fi; that is to say if vk can draw a square, lahose 
sides are parcUld to the axes of coordinates and of length 28, and whose centre 
is the point (f, tf), and which is such that the value of (x, y) at any point 
inside it or on its boundary difers from rf> (^, ij) by less than t*. 

" The reader shonld draw a tigure to illustrate the definition. 
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Another method of stating the definition ia this; rji{x, ^) ts continuous 
for3>=^,y=Tiif^{i^,'q)Udeflnedand^{x,y)-f't>{^, rj) whrn x-^^,y-^r, in 
any manner. This statement is apparently simpler; hut it contains phrases 
the precise meaning of which has not yet been explained and can only be 
explained by the help of inequalities like those which occur in our original 
statement. 

It is easy to prove that the sums, the products, and in general the 
quotients of continuous functions of two variables are themselves continuous. 
A polynomial in two variables ia continuous for all values of the variables; 
and the ordinary functions of x and y which occur in every-day analysis are 
grnieraZly continuous — i.e. are continuous except for pairs of values of x and 
y connected by special relations. 



MISCELLANEOUS EXAMPLES ON CHAPTER V. 

1. Show that, if neither a nor 6 is aero, a,*"+6j;''-i+...+i=efiB"(l+(^), 
where (^ is of the first order of smallness when m is large. 

2. If i>(*)=(M.-"+6.i5-i+...+A,then as a.- increases P(«) has ultimately 
the sign of a ; and bo has P (,t; + X) - P {x\ if X is any constant. 

3. Show that in general 

(<u;" + 6a"-i + ... + t)/(^a-" + aK"-i + ... + -ff) = a + (3W(l + *^) 
where a = ajA , ^={bA- aB)jA ' and i^ is of the firat order of smallness when 
X is large. Indicate any exceptional cases. 

4. Express {a3!^-^ha:-i-c)l{Ax^-\-Bx-^G) 
in the form a+W^)+(y/^*)(I + fA 
where f^ is of the first order of smallness when x is large. 

5. Show that lim ^a!{V(j^ + o)-x/*} = ^a. 

[TJse the formula V{-^+(()-v'.i'=«/{\/(a^+«)+\/4'] 

& Show that v^{a^ + (i)=Va^+Hci/^j^)(l+Ej, where t^ is of the first order 
of smallness when .v is large. 

7. Find values of a and & such that V(«^^ + 26^ + e) - lu; - j3 has the limit 
as a— -n ; and prove that lim xy{a:^+2hx+o)-ax-&\={ac~h^)l2a. 

8. Evaluate lim a;y[ii^+V('^+l)]-W2}. 

9. If a3^-\-'ibwy-\-oy'--¥Zdx-^%ey = and A=2bde-m^-cd^, then one 
value of J is given by y=ax-^^+yi>fi{\+e^), where 

a=-dje, ^-A/2e3, y={ed'-he)A!2<^, 
and (i is of the first order of smallness when x is small. 
[If y— o*=ij wo have 
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say. It is evident that ?j is of tlio second order of smallness, xrj of the third, 
and ij2 of the fourth ; and -2e']=A«'^+iiABafl, the error being of the fourth 
order.] 

10. 'lfa: = ay + hi/^-i-c^\ theoone vahieof j/isgiven by 

whereo = l/«, 3=-6/a', ■y = (2&a-ae)/aS aud(;,iBof the first order of small- 
ness when X is small. 

11. If x=a^ + b^', where n is an integer greater than unity, then one 
value of y is given by ^=o«+,8ic"+ya>-i(H-ei). where o=l/a, ^—-hjce'*'; 
y=mJ2/(t^^"', and t^ is of the (M-l)th order of smallness when « is small. 

12. Prove that (aec«-tanx)*0 as ^— Jtt. 

13. Prove that 0(a:) = l— cos(l -coaa^) is of the fourth order of smalluess 
when a: is small ; and fiud the limit of (x)lx* as ik-j-O. 

14. Prove that i^(a;)=a'sin{sin;c)-aiu^ic is of the aisth older of siiiailness 
when X is small; and find the limit of <fi (jt)/.*' as x^Q. 

15. From a point T in a radius OA of a circle produced, a tangent TP is 
drawn to the circle, touching it in P, and PN is drawn perpendicular to OA. 
Show that NAjAT-^l as P moves up to A. 

16. Tangents are drawn to a circular ajc at its middle point and its 
extremities ; A is the area of the triangle formed by the chord of the arc and 
the two tangents at the extremities, aud A' the area of that formed by the 
three tangents. Show that, as the length of the arc tends to zero, A/a'-»4. 

v.. For what values of w does {a+sin (1/;^)}/;*; tend to (1) +-d, (2) -co, 
as aj-i-O? [To -l-cD if a>l, to -co if a<-l; if -1 gag 1 the function 
oscillates.] 

18. For what values of a: ia the function <j,{j:) = \— lim ^(cos^tt*) con- 
tinuous or discontinuous? 

19. Show that the least positive root of the equation sina:=a;i; is a 
continuous function of a throughout the interval (0, 1 ), and increases steadily 
from to IT as a decreases from 1 to 0. [The function is the inverse of 
(Bni)/«i.ppl,§8a] 

20. The least positive root of tan^ = tu! is a continuous function of a 
throi^hout the interval (1, co), and increiises steadily from to \-rr as a 
increases from 1 towards to . 

21. If tl>(x}=ilq when x=plSi ^(^)=0 when x is irrational, i^(a^) is 
continuous for all irrational and diacontrnnous for all rational values of o^. 

22. Let ^(a;)=a; when a: is rational and (^(a:) = l— arwhen m is irrational. 
Show that, as :» increases from to 1, i/i (x) assumes every value, between 
and including and 1, once and once only, although ij> (xj is discontinuous 
for every value of x except x= ^, 
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CHAPTER VI. 

BERIVATIVES AND INTEGRALS 

(a riHST CHAPTER IK THE DiFFEHBNTIAIi AND INTEGRAL CaLCULDS). 

91. Derivatives or Differential Coefficients. Let us return 
to tht! consideration of the properties which we naturally associate 
with the notion of a curve. The first and moat ohvious property 
is, as we saw in the last chapter, that which gives a curve its 
appearance of connectedness, and which we embodied in our defini- 
tion of a continuous function, i.e. a function whose graph is a 
continuous curve, such as the curve C of Fig. 38. 

The ordinary curves which occur in elementary geometry, such 
as straight lines {which we have agreed, for convenience, to class 
as curves), circles and conic sections, have of course many other 
properties of a general character. The simplest and most note- 
worthy of these is perhaps that they have a definite direction at 
every point, or what is the same thing, that at every point of the 
curve we can draw a tangent to it. The reader will probably 
remember that in elementary geometry the tangent to a curve at 
P is defined to be ' the limiting position of the chord PQ, when Q 
moves up towards coincidence with P.' Let us consider what is 
implied in the assumption of the existence of such a hmiting 
position. 

In the figure (Fig. 42) P is a fixed point on the curve, and Q 
a variable point; PM, QN are parallel to OY and PB to OX. 
We can denote the coordinates of P hj lo, y and those of Q by 
x-\-h, y-Vk: h will be positive or negative according as N lies to 
the right or left of M. 

We have assumed that there is a tangent to the curve at P, 
or that there is a definite ' limiting position ' of the chord PQ. 
Suppose that the tangent at P, PT, makes an angle i/r with OX. 
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Then to say that PT is the limiting position of PQ is equivalent 
to saying that the limit of the angle QPR is i/f, when Q approaches 
P along the curve from either aide. 




We have now to distinguish two cases, a general case and an 
exceptional one. 

The general case is that in which i|r 4= a"" ■ i'®- -^ ^ ^^ ^^*^*' 
parallel to OY. In this case RPQ tends to the limit i/f, and 

iJQ/PiJ = tan fiPQ, 
tends to the limit tan i/r. Now 

RQjPR = (NQ - MP)IMN= [4> {x -+h)~^ (x)]lh. 
Hence lim {•^{x + h)-<^{x)\jh = t&nf (1). 

The reader should he careful to note that in all these equa- 
tions all lengths (such as RQ) are regarded aa affected with the 
proper sign (e.g. RQ is negative in the figure when Q lies to the 
left of P), and that the convergence to the limit is unaffected by 
the sign of h. 

Thus the assumption that the curve which is the graph of 
^ {x) has a tangent at P, which is not perpendicular to the axis of 
X, implies that ^ («) has, for the particular value of x corresponding 
to P, the property that {<^{x+h) — i^{ai)]jh tends to a limit when 
h tends to zero. 

This of course implies that both of 

{^ (* + A) - ^ {^)}lh, {<!> (*■ -A) -4. (*■))/( - A) 
tend to limits when A-»0 by positive vahies oidy, and that the two limits 
are equal. The reader will easily convince himaelf that if these limits exi^t 
but are not equal, the curve 2' = 0{a") has ao angle at the particulii point 
■Tonaidered, In such a case the curve might of course he said to La\e tvo 
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directions at P, or two tangents. At any rate it has not one definite tangent 
or direction (see Fig. 43). 

Now let us suppose that the curve has (like the circle or 
ellipse) a tangent at every point of its length, or at any rate every 
portion of its length which eon^esponds to a certain rajige of 
variation of a:. Further let us suppose this tangent never perpen- 
dicular to the axis of a^ : in the case of a circle this would of 
course restrict us to considering an arc less than a semicircle. 
Then an equation such as (1) holds for all values of x which fall 
inside this range. To each such value of x corresponds a value of 
tan 1^ : tan i/r is a function of x, which is dofine<I for all values of 
X in the range of values under consideration, and which may be 
calculated or derived from the original function ^ {x). We shall 
call this function the derivative or derived function of {x), and 
we shall denote it by 

Another name for the derived function of («) is the difTe- 
rential coefficient of {x) ; and the operation of calculating 
4>(x) from <^(a.') is generally known as differentiation: these 
names are by no means happily chosen, but the reader should be 
familiar with them. 

Before we proceed to consider the special case mentioned 
above, in which -^ = ^tt, we shall illustrate our definition by some 
general remarks and particular illustrations. 

92. Some general remarks. (1) The existence of a derived 
function ^'(ic) for all values of x in the interval a&x&b implies 
that at every point of this interval i^(«) is continuous. For it is 
evident that 

\im[4>{x + h)~^{x)]lh 
cannot exist unless Iim0(a; + A) = 0(iK), and it is this which is the 
property denoted by continuity, 

(2) It is natural to ask whether the converse is true, i.e. 
whether every continuous curve has a definite tangent at every 
point, and every function a differential coefficient for every value 
of a; for which it is continuous* The answer is obviously No: it 

* We leave out ot account tte exceptional case (whioli we have still to examine) 
ia which the curve is supposed to have a tangent perpendicular to OX : apart from 
this poBsibilitj the two forms of the question statetl above are equivalent. 
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is sufficient to consider the curve formed by two straight lines 

meeting to form an angle (Fig, 43). 

The reader will verify at once that in / 

this case {(f)(x + h)-^(a:)}/h has the /±\ 

limit tana as A-*-0, if axa;^, but the ^.-—"T'M'^ 

limit tan ^ if a; > «„. And [" 

{^ (a:„ + h)~<}> (w„)}/h o J^ ^ 

has no limit as h-^0. In fact it has ¥ig. 43. 

the limit tan ,8 if h-^0 by positive 

values and the limit tana if fi-*0 by negative values. 

This is of course one of the cases in which a curve might reasonably be 
said to have ijno direotiona at a x)oiiit. But the following example, although 
more difficult, shows conclusively that there are cases in which a continuous 
curve cannot be said to have either one definite direction or several directions 
at one of its points. Draw the graph of the function 3;siii(l/a:) (Fig. 16, 
Ch. II). The function is not defined for s)=0 and so is discontinuous for 
x=0. But (Exs. xxxviri. 17) the function defined by the equations 

*(.,).«.m(l/«) (^+0), *«-0 («,.0) 
is continuous for .■» = : and the graph of this function, if it could be drawn 
completely (and we can draw it quite adequately enough to obtain a general 
idea of its appearance) would satisfy our common sense intuition of what a 
continuous curve should bo like*. 

But <j>{!c} has no derivative for ce=0. For <}j'(0) would be, hy definition, 
lim{^(A)-^(0))/A or hmsin(l/^) and this limit does not eaist. The reader, 
on studying the figure carefully, will probably agree that the curve does not 
look as if it had a tangent or a definite direction at the origin. 

It has even been shown that a function of a- may be continuous and yet 
have no derivative for ony value of x. But the proof of this is much more 
difficult ; the reader who is interested in the question may be referred to 
Bromwich's lajviiite Set-ies, pp. 490-1, or Hobaon's Theory of Funaiions 
of a, Real VariabU, pp. 620-5. 

(3) Rates of Variatton. There is another general point of 
view from which the notion of the derivative of a function 0(ic) 
may be considered. Let us suppose that OM, measured along 
OX, represents the value of x, and ON, measured along OY, 
represents the value of y = ^(x): so that the corresponding point 
on the graph of (/>(ic) is obtained by completing the rectangle 
OMPN. Further, let us imagine the variation of a: as taking 

* No doubt it is a somewhat peculiar curve, bat there ia obviously no breach of 
oontinuitj. The apparently arbitrary assignment of the yalue to if:{x) for .r = 
is ia reality natural enough — it merely amotmts to the filling in, so to say, of a 
single point previously missing in the curve 1^ = 3; sin (l/:c). 
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place in time, so that M moves along the axiy oi x: it is most 
convenient to suppose that it moves steadily in the same direction 
with uniform velocity V, so that at time (, OM — a;= Vt. 

Let us suppose that i + T is 
a time a little after or a little 
before t, according as t is positive 
or negative : and let M', N', P' 
denote the corresponding posi- 
tions of M, N, P. Finally let 
OM' — x + h,so that h = Vt, and 
let ]fP cut M'P' in R 

Then if 0(a!) is a function 
such as those which we have been considering, the ratio RP'jPR 
converges to a limit, say I, when t-^0; I is in fact the same as 
tan->/^ in § 91. 

Also NN'lT = RP'/r={RP'IPRXPR/T), which has the limit 
VI when r-^0. But the Hniit of NN'/t is precisely what is meant 
by the velocity of N. Thus the value of the derivative 0'(*) 
represents the velocity of JV compared with the velodiyy of M. If, aa 
is simplest, we suppose that M is moving with unit velocity, then 
^'{x) is actually equal to the velocity of iV. Another way of 
expressing the same thing is to say that i^'(x) represents the 
rate of increase of <p (x), taking the rate of increase of a: as our 
standard ; if (a.') is decreasing, this ' rate of increase ' is of course 
negative. 

It is evident that the geometrical apparatus, by means of 
which we have arrived at this notion of the meaning of ^'{x\ is 
not essential. There is no reason why we should imagine the 
values of y represented along a line perpendicular to OX: this 
representation was adopted merely to show that our present point 
of view is not essentially distinct from that of § 91. Another way 
of looking at the matter is as follows. Taking V^l as above 
we have !B = t: and'^there is no need for any special geometrical 
representation of a: at all: iC is the time t, simply, and we may 
regard the time t itself as the independent variable. We may 
simply take a line Zand suppose the values ofi/=0(S) represented 
by the lengths OQ measured along this line from a fixed point 0. 
If, at time *, OQ = •l>{t), tj>' (t) is the velocity of Q at time (. 
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Exatnple. The reader is no doubt familiar wifcli ttie formulae 

for a particle moving in a line with 'uniform acceleration /' He will easily 
prove from the definition of a derivative that if B^itl-i-lffi^il>{i), then 
,/,'(() =«+/;, i.e. rj,'{t)=v. The rate of increase of s is v; and Biroilarlj the 
rate of increase of v i& f. 

Examples XLI. 1. If rl>{x) is a constant, c^'(^) = 0. Interpret this 
result geometrically. 

2. If iji(x)=x, <p'{x) = \. Prove this (a) from the formal definition and 
(6) by geometrical considerations. 

3. liip{x)=ax+b, <j>'(x)=a. Again interpret geometrically. 

4. If ^(«)=a^, where m is a positive integer, •p'<je}=mX^-^. 
[For <l>'{x)=]im{{3;+h)---.x"']lh 

=lim|m.t^-i+^^^^-^^'"-2/i + ...+A'"-il. 

The reader should observe that this method cannot be applied to x^% 
where p/q ia a iraction, as we have no means of expressing (tc+h)"'" as a 
finite series of powers of A. We shall show later on (§ 98) that the result 
of this example holds for all rational values of m. Meanwhile the reader 
will find it instructive to determine (^'(^c) when m has some special fractional 
value (e.g. ^), by meaais of some special devica] 

5. If ^ (at) = Bin 37, 0' (a:) = cos a;; and if 0C«)=cos«, <j,'{x)^ -aiax. 
[For example, if ^(«)=sinii:, 

»(«+i)-*(i)j;*.{SmJ4 00.(1+ J4)l/4 
the limit of ivhich is oos« when A-»0, since Umcos{a;+^A)=coa.i; (the cosine 
being a continuous function) and Urn {{sin i/i)/^A} = 1 (Ex. XXXVII. 14).] 

6. Eqiuatiotts of the tangent and normal to a cnrve y=<ii(x). The 
tangent to the curve at the pohit (a^o, j/g) is the line through (^ry, yd) which 
makes aa angle ^ with OX, where tan^=^'(3;o). Its ec[viation is therefore 

y-2'o=(^---Ko)0'W; 
and the equation of the normal {the perpendicular to the tangent at the 
point of contact) is 

(*/-yo)*'(^o)+^-J^i)=0. 
We have assumed that the tangent ia not parallel to the axis of y. In 
this special case it is obvious that the tangent and normal are a = xt, and 
y=yo respectively. 

7. Write down the equations of the tangent and normal at any point of 
the parabola j;^ = 4Qiy. Show that if Xa = 2ajm, >/o=fl/n'^ is a point of the 
curve, the tangent there is ^^■m,j/+(alm). 

8. Find the equations of the tangent and normal at any ]X)int (m, e^jnt) 
of the rectangular hyperbola ay = c\ 
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9, Write down the equations of the tangente at any points of the curves 
^=siait;, y=oosa^; and find where they make a given angle a with the 
axis of a;. 

93. We have seen that if 0(«) is not continuous for a value 
of ai it cannot possibly have a derivative for that value of co. 
Thus Ija? cannot have a derivative for a; = : oor can any 
function, such as sin (1/ic), which is not defined for as = and so is 
necessarily discontinuous for x = (i. Or again the function [x\, 
which is discontinuous for every integral value of x, has no 
■derivative for any such value of «. 

Ss^mple. Since [*■] is constant between every two integral values of x, 
its derivative ie Kero for all values of * for which it is defined. Thus the 
derivative of [a;], which we may represeut by [wj, is a function equal to zero 
for all values of x save integral vahiea and undefined for integral values. It 

is interesting to note that the functions [x]' and 1 — ; are the same 

fancHon. 

We saw too in Ex. xxxviu. 7 that the types of discontinuity 
■which occur most commonly, when we are dealing with the very 
rsimplest and most obvious kinds of functions, such as polynomials 
or rational or trigonometrical functions, are associated with an 
equation of the type 

(a;) * + X (or — CO ). 
In all these cases, as in such cases as those considered above, 
there is no derivative for certain special values of w. In fact, as 
was pointed out above, all discontinuities of '|>(ic) ave also discon- 
■tinuities of 0'(«). But the converse is not true, as we may easily 
'see by considering the special case referred to in § 91, in which the 
^raph of 0(ic) has a tangent parallel to OF. The most typical 
■cases are shown in Fig. 4-5. In cases {<:) and (rf) the function is 
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two valued on one side of P and nob defined on the other. In 
such cases we may consider the two sets of values of </f (ic), which 
occur on one side of P or the other, as defining distinct functions 
^(ic) and i^^ix), the upper part of the curve corresponding to ^(a^). 
The reader will easily convince himself that in {a) 

as /j-*0, and in (6) 

while in (c) 

[<^,{x + A) - ^,{a>)]lh^ + oo , [0,(^ + h) - ^,{x)]lh -^-x, 
and in (d) 

though of course in (c) only positive and in {d) only negative 
values of h can be considered, a fact which by itself would preclude 
the existence of a derivative at P. 

94 Some general rules for differentiation. Through- 
out the theorems which follow we assume that the functions 
/(ce) and F(«) have derivatives /'(«) and F'(x), for the values of 
a; considered. 

(1) I/<p(a))^f{ai) + F(x), <f)(a;) has a derivative 

f(«.)=/'(^) + i^'W. 

(2) If ijt{x) = af{x), wkere c is a constant, /^(a:) has a de- 
rivative i/i'(i») = ef'{o-). 

We leave it as an exercise to the reader to deduce these results 
from the general theorems on limits stated in Ex. XXXVI. 1. 

(3) Jf <^ip)=f{x)F{x\ <f}(x)has a derivative 

For f (») = lim (/(« + h}F(x + li) -f(x) V(x)]j1i 
= ,im |/(. + i) A" * \ - -^W + f (.)/l»±^-rZWl 
=f(x)F\x)^t(f!)f(x). 

(4) <l,(x) = ll/(x) has a derivative i,-{x)--f'(x}llf{x)\'. 
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In this t'neorem we of course suppose that /(«) is not zero 
for the particular value of x under consideration. Then 

( /W-/(^ + t) l_ /'(«) 



fM = limj 



(5) <j)(x) ^f{x)jF{x) has a derivative 



fW 



/'MJ^W -/(»)*" W 



This follows at once from (3) and (4). 

(6) ip{x)=/{x + a) has a derivative <f>'(x)=/'(x + a). 

(7) ^{x)=f{ax)has a derivative (j>'(x)^af'(ax). 
The proof of the first of these two theorems we leave ai 

exercise to the reader. As regards the second, we have 

^'(^) = »Um {f(ax + ak}-f{acv)]lah, 
or, putting ax — u and ah = k, 

*• W = « lim !/(« + i) -/(.Ol/i - «/'(») = »/'(■»)• 

(8) f(x) =/(<xic + h) has a derivative 0'(a:) = af\ax + 6). 
This follows at once from (6) and (7). 

Thus if /(.If) = sin ;K, ^ (a^) =sin (a^+ 6), /'(ic) = C08.-C, and ^'(«) = tt cos (a.) 
Ill particular, if a=l and 6=Jir, 0(ic)=cos:eaisd <f,'{a>)= — sin^. 

The theorems (6), (7), (8) are capable of simple geometrical interpretations. 
Thus the graph of ^(ic)=/(*+a) is obtained by translating that of f{a:) 
through a distance a parallel to the axis OX; and the tangent to the curve 
y^rPi^), at the point whose abscissa is x, is parallel to the tangent to the 
curve y=/(a^) at the point whose abBcieaa is x + a. 

The graph of ^(3:)=/ (ax) may be obtained from that of /(x) by a 
geometrical construction which is probably sufficiently clear from Fig. 46 
(where a = 2). 
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Here tj>'(x) = tanZPT' and /'(2a') = tan LPT, and the equation 0'(;c) = %f(2x) 
eipresaes the fact that the 'gradient' at P' of the locus of P' is twice that at 
i> of the locus of i*. 

Later (§ 108) we shall prove a much more gciieral theorem of 
which (6), (7), (8) are particular cases, 

(9) If y=4>{^)> where <f> is the/unction inverse to ■fjr, so that 
w=i}riy), and -^{y) has a derivative ifr'(y) which is not equal to 
zero, then ^{x) has a derivative 0'(*) — l/^'Cy)- 

¥Qri{4,(x + h) = i/ + k, &-*0 as /i-»-0, and 

The last function may now be expressed in terms of x by means 
of the relation y = 0(«), so that <^'(''') ^ V'^' {"Pi^)]' This theorem 
enables us to differentiate any function if we know the derivative 
of the inverse function. 

95. Derivatives of complex functions. So far we have 
supposed that y = <j>{x) is a purely real function of as. If y is a 
complex function (f>(x) + iyfr{x), we simply define the derivative 
of y as being ^'(a;) + i'>jr\w). The reader will have no difficulty in 
seeing that all the theorems proved above, except (9) (to which we 
cannot at present attach any meaning when y is complex), retain 
their validity iu this case. 

96. The notation of the differential calculus. We have 
already explained that what we call a derivative is often called a 
differential coefficient. Not only a different name but a different 
notation is often used ; the derivative of the function y = (f>{x) 
is often denoted by one or other of the expressions 

''^' dx 

Of these the last is the most usual and convenient ; the reader 
must however be careful to remember that dyjdx does not mean 
'a certain number rfi/ divided by another number dx': it means 
' the result of a certain operation D^ or djdx applied to y = ip («),' 
the operation being that of forming the quotient [(p(ce + h)-~ ^{x}]/h 
and making A-*0. 

Of course a notation at firat sight so peculiar would not have been 
adopted without some reaaon, and the reason was as follows. The denomi- 
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rator A of tho fraction {<^{x+h)~fj>{ti!)}lh is tho difference of the values x-i-A, 
(s of the independent variable x ; siniilarly the numerator ia the difference of 
the corresponding values •^{x+k), <t{x) of the dependent variable j. These 
differences may be called the tnorementg of x and y respectively, and denoted 
by dx and Sy. Then the fraction ia dyjSx, and it ia for some purposes 
convenient to denote the limit of the fraction, which is the same thing as 
^'(x), by dyldw. But this notation is purely symbolical ; the dy and dx 
which occur in it cannot be separated ; standing by themselves they would 
mean nothing: in particular d^ and dx do not mean limSj/and lim&P, these 
limits being simply zero. The reader will have to become familiar with this 
notation, but so long as it puzzles him he will be wise to avoid it by writing 
the differential coefBcient in the form D^y, or using the notation ^(«), i^'(*), 
as we have done in the preceding sections of this otapter. 

The first five theorems of § 94 may of course at once be 
translated into this notation. They maybe stated as follows; 

dx dx da> ' 

dx dx ' 



(1) if y^y, + y„ 

(2) if,y = c(/,, 



(*) 



1*. 



The new notation is less convenient for the theorems (6), (7), 
(8). But theorem (9) may be expressed simply by the equation 

(») l=V©- 

Examples XLII. I. If y=sinxcos3r=^sin2a', find dyjdv by means of 
Theorem (3) and also by means of Theorems (2) and (7), and verify that the 
results are in 



2. Since (cos2;i; + sin=a^)" = l, it follows that D^{oos^j: + ^n^3:)''=0. 
Verify this by expanding and differentiating each term separately. 

3. If ^/^^/lysysthen 









dx 


..,«£ 


^ifm-^+niy: 


•di' 


and if 


';/=,'/ij/2- 


.y«, 
















dy 
dx 


= S 5/,y3. 


.■yr-iy.+i--y. 


it, 
■A- 


In 


paitioular 


, if j/ = !^, 


iy/cfc... 


i^-'{dildx). 
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4. If J=yiy2...2'„, thei; 
In particular, if y=s", 



5. Employ Theorem (9) aad Es. 3 to show that the differential coefficient 
of «™ is ma!^ ~ ^ for all rational valuea of m. 

[First suppose in.= \!q, where q is an integer. If y=x^i^, ^=^ and 
rfy/ii»=l/(rf«/arj)=(l/3)y-'-.(l/j)rf«-'. Next, if m^plq, y=zT, where 
e=;i;''», and the proof may be completed by means of the result of Es. 3.] 

6. If y=arcsiua^, a^i=ain^ and 



dx I \ci)/J 



^ ^(1^. ■<:")■ 
The positive sign must be chosen if cosy is positive, and in particular if 

97. Standard forms. We shall now investigate more 
systematically the forms of the derivatives of a few of the 
simplest types of functions. 

A. Polynomials. If <p{x)^aaic" + a^x"-'+ ... + an,theii 

<l>-{x) = na,x'^^ + (n-l)a^a:''-' + ...+a,^,. 

It is sometimes more convenient to use for the standard form of a 

polynomial of degree w in a; what is knowu as the binomial form, 

or the form with binomial coefficients, viz. 



^G) 



...+w„ 

which differs from the first form in that the coefficients are taken 
to be (t )<*i. {i})'^^' ■■■ instead of a„ a^, .... In this case 

The binomial form oi ij)(a:} is often written symbolically as 
{«o, a^, ..., a^'^x, 1)"; 
and then tj>'(a!) = n{(i„, a,, ..., a^^,'^x, 1)"~'. 

We shall see later that rj>{a;) can always be expressed as the 
product of n factors in the form 

*W-a.{a,-<,,)(«-«.) ■••(«-«.). 
where the a'3 are real or complex nunibers. Then 
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the notation implying that we form all possible products of )i — 1 
factors, and add them all together. This form of the result holds 
even if several of the numbers a are equal; but of course then 
some of the terms on the right-hand side are repeated. The 
I'eader will easily verify that if 

then 4>'(^) = o^%m,(a:- «,)'"'-(«' " ".)'"- ■ ■ ■ (^ ^ a.)™- 

Examples XLIII. 1- Show that if <p{^) '^ '^ polymnuial, tj>'{w) is the 
coefficient of A in the expansion of <p{3)+k) in powers of k, 

2. If (p{!v) is divisible by (^-a)^, <p'{x) is divisible by x-a: aod 
generally, if <j>(x) is divisible by (x-af, <t>'i^) is divisible by (x—a)'"^'. 

3. Conversely, if <j>{x) and (^'(ic) are both, divisible by a^-a, (l>{x) is 
divisible by {x-ay; and if </i(j[;) is divisible by if -a and <tt'{x} by (:»— o)™~', 
^(a;) is divisible by (x-a)". 

4. The multiple roots (if any) of ij>{x)=0 are the values of a- given by 
equating to zero the b.c.f. of<p(x} and ^'(jk). 

5. Find all the roots, with their degrees of multiplicity, of 

6. If (M;*+36a:+e has a double root, i.e. is of the fcrm afr-a)^, then 
3(ffa'+6) must be divisible by ^-a: i.e.a=-6t Th s value of « mual 
satisfy aa^ + 26a- + (!^0. Verify that the coiiditiDn thus iriived at is 

7. The equation l/(:E-a) + l/(a;-6) + l/(iE-c)-0 eau have a pair of 
equal roots only if a=i=c. (MalL Trip. 1905.) 

8. Show that a3^ + ab:r^+3cx + cl=0, 

has a double root if 6^ + 43^3=0^ where H=aa-&, G = o?d-^abo-\-'^}fi. 

[Put ax-\-b=y, when the equation reduces to y^-[-3Bi/+G=0. This 
must have a root in common with y^+H=0.] 

9. The reader may verify that if o, j3, y, 6 are the roots of 

the equation whose roots are 

ft»{(a-(i)(l-»)-(7-.)0-S)), 
and two similar expressions formed by permuting a, 3, y cyclically, is 

where ^3=oe-4M + 3c=, ff3 = aae + 2hcd-ad^-e!}^-G^ 

It is clear that if two of a, 0, y, 3 are oquaJ two of the roots of this cubic will 

be equal. Using the result of Ex. 8 we deduce ^s^- 27^3^=0, 
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10. If <j)(x:) M any polynomial, then, betumen. any pair of roots of ip{x)=Q 
lies a root of <p' {x)=0. 

A general proof of this theorem, applying not only to polynomials but to 
other classes of functions, will be given later. The following is an algebraical 
proof valid for polynomials only. We suppose that a, S are two successive 
roots, repeated respectively w and n times, so that 

*«.(,-.)-(}-«■»(,), 

where 6 (x) is a polynomial which has the same sign, say the positive sign, for 
a^x^^. Then 

= (^-a)"'-lfe.-^)"- [(^-a)(y-i3)fl'(^) + {m(y-0)+«(*-a)}fl(^)] 

= {.^-«)'»-'(y-|3)''-ii^(^), 
say. Now F(a)=m,{a-ff)e(a) and F{ff)=n{^-a)6(^), which have opposite 
signs. Hence F{a:), and so ^'{a:), vanishes for some value of m between 
a and |3. 

98. B. Rational Functions. If 

R{_x) = P{co)iq{x) 
where P and Q are polynomials, it follows at once from § 94 that 

j;'W= (P'MQW-PWffWl/ieWJ-, 

and this enables tia to write down the derivative of any rational 
function. The form in which we obtain it, however, may or may 
not be the simplest possible. It will be the simplest possible if 
Q{x) and ^{x) have no common factor, i.e. if Q{sb) has no repeated 
faotor. But if Qix) has a repeated factor the expression which we 
obtain for R'{x) will be capable of further reduction. 

It is very often convenient, in differentiating a rational 
function, to employ the method of partial fractions. We shall 
suppose that Q(fl'), as in § 97 above, is expressed in the form 

a^{x- a^f'ix - o^Tk. . {x - a„)"'^ 
Then it is proved in treatises on Algebra* that Riw) can be 
expressed in the form 

+ «-., + («-»,)-+■■•+(«-«.)-.+ 

where 11 {x) is a polynomial, i.e. as the sum of a polynomial and 

* See e.g. Chrystal's Algebra, vol, i, pp. 151 et icq. 
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the sum of a number of terms of the type 

where a is a root of Q(,«) = 0. We know already how to find the 
derivative of the polynomial: all that remains, therefore, is that 
we should determine the derivative of the function written above, 
in which, it must be remembered, a may be real or complex. 

We shall first establish the following proposition: the de- 
rivative of af" 1b mcif^~^, for all integral or rational values 
of m, positive or negative. 

We have already seen (Ex. XLI. 4) that this is ao when m is 
a positive integer. The more general result (which was proved 
indirectly in Ex. XLIi. 5) is a mere covolJary from Ex. XXXVIi. 4. 
For,if 0(a;) = a^"', 

From this result it follows at once, by Theorem (6) (§ 94) that if 

^ (ic) = Al(x ~ a)P then 0' (x) = - pAj{x - a)P+', provided a is real. 

We shall however require the result for complex as well as for real values 

of a. Wc shall therefore give a direct proof applicable to tho case in which 

p ia a positive integer and a has any value whatever. Then 

{[^ + h-a)-'-~{^-a)-P)lk^^{^-{-h-a)-''[^-a)-P[{^^h-„y-{x-ay}lh 
which, when we expand (je + h — a)'' in powers of h bj the Binomial Theorem, 
and make h tend to 0, obviously tends to 

-(l-a) — {?(«-■)•-)--?(»-.)-•-. 

We are now able to write down the derivative of the general 
rational fnnction R (a;), in the form 

^,.1 2^,,, ^.,1 2^,,, 



Examples XLIV. 1. Differentiate 

l/(»-<.)(i-S)(i-.), {x-a)l(x-m-:-c), («— )(«,^6);(«,-.)(«-i), 

»/(«*+.■)(«■+»■), (»'+<.");(»'+n («-«)»;(.»+<i)'(.i»+4"). 

2. The derivative of {as^+&3:+c)j{Aa^-^2Bx-^-G) is 

{^ax+^){BI+C)-^b!c^■e)^Ax+B)]|{^^^^■^Bx^■C)'. 
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3. Show that V(^ + l) = {W(^+'-'))-M(^-')} 

and l/{l + ^s) = {J/(^ + l)} + {W(« + «)} + (W/(-^ + »'')} 

where 01 and m* are the complex cuhe roots of unity. Write down the 
derivatives of the functions and verify that they agree with the results 
obtained by means of the fornmla R' = {P'Q-PQ')j^. 

4. If Q has a factor {x - a)'", the denominator of R' (when reduced to its 
lowest terms) ia divisible by («-o)™*' but by no higher power of (a: — n). 

5. In no ease can the denominator of B' have a simple factor a; -a. 
Hence no rational function (such as \jx) whose denominator contains any 
simple factor can be the derivative of another rational function. 

99. C, Algebraical Functions. We add a few examples 
connected with the differentiatioa of irrational algebraical func- 
tions. At present we are not in a position to consider this 
€[uestion systematically, as the theorems which we have proved do 
not furnish us with any simple or convenient method of finding 
the derivative even of so elementary a function as ^{1 +^)- The 
further consideration of the subject must be postponed until 
^ 108-9. 

Examples XLV. 1. The derivative of x™ is ina-'""' for ajiy rational 
value of m (§ 98). Deduce from Th. (8) of g 94 that the derivative of 
(a^ + fi)"" is ™a(a^-l-6)'»-i. 

2. Find the derivatives of 

^(l+^r), V(l-^), s/{(l+^)/Cl-^)}, J{{ax+b)i(.c:c+d)], {(l+^)/(l-^)}"', 
(1+V^)/(1-V^),W(*+1)+^/(^-1)}/{V(^+1)-V(^-1)},(<m;+6)"'(«+<^)-. 

3. Show that if y^Ja^-¥j{^+^x) then x=y*l{2y-^\f. Show that 
d.r/rfy=4y(^+l)/(%+l)' and deduce that 

dx 2V.rt V(.-i^+v'a')r 

100. D. Transcendental Functions. We have aheady 
proved (Ex. SLI. .5) that 

Dj sin X = cos X, Dx cos it = — sin x. 
By means of Theorems (4) and (5) of § 94 the reader will 
easily verify the following formulae r 

Dx tan X = sec^ x, B^, cot x==~ cosec^ x, 

Dx sec X — tan x sec x, D^ cosec ic = — cot x cosec x. 
By means of Theorem (8) the reader can write down the 
derivatives of tan {ax + b), cot (ax + h), etc. And by means of 
Theorem (9) we can determine the derivatives of the ordinary 
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inverse tngonoraetrical functions, as was shown ia Ex. xi.ll, 6 
for the function arc sin x. The reader should verify the following 
formulae ; 
Di arc sin iC = + 1/^(1 - ^'')' ^^ ^'^'' Gosic=^ l/\/(l — x^), 

i)„arctaniK=l/(l+«^), D^arecot«=-l/(l+a!^), 

i)3;arcsec«=+l/|iB-/(iC*-l)], IJ^ arc cosec jb = + ll[a:>/{x^—l)]. 
In the case of the inverse sine and cosecant the ambiguous sign 
is the same as that of cos (arc sin x) ; in the case of the inverse 
cosine and secant the same as that of sin (arc cos x). 
The more general formulae 
Dx arc sin (x/a) = ± Ij^ia' — x% D^ arc tan {xja) = (t/(iC^ + aF), 
— which are easily derived from Theorem (7) of § 94 — are also of 
considerable importance. In the first of them the ambiguous 
sign is the same as that of ([cos[arcsin{ic/a)j, since 

a^{l-{x?la-)] = ±^f{a?-x') 
according as a is positive or negative. 

The classes of functions which we can now differentiate are 
Uraited, and will have to be extended later on. But the reader 
will find the results which have been proved sufficient for many 
interesting applications of the Calculus. 
Examples XL VI. l. Differeotiate 

sin^^a', cos5(aa.'+6), seo'a^, tana^+secjr, cotic+cosec^, 
(l+8in.^)/(l-sin^), (a+6cos^)/{a-6c<,s:^). 

2. Prove that if !/=(tanit;+seca')™ then dyjdx—myav!':x; ftiid establish a 
similar result for (cotiK+coaeca!)'". 

3. If y=cos(u;+i8ina^, dyjdic — aiy. 

4. Differentiate XQiyax, i^mx)jx. Show that the values of x for which 
the tangents to the curvea y=a; COS a;, )/=(siniK)/a^ are parallel to the asia of a; 
are roots of ix)tx=x,t&nx=x respectively. These equations may be solved 
graphically in the way esplained in § 20 and Exs. xvni. 

5. Verify by differentiatiou that arc a: n a' + arc cos « is constant for all 
values of a: between and Jir, and arc tana^ + arc cot a; for all positive values 
(,tx. 

6. It is easy to see (of Ess. sviii.) that the equation sin*=a*, where a is 
positive, haanorealrootsescept a;>=Oif (i>l, andif t«l a finite number of 
roots which increases as a diminishes. Prove that the values of a for which 
the numbei- of roots changes are the values of cos J, where | is a positive rcot 
of the equation tan^=g. [The values required are the values of a for which 
y=ax touches !/=sin a;.] 
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7. Show that 

determining in each case how the ambiguous sign depends on that of a and 
the value of the function chosen. 

101. Repeated differentiation. We may form a new function 
<f)"{ie) from <f>'{x) just as we formed <^'(iK) from tpiaf). This 
function is called the second derivative or second differential 
coefficient of 0(«). If t/ = <)>(x), we may also write <p"{a)) in any 
of the forms 



r, „ f dy d^y 



In exactly thfi same way we may define the nth derivative or 
nth differential coefficient of y = ^ («), which may be written in any 
of the forma 

But it is only iu a few cases that it is easy to write down a 
general formula for the nth differential coefficient of a given 
function. Some of these cases will be found in the examples 
which follow. 

Examples XLVn. I. lt<l){3:)=^,<l,W(:s)=m,{in---i)...{m~ii+l)sf'~\ 

2. It <l>(^)={ax+br, 4>M(:,)=m(ni~l)...(m-^+l)a-(<^-+bT-. In 
these two examples m may have any rational value. If m is a positive 
integer and n>m it is clear that ^l"'(^) = 0. 

3. The result of Ex. 1 enables us to write down the Hth derivative of 
any polynomial. Thus if ^(a')=.j:'' — 3**+*'— 11, 

0|3)(.j;)=^7.e.5a^-3.6.5.4!:3 + 4.3.2a>=21O:c*-36Oa^+24a'. 

4. The formula 

i)..(j;(.-a).).(-l).,(y + l)...(f + ,-l)J/(j!-.).", 
enables us to write down the jith derivative of any rational function expressed 
in the standard form as a sura of partial fractions. 

5. Prove that the «th derivative of 1/(1 - x^) is 

6 Leibniz' Theorem If !/ is i pioduct ^i'/^, and we can form the 
first a derivatives of y, and 1/^, we can foim the nth derivative of y by 
mpins of Jeilmt^ Theorem, which gives the lule 

= sQ-0.'-"yi..«/yii. 
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In this formula BJ'yi, DJ'y^ must be interpreted as moaning aimply yi 
and y^. To prove the theorem we observe that 

o^^{yiy^=l>^^yi-y2-i-'il>xyi-D:,}/i+yiD^^yr, 
and so on. It is obvious that hy repeating this process we arrive at a 
formula of the typo 

■0«''(2'iS'2) = -0«"yi-y2 + »n.:-Oi''"^J'i--0*y2 + «", 2■O^""^^'l-0xV2+■■■+yl-0)!"y2■ 
Let us assume that a„,r=( j for r=], 2, ... n— I, and show that if this 
is so then K„+i.r=('*"'"'^) for r = l, a, ... ». It will then follow by the 
principle of mathematical induction that an,r = { ) for all values of n and r 

When we form D^^^iyiy^ by differentiating Z>^"(j^iyi) it is clear that the 
coefficient of B^" '''''' 'yi.B/, 



.^,-,-(;y(,:H'r)- 



This establishes the theorem. 

7. Find ^("){a') when (pQe) is any one of the functions x/(l+a), x^l(l-.v), 
xmn:e, ai^coa^. Verify, in the case of the first two functions, that the 
results agree with those obtained by the method of partial fractions. 

8. The mth derivative of s^f{x) is 






^V"(^) + " 



1.2 {m-n + 2)r 
the series being continued for n + l terms or until zero terms occur. 

9. Differentiate 11(1 ~^^) = {ll{l+x}}{ll{l-a:]} n times by means oi 
Leibniz' theorem. [The result is n\ •% {(- l)'-/(l+*)'- + = (l-3;)"-'- + '}. It is 
easy to verify that this result agrees with that of Ex. 5.] 

10. Prove that i)/cosa; = cos(.j; + ^mir),B/8inaT=3in[a; + Jm)r). 

11. If y=.^cos«w^+-Bsin»i«, theni)/y+m=y=0. And if 

2/ = ^coa«u; + Bsinm.t;4-i'„(^), 
where Pniie) ia a polynomial of degree n, then Di" + ^^ + m^i)i""^i^ = 0. 
13. If x^D^^y-\-xDy-{-y=f), then 

3?D^''*^y+{in+\)!cD''+'^y-\-{7i'^-^l)Dg''y=Q. 
[Differentiate n times hy Leibniz' Theorem.] 

13. If U^ denotes the »th derivative oi {Lx-\-M)j{x^-2Bx-\-C\ then 
fZfvnta^ ^-^+^fer^ C^«.i+ C:„ = 0. {Math. Trip. 1900.) 
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[First obtain the equation for «=0 ; then differentiate n times by Leibniz' 
Theorem,] 

14. The nth derivatives oiaKa^+x^) and xjicfi+o!^). Since 

and a similar formula for i)^''{it;/{a* + a^}. If p = J{afl-Va^), and d is tlie 
numerically smallest angle whose cosine and sine are ^jp and a/p, then 
a:+ai=p Ois fl and s;~ ai=p Cis ( - 6), and so 

Z>/{a/(»^+^)}={(-l)"™!/2i}p — '[Ois{(«,+l)^)-CisS-(j.+I)d}] 
= {-l)''»i!(^ + a2)-(-*'l«sia{(« + I)arctan(,tM)}. 
Similarly 

These results enable us to write down the «th derivative of (X,r+n)/(a^+a^) ; 
that of (Ka!+ii)l(Ax'+2Bx+<T), where E^<AG, so that the roots of the 
denominator are comples, may be found in the same way if we first make 
the substitution Ax+B=At. When the roots are real the function tan be 
expressed in the form {Hi{x~a)\ + {Kl(x~^)}, where H, K, a, (9 are real, and 
the nth derivative can he written down immediately in a real form. 

15. Obtain identities from the equations 

i)/(j^.a^)=i>/a^'"*", i)/(MS«sina!) = Jfl/sin2a;, 
calculating the left-hand sides by Leibniz' theorem and the right-hand sides 
directly. 



16. 


Prove that 
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, Establish the formulae 
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20, If a:i^ + M^ + b^^+2gx + 2fy + c=0, 

then d^ldx =-{<uc + hj +ffWis + hl/+f) 

and d^yjdx^=-{ahc + ^fgh.-ap-hg'^-ch^)j{hx+by-^ff. 

102. Some general theorems concerning derived func- 
tions. In all that follows ■we suppose that {x) is a function of 
X which has a derivative ^'(^) ^°^ '^^ values of x in question. 
This assumption of course involves the continuity of ^(«) (§ 92 (1)). 

The meaning of the sign of ^'{x). Theorem A. If 
0'(«i,)>O, 0(a:) increases with x in the neighbourhood of x = Xt: 
it is, moreover, au increasing function of x in the stricter sense 
(§ 88) ; that is to say we can find a small interval of values of w, 
stretching away from ic„ on both sides, and such that if x, and (C, 
are any values of x in this interval, and x^ < x^, then tf>(xi) < <p{x2). 

For, as k-*0, [^ (x^ + h) — (j> {te^]lh, converges to a positive limit 
4>{x^. Tills can only be the case if, for sufficiently small values of 
fe, <^(iC„ + A) — 0{iCo)and Ahave the same sign; and this is precisely 
what the theorem states. 

Of course from a geometrical point of view the result is 
intuitive, the inequality 0'(ir)>O expressing the fact that the 
tangent to the curve y = ^{a>) makes a positive acute angle with 
the axis of w. 

Cob. 1. If <f>'(x)>0 for all values of x in a certain interval, 
^ {x) is an increasing function of x {in the stricter sense of § 88) 
throughout that interval. 

Cor. 2. If <l>'(x)>(i throughout the interval {a, b), and 
(f) (a) = 0, then cf> (x) is positive throughout the i/rvt&rval {a, b). 

The reader should formulate for himself the corresponding 
theorems for the case in which (f>'{x) < 0. 

An immediate deduction from Theorem A is the following 
important theorem, generally tnown as RoUe's Theorem : 

Theoeem B. If <}> (a) = and ^ (&) = there must be at least 
one value ofx which lies between a and b and for which if)'(x) = 0. 

There are two possibilities : the first is that i^ (x) is equal to 
zero throughout the whole interval (a, b). In this case <p'{x) is 
also equal to zero throughout the interval. If this is not so there 
must be at least one value of x for which <}>{x) is positive or 
negative, say positive. By Theorem 2 of § 89, there is a value 
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^ of x, nob equal to a or b, and such that {^) is at least as great 
as the value of ip(a:) at any other point in the interval. And 
^'(f) must be equal to zero. For if it were positive, ^(f) ivould 
bean increasing function in the neighbourhood of x=^, and so 
there would be greater values of (»') than (p (f). Similarly we 
can show that 0'(f) cannot be negative. 

Cor. If <f> (a) = ^ (b) = k there must be a value of x between a 
and b, such that (j>'{a;) = 0. 

We have only to put (f>{a:) — k — yjr(a:) and apply Theorem B 
to i/^(ic). The reader should consider the obvious geometrical 
meaning of this theorem and its corollary. 

103. Maxima and Minima. We shall say that the value ip{^) 
assumed by if>{tv) for x=^ is a maximum if ip (f) is greater than 
any other value assumed by (x) in the immediate neighbourhood 
of i»=^, i.e. if we can find an. interval (f— 8, ^+S) of values of 
as such that 0(|)>0(«) for ^-B<x<^ and |<ic<f +S: and 
similarly we define a minimum. Thus in the figure the points A 
correspond to maxima, the points B to minima of the function 




Fici. 47. 
whose graph is there shown. It is to be observed that the iact 
that As corresponds to a maximum and £j to a minimum is in no 
way inconsistent with the fact that the value of the function is 
greater at B^ than at .^a- 

Theorem: C. A necessary condition for a maximum or 
minimum, value of (f>(x) at x = ^ is that tp' (f ) = 0*. This follows 
at once fronr the fact that 0(a.') cannot be an increasing or a 
decreasing function at ic = |^. In geometrical language the tangent 
at x = ^ is parallel to the aids of x. 

* A fUQCtion which, like those referred to in § 9^ (y), is continuous but has 
no derivatiTe, may have maxima and minima. We are of course assuming the 
of the derivative. 
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That this condition is not sufficient is evident from a glance 
at the point C in the figure. Thus if y = :^, t}i'{i>:)^Si^, which 
vanishes when a; = 0. But a: = does not give either a maximum 
or a minimum of a?, as is obvious from the form of the graph 
of ^ (§ 13, Fig. 11). 

But there tviil certainly he a maximum for x = ^ if 0'(f) = O, 
<^' {x) > for all values of x less thart hut near to x, and 0' (w) < 
for all values of x greater than but near to x: and if the signs of 
these two inequalities are reversed there will certainly be a 



For then we can determine an interval (^ — S, ^) throughout 
which («) increases with x, and an interval {^, ^+8) throughout 
which it decreases as x increases : and obviously this ensures that 
0(^) shall be a maximum. 

This result may also be stated thus — if the sign of <l>' {x) 
x — ^ from positive to negative, then x = ^ gives 
L of 0(a.'); and if the sign of <^'{x) changes in the 
opposite sense, then x^^ gives a minimum. 

104. There is another way of stating the conditions for a 
maximum or minimum which is often useful. Let us assume 
that ^{x} has a second derivative ^"{x): this of course does not 
follow from the existence of ^'{x), any more than the existence of 
^'{x) follows from that of ^(a:). But in such cases as we are 
likely to meet with at present the condition is generally s 

Theorem D. //0'(|^) = O and <}}"{^}^0, ^{x)has a n 
or minimum for x=^: a maxi/mum if 0"(f)<O, a minimum if 

f'(f)>«- 

Suppose, e.g., <j}"(^)<0. Then <p'{x) is decreasing near iC = |, 
and so its sign changes from positive to negative. Thus ic=^ 
gives a maximum. 

105. In what has preceded (apart from the last paragraph) we have 
aisaumed simply that ^(a;) has a derivative for all values of ^ in the interval 
under consideration. If this condition is not fulfilled the theorems cease to 
bo true. Thus Theorem B fails in the case of the function 

where the square root is to be taken positive. The graph of this function is 
shown in Fig. 48. Here 0(- l)=^{l)-=0: but <l>'{x) (as is evident from the 
figure) is equal to +1 it ^ is negative and to —1 if j^ is positive, and never 
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vanishes. There is no derivative for x = 0, and no definite t 
graph at F. And in this case s: = obviously givi 
0'(O), aa it does not esist, cannot be 
equal to zero, so that the test for a 

The bare existence of the derivative 
<j) (i), however, is alt that we have aa- 
fcumed And there is one assunaption 
in particulai that we have not made, 
and that is that <f>'{T) itself is a con- 
tinuom fv.ni.twv. This raises a rather 
subtle but stil! a very interesting point. 
Can a function ^ {x) have a derivative 

for all values of (e which is not itself continuous? In other words can a 
curve have a tangent at every point, and yet the direction of the tangent 
not vary continuously^ The reader if he considers what the qu^tion 
nieaus and tries to answer it in tho light of common sense will probably 
incline to the answer, No. That this answer is wrong ie shown in the next 
set of examples (Ex. xlviii. 44). 

However let us leave this point for tho moment ai 
by assuming that the derivative 0'(ic) is continuous; a 
needed in what follows, although it was not needed i 
might of course have assumed this all along, in proving the theo 
§§ 102-103; and there would, for practical purposes, have been no harm in 
making the assumption, as in all ordinary cases there is no doubt about the 
continuity of the derivative ; but as the assumption would in no way have 
shortened or simplified the proofs of the theorems we should have gained 
nothing by making it. But in the nest theorem, and some theorems which 
will be proved later on in this chapter, the fact that ^'{x) is continuous ia 
essential to the argument. 

Theorem E. The maxima and minima of 4>{x) occur alter- 
nately. For at a maximum 0'('^) changes its sign from positive 
to negative: and, being continuous, it can only become positive 
again by passing through zero and changing sign from negative to 
positive; and this gives a minimum of 0(«). 

Examples XLVIII. 1. Verify Theorem B when ^(3^)={.p-a)'"(^-6)" 
or {x- o)'°'{x — hY{!c-cY, where m, n,p are positive integers and a<h<c. 

[The first function vanishes for cc=a and !>;=■}>. And 

vanishes for !e={nib+na)!{m-hn), which lies between a and h. In th& 
second case we have to verify that the quadratic equation 

has roots between a and b, and between b and c] 



Fig. 18. 



id evade tlie difficulty 
n assumption which ia 
1 what precedes. We 
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2. Show that the polynomials 

are positive for a:>I. 

3. Show that X— sia a: is an increa.sing function for ail values of x, and 
that tan ^-x increases as x varies from — ^ir to ^jt. For what values of a is 
tM!-siDi^a steadily increasing or decreasing function of j?i 

4. Show that tana:— a; also increaaes from x=iv to x=^ir, from a:=|n- 
to ic=fw, and so on, and deduce that there is one and only one root of the 
equation tan x^^x in each of these intervals (cf. Ex. XVIIL 5). 

5. Deduce from Ex. 3 that S!na:-3!<0 if x>0, from this that 
cosa:-I+^a:^>0, and from this that sina:-a-+Ja:'>0. And, generally, 
prove that if 

•'■-"-""-"'+ii---(-'>"(£nji' 

and a'>0, then (4i50 and S^^ + i^O according as J» is odd or even. 

6. Show that ^Bsina^+cosa'+icos'iC increases as x increases from 
to i>r. 

7. If /(x) and /" (x) are continuous and have the same sign at every 
point of an interval (a, i), this interval can include at most one root of 

/W-o. 

8. The fiinctions u, -v and their derivatives w', •»' are continuous 
throughout a certain interval of values of *■, and uv'—ti'v never vanishes 
at any point of the interval. Show that between any two roots of m=0 
occurs one of ii=0, and conversely, 

[If V does not vanish between two roots of u=f), aay a and j3, the 
function ujv is continuous throughout the interval (a, ^) and vanishes at its 
extremities. Hence (m/u)'=('u'-k— iii/)/ii^ must vanish between a and j3, which 
contradicts our hypotheses.] 

9. Verify the preceding theorem when u = cos!B, w=sin3!. 

10. Show how to determine bm completely as possible the multiple roots 
of P(^)=0, where l'{s:) is a pol3Tiomia], with their degrees of multipjicityj 
by means of the elementary algebraical operations. 

[If Si is the highest common factor of P and P', Sf the highest common 
factor of Si and P", ff^ that of 3^ and P'", and so on, then the roots of 
SijS2=0 are the double roots of P=0, the roots of H^Sn=Q the treble roota, 
and so on. But it may not be possible to complete the solution of RxjHi=0, 
SilSs=0, etc. Thus if P{3!)m={3:-l)^x^-x-7)^ ff,jSi=^-A^--7 and 
SilS3=x-l ; and we cannot solve the first equation.] 

11. Show that #- I0jt2 + 15^7- 6=0 has a treble root, and find it, 

12. If ^(ai) is a polynomial B,ad f{x)'={a; - ay<p{a!), then 

/(«)=/" W^...=/l'-i'W = 0, /M{o) = r!,^(a). 
H. A. 14 
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13. Determine tbe maxima and minima (if any) of (a;- l)2(i-+2), x^-Sx, 
2a!S_3j;2_36a,- + io, 4^-18«^+27j.'-7, S^-iafi+l, jfi-l6jf + S. In each 
case sketch the form of the graph of tiie function. 

[Consider tho last function, for example Heie i^'{a;)=:5a^{^^-9), which 
vanishes for x=0, x= + 3. It ia eiaj to see that x= -3 gives a maximum, 
;t;=+3 a miniraum, wbile a'=0 giie^ neither, is 0'(^) is negative on hotli. 
sides of ^=0.] 

14. Discuaa the maxima and mmima of v{x-\), x^{x-\)\ 3?{m-Xf, 
J.'* (a; — 1 )'. Sketch the graphs of the ftinctiona 

15. Discuss similarly the function {i~a){x }>f{x-(if, distinguishing 
the different forms of the graph which corieapond to different hypotheses as 
to the relative magnitudes of a, 6, c 

16. Discuss similarly the function {x~df^{3! — hY, where m. and n are 
auy positive integers, considering the different cases which occur according as 
m and n are odd or even. 

17. Show that (iM!+6)/(ea+<?), whatever values a, b, c, d may have, has 
no maxima or minima. Draw a graph of the function. 

18. Discuss the maxima and minima of ((l-^)/(l+a,-)lS 23;/(l+a^), 
2»-/(l-*-=), (1-^/(1+^2), (1+^Ml-^- 

19. Discuss the majtima and minima of the function 

?/ = {<ia;= + 26* + c)/( Ja^i + 2Ba; 4- fl), 
-when tho denominator has complex roots. 

[Wp may suppose a and A positive. The derivative vanishes if 

{ax+h)(Bx+c)~{A^^E){bx+c)=<i (1). 

This equation must have real roots. Eor if not the derivative would 
always have the same sign, and this is impossible, since y is continuous for all 
raluesof .c, andy^a/-4 asfl:-*+co ora^-»--o!>. 

It is easy to verify that the curve cuts the line y=alA in one ind only 
one point, ajid that it lies aboie this Ime for lai^e positive values of J, and 
below it for large negative values oi ijte ieita, according is hja ^BjA 
Thus the algebraically greater rojt of (I) gives i maximum if bli>B/A, a 
minimum in the contrary cise ] 

20. The maximum and m mmum vaJui^s themselves are the vilues of X 
for which aaf^ + 2bx + c-\(i'r- + ^Bj: + C) a a perfect squ'ire [This is the 
condition that y — X should touch the curve ] 

31, In general the maxima and minima if B(£)=P{t)jQ(t) are among 
the values of X obtained by expie^gni;, the condition that P{%)-'kQ(i,)-=0 
should have a pair of equal riots 

22. If Ax^ + ^Sx+G^O has real riot'i t is l n\ei lent t> pDceel as 
follows. We have 

y-{alA) = {\^ + l,)l{A{Ax' + 2Bx^C)} 
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where X=bA—aB, i^—cA 
{Aj\^){Ay-a) we obtain 8 



-aC. Writing further ^ for 'Kx+y. and 17 for 
1 equation of the form 

■i-l/((l-j>)(S-«))- 

This tranaformation fi'om {x, y) to (^, 7) amounts only to a shifting of the 
origin, Iceeping the axes parallel to thernaelyea, a change of scale along each 
axis, and (if X<0) a reversal in direction of the axia of abscissae, and so a 
minimum of y, considered as a function of x, correaiwnds to a minimum of ij 
considered as a function of |, and vice versa ; and similarly for a maiimum. 

The derivative of ij with respect to ^ vanishes if 

(f-p)(£-«)-««-j')-l«-j)-o, 

or if $^=pq. Thus there are two roots of the derivative if p and q have the 
same sign, none if they have opposite signs. In the latter case the form of 
the graph of ij is as shown in Pig. 49 a. 




When p and q are positive the general form of the graph is as shown in 
Fig. 49 S, and it is easy to see that i=>Jpq gives a maximum and ^——-Jpq 



Fio. 60. 



In the particular case in which p = q the 
graph of 

n-m-rf 

is of the form shown in Fig. 49 c. 

The preceding discussion fails if X = 0, i.e. 
if ajA = l!B. But in this case we have 
y-{aiA)=i,.l{A iAi>^-v2Bs:+G)) 
=W^=)/{(^-^i)('^-^2)}, 
say, and d^lih!=0 gives the single value x=\{Xi-\-3:i). On drawing a graph 
it is clear that this is a maximum or minimum according as p is positive or 
negative. The gi'aph shown in Fig. 50 corresponds to the former case, 

[A full discussion of the general function ^= ((«''+ 2 6a: +c)/(-i it-' +2B:t:+C), 
will be found in Chrystal's Algebra, vol. I. pp. 464^-7 : there however only 
purely algebraical methods are used.] 

23. Show that (je —a){x— fi)!{x — y) assumes all real values as x varies, if a 
lies between /3 and y, and otherwise assumes all values escept those included 
in an interval of length 4V{(«~j3)(a-y)}- 

* The raasimiim is -Vi^p-sjq?, the minimam ~VWP + '^Jq)^ "I whioh the 
latter is the greater. 

14—2 
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Q of (a; + a) (m + b)l{x -a){x- h), where a 




28. Disciis» the majcima and minima of 

{Math. Trip. 1898.) 
[If the function be denoted by P{3:)j^{x), it will be found that 
P'§-PQ' = 72(iP-7)(*-3)(^-I)(;K + l)(:B+2)(^- + 5).] 

29. Find the maxima and minima of acoea7+68tn«. Verify the result 
by expressing the function in the form A coa (a; — a). 

30. Find the maxima and minima of 

(jSoos'^+fi'sin'a;, -ico8««+2flcoa«aina;+fiainS2>. 

31. Show that Bin(a;+a)/sin(ar+6) hais no maxima or minima. Draw a 
graph of the function. 

32. The least value of a^aec^ai+ft'cosec^a; is [a-i-bf. 

33. Show that tan 33^ cot 2^; cannot lie between J and f . 

34. Find the maxima and minima of (I+2ii;arctana:)/(l + a^). 

35. The base of a triangle is equal to a, and the ratio of the other two 
sides is r. Show that the maximum value of its area is \a^rl{r'^~\). 

36. A line is drawn through a fixed point (a, h) to meet the axes OX, OY 
in P and q. Show that the minimum vahies of PQ, OP+OQ, and OP.O^ 
aie respectively (<fi+b^)^, {s/a + ^/b)\ iab. 

37. A tangent to an ellipse meets the axes in P and Q. Show that the 
least value of PQ is equal to the sum of the eemiaxes of the ellipse. 

38. Find the lengths and directions of the axes of the conic 

[The length r of the semidiameter which makes an angle 6 with the axes 
of if is given by 

l/r5=(tcos»fl+2Acosd8infl+6sin2A 
The condition for a maximum or minimum value of »• is tan 2fl = 2A/(a - 1) : 
eliminating 6 between these two equations we find 
{«-(ip)){S-(l/^))-4'.] 

39. The greatest value of the product of two positive numbers whose 
sum is constant is obtained by supposii^ them eqiial. Extend the result to 
any number of numbers. 
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it value of a!"j(", where w-k-y=k, m m'"M'':J:^+'*/(m. +»)'"+''. 

41. The greatest value oi ax+by, where *^+it^+y^=3j(^, is 

[If ow+6!/i9amasimum, a+b{dyldx)=0. The relation between ;*; and y 
gives (2;^: + j) + (x + 2y) {dyjdx) ~ 0. Equate the two values of dffjdx.'] 

42. If fl and ij> are acute angles connected h y the relation a sec d + & sec i^ = c, 
where a, b, c are positive, then «cosfl+6co9^ is a minimum when S=<j>. 

43. Two particles are moving with uniform velocities u, v along two 
straight lines which make an angle a with one another. OriginaDy they are 
at diatauces a, b from the point of intersection of the lines, and they are 
moving towards the point of intersection. Show that they are nearest after 
time {an + bv - (av + bu) oos o>]j{ii^—2uv cos 61+ v^) has elapsed, and that then 
their distance is (av~!ya) aiu al,/{'a^ - 2uv cos tii+'>)'). 

44. Exiunple of a function vliose derivative exists for every value 
of 3^, but is discontinuous. In the case of a function whose graph has such 
a form as that shown in Fig. 48 the derivative is obviously discontinuous for 
3^=0: but the derivative does not exist for a7=0 (it is obvious from the figure 
that there is no definite tangent at P). We shall now give an example of a 
fuiiction (curve) which has a derivative (tangent) everywhere, althoi^h the 
derivative (tangent) is diseontinuoua {diacoctinuoua in direction). 

Let ua consider how we might set about constructing such a curve 
geometrically. Draw a double curve (as shown in Fig. 51 a, where the 
upper and lower curves are y=±x^ respectively) which touches the axis of r, 
at the origin on both sides. 





Fib, si 6. 
in the figure, oaoillating continually between 
1 single continuous branch passing through 



Fig. 51 rt. 

Now draw a wavy curve, as 
the two curves, and forming 8 
the origin. 

The reader will easily convince himself that it is possible to draw the 
curve so that the tangent to the curve at P continually oscillates through 
an angle greater than some fixed ai^le as P approaches 0. Thus tan^ 
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cannot tend to a limit as u-^O. None the lesa tbe curve has a perfectly 
definite tangent at 0. The common sense way of looking at it is that the 
curve always lies between, the curves i/= +3^ and >/= —x^ ; and that as each 
of these has a. definite direction at 0, viz. along OX, the other curve must 
have the same direction too. Analytically we may regard the matter as 
follows. If 4>{ai) is the function represented by the curve, c^(0)=0, 
and -x'^<li(x)^tt^, so that lim{<l>{3:)-<l>(0)}/x=0, i.e. ^'(0)=0. 

We shall see later (Es. l. 17) that the function <p(x) which ia equal to 
^ein(l/.K) when a^-^O, and to when a:=0, ia such a function. 

The reader may conceivably object that the tangent at cute the curve 
infinitely often near 0, and that this is contrary to his notion of the tangent 
to a curve. The reply to this is that even if this is so it does not affect the 
purpose of the eitample, which ia to show that <p'{x) may exist for every 
value of % and yet be discontinuous. And as a matter of fact it is easy to 
construct curves which pDsseas the same peculiarity and for which the 
tangent ^t does not meet the c n e at all except at 0. The nature of such 
csamplea wdl be sufhc ently llust ated by Fig. 51 6. 

45 It !'' however mpo s ble that 0'(«) should have what was in 
Chap T called a s pie d soont mty: e.g. that we should have ij>'(.v)~ra 
when i -»0 by jwsit ve val es and ^'(*)-^& when x-*-0 by negative values, 
and </) (0)='', unle% i, & are all eq al and so i^' (a:) continuous. Aproofof 
this will be given shortly (En. xlis. 3) ; from a geometrical point of view the 
result is obvious, since if a curve has an angle (as in Figs. 43, 48) it cannot 
have a definite tangent at the vertex of the angle. 

106. The Mean Value Theorem. We can proceed now to 
the proof of another general and esceedingly important theorem, 
commonly known as ' The Mean Value Theorem ' or ' llie Theorem 
of the Mean.' 

Theorem. If ^(a') has a derivative for all values of x in the 
interval (a, b), it must be possible 
to find a value ^ of x between 
a and b, such that 

*(6)-,f.(<.) = (6-a)f<f). 

Before we give a strict proof 
of this theorem, which is perhaps 
the most important theorem in 
the Differential Calculus, it will 
be well to point out its obvious 
geometrical meaning. This is 
simply (see Fig. 52) that if the ^'^' ^^' 

curve APB has a tangent at all points of its length, thei 
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be a poiot, such as P, where the tangent is parallel to AB. B'or 
0' (^) is the tangent of the angle which the tangent at P makes 
with OX, and {<^(6) — <^(a)]/(6— «) the tangent of the angle which 
AB makes with OX. 

It is easy to give a strict analytical proof. Consider the 
function 

,f(6)-,(,W-|^|,(,(6)-.J(«)|, 

which vanishes when x = a and (B = h. It follows from Theorem B 
above that there is a value ^ for which its derivative vanishes. 
But this derivative is 

0(6) -*((!) ,,, , 

which proves the theorem. It should be observed that in this 
proof it has not been assumed that 0' {x) is continuous. 
Examples XLIX. 1. Show that the expression 

*(»)-*W-|^ {*(«-♦(<■)) 

is tlie difference between the ordinates of a point on the ourve and the 
corresponding point on the chord. 

2, Verify the theorem for t^{s;) = a!^ and for ^ {x)=x^. 

[In the latter case we have to prove that (6^— a')/(6-«)=3g^, wliere 
a<^<b: i.e. that if H^+«6+«')=l^i l^^en ^ lies between a and 6.] 

3. Prove the result of Ex. xlviii. 4fi by means of the mean value 



[Since 0'(O)=c we can find a amall positive value of w such that 
(0 {x) - <j> (0)j/:e is nearly equal to c ; and therefore, by the theorem, a small 
positive value of g such that ip'{^) is nearly equal to c, which is inconsistent 
with lim ((j'(a')=a, unless a=o. Similarly bt^c] 

107. Another form of the Mean Value Theorem. It is 

often convenient to express the Mean Value Theorem in the fornii 

<f>{b) = 0(a) + {b-a)^'{a + 0ib- a)] 
where fl is a number lying between and 1. Of. course 
a + d{b~a) is merely another way of writing 'some number ^ 
between a and b.' If we put 6 = a + A we obtain 
(a + A) = (a) + A,0' (ft + ^^) 
which is the form in which the theorem is most often quoted. 
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108. DUferentiation of a flinction of a ftinction. It is 

convenient at this stage to introduce a very important theorem 
which enables us to complete our results relating to the differ- 
entiation of the functions which commonly occur in analysis. 

Theorem. If /(x) and F{x) are functions with derivatives 
f'{ai) and F'{a;), then F[f{x)] lias a derivative F'{f{x)] f (x). 

For let 
/(*) = ^, f{x + h) = y + k, F{y) = z, F{y + k) = z+l. 
Then k and I are functions of h which tend to zero with h, 
and/'(a:) and F' {y) or F'\f{x)\ are by definition !im (A//t) and 
lim {Ijh) respectively. And the derivative of F\f{x)} is by 
definition 

lim {lj}i)= lim(i/^) X lim {klh) = F'\f{x)]f'{x). 

The following alternative method of proof, depending on the 
Mean Value Theorem, is interesting. It will be noticed that in 
using it we have to assume the continuity and not merely the 
existmce of the derivatives of the functions / and F. This is 
of courae a theoretical limitation, but not one of any practical 
importance. 

The derivative of j^[/(a;)| is by definition 

But, by the Mean Value Theorem, f(x + k)=f{x) + hf'(^), where 
^ is a number lying between x and x + h. And 

F (/(«) + ;./' (f)| = P(/(«)| + hf (f) r (f,), 

where fi is a number lying between f(jK) and fix) + hf'{^). 
Hence the derivative oi F[f{x}] is 

lim/'(f)f'(fO-/'WJi"(/Wl, 
since ^-^x and ^i-^f{x) as h-fO. 

The most important cases of this theorem are the following ; 

(i) U f{x)=axi-b, f'{x}=a, and so the derivative of F{a-x+b) is 
aF' {aai-'rh), as result was proved independently in §94, Theorem (8). 

(ii) It f{x)'^d^, f{w)'^m^"~\ and so the derivative of F{X^) is 
mX^-'^ F' {a:''). 

(iii) If f{x)=iima:, f'{x)=oosx, and so the derivativo of i^(ainj,-) is 
C03xF'(siux). Similarly the derivative of >'(co8a') is - sin a: .f" (cos .i^). 
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109. By means of the theorem proved in the last section 
we are able practically to complete the rules for differentiation 
given in § 94 and to write down the derivative of any common 
function whatsoever. For the only ordinary class of functions 
with which the rules there given did not enable us to deal is 
precisely that to which this theorem applies, viz. what may be 
called composite functions, or functions of functions. The manner 
of applying the theorem will be seen from the ensuing examples. 

Examples L *. 1. Consider the function i^ (i;) = ^{a^ + x^). Thia 
function may be expressed in the form F{f{w)}, where f{x)=a^+)^, 
F{y) = Jy, and so/(js) = 3^, F\y) = ^^!y. Thus ^'{s))=^!^{a^+a:^). 

2. Find the derivatives of 

V(«'-»'), V-J{''+'», lUlo'-''), iM«'+n «M»'-i-), 

(O'+I'r, («•-»■')-, (0"+I^"("'-»T> !-(<.'+»')•, JCO"-!"), 

s/{(l+^+^)/(l-'P+^)l. ■J{ia-i-Sbxi-ex')liA+fiBj;+Cx^)}, 

W(l+»)*»/(i-«'))/W(l+^)-V(i-»)l, {»+V(l+«')|-, «-(<.+ii'l'. 

Here m., «, p are any rational numhera. 

3. Find the derivatives of 

(sin.^)- (cos^n sin(^), cos(«^), sin (cos;.), cos (sin*), 

V(a + &9iu^), cos;^/V{a + 68iii:<7), ^{{ac<M^+b^n:^)/(aC0B^-+^^mw}}, 

VCa^coa^^+ftSsin^^), sin:^oos:r/J(<i=cos=j:+6^3in=:<;). 

4. Find the derivatives of a;arcsin«-t-V(l-.'-'^). {l+^)arctan V^-^a^, 
arotanV{(«+^)/(a-^)|- 

5. Find the derivatives of 

arcsinV(l-;)^=), arctan(l/A arcsini:c/V(l+a^)}, 
arcain{acV(l~^)}, arctan{ar/(t-j;% arctan((a+,r)/(l-a«)}. 
How do you explain the simplicity of the results? 

6. Differentiate 

1 031 + 6 1 ax + b 

7. The differential coefBcient of arc cos V{{cos 3fl)/cos3 6} is 

Vf3/(cos3i9cosfl)}. {Math. Trip. 1904.) 

8. Show that each of the functions 

Sar(.c«V{(»-»V(— /3)], ^'ro'toVK^-WKo-ffll, 
2arcl.nW(»-«/(a-«)), aro.iu[2V((.— ^)(«-ffli;(»-.8)] 
has the derivative ll^{{a-x){i:-&)). 
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9. Show that 
1 
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^[G{Ac-aC)}dx\_ 

10. Each of the fuDctions 

has the derivative l/{a + bcosx). 

11. If X=<n-6oos*+cain3', and 

- I aX-a? + b'^+ c3 

then (ty/(ite=l/X 

12. Find the equations of the tangent and normal at the point (xo, f/o) 
of the circle .j^+y^=a'. 

[Here y=^{a^-n^), di/ldx= -xj^ia^'X^), and the tangent is 
y-yv={!<'-^o){- '«<i!-J{«-^ - ^a^)), 
which may be put in the form xxt,-i-yyt, = a\ The normal is .vyB-yXa = f>, 
which of course passes through the origin.] 

13. Find the equations of the tangent and normal at any point of the 
ellipse (3;/a)2+(y/6)^=l and the hyperbola {xla)^~(j//hY=l. 

14. The equations of the tangent and normal to the curve x=^(e), 
y = !)/■((), at the point (i), are 

15. Prove that the derivative of ^[/{i^(:i:)}] is f"lf{4>{^)}']f' {•p{x)}4>'ix}, 
and extend the result to atill more complicated cases. 

16. If u and i! are functions of x, then 

iJ^arc tan (W")=("i>«'t- uB^v)liu^+v^). 

17. If ^(a-) = !i:^ sin (!/.») when a^+0 and 0(O) = O, than 

.i,'(a.)=2a.-sin(l/^)-cos(l/^) 
when Ji^^O, and <fi'(0) = O. And ^'(«) is discontinuous for x = (cf. Ek. 
SLViii. 44). 

110, The Mean Value Theorem furnishes ua with a proof of 
a result which is of essential importance for what follows : — if 
0'(a;) = O, throughout a c&ftoAn interval of values of x, tf)(x) is 
constant throughout that interval. 

For if a and b are any two values of x in the interval, 
<}>(b)-<l>(a) = (b~a)<l>-{a + e(b~a)]^0. 

An immediate corollary is that if i^' (x) = ■^' {x), through(mt a 
certain interval, the functions ^(x) and -^{a:) differ, throughovi that 
interval, hy a constant. 
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111. Integration. We have in this chapter seen how we can 
differentiate a given function ^(a:) — i.e. find its derivative — in a 
variety of cases, including all those of the commonest occurrence. 
It is natural to consider the conveise question, that of determining 
a function whose derivative is a given function. 

Suppose that ■^('b) is the given function. Then we wish to 
determine a function such that <f> (x) = i|' (.v). A little reflection 
shows us that this question may really be analysed into three 
parts. 

(1) In the first place we want to know whether such a 
function as <f) (x) actually eadsts. This is a purely theoretical 
question, and must be carefully distinguished from the practical 
question as to whether (supposing that there is such a function) 
we can find any simple formula to express it. 

(2) We want to know whether it is possible that more than 
one such function should exist : i.e. we want to know whether our 
problem is one which admits of a unique solution or not ; and if 
not, we want to know whether there is any simple relation 
between the different solutions which will enable us to express all 
of them in terms of any particular one. 

(3) If there is a solution, we want to know how to find an 
actual ewpression for it. 

It will throw light on the nature of these three distinct ques- 
tions if we compare them with the three corresponding questions 
which arise with regard to the differentiation of functions. 

(1) A function ^ (ic) may have a derivative for all values of x 
(like X™, where m is a positive integer, or sin x). It may generally, 
but not always have one (like ^as or tana; or seca;). Or again 
it may never have one : for example the function considered in 
Ex. XVII. 11, which is nowhere continuous, has obviously no deriva^ 
tive for any value of x. Of course, during this chapter, we have 
confined ourselves to ftinctions which are continuous except for 
some special values of x. The example of the function l!/!e, how- 
ever, shows that a continuous function may not have a deiivative 
for some special value of a; (in this case x = 0). Whether there 
are continuous functions which never have derivatives, or con- 
tinuous curves which •mver have tangents, is a further question 
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which is at present beyond as. Common-sense says JVo: but, as 
we have already stated {§ 92 (2)), this is one of the cases in which 
higher mathematics has proved common-sense to be misbakeu. 

But at any rate it is clear enough that the theoretical question 
—has (f> (iv) a derivative <f>' (w) ? — is one which has to be answered 
diiferently in different circumstances. And we may expect that 
the converse question- — is there a function ^(a) of which i/r(a;) 
is the derivative ? — will have different answers too. We have 
already seen that there are cases in which the answer is No : thus 
if -^{te) is the function which is equal to a, h, or c according as 
X is less than, equal to, or greater than 0, the answer is No 
(Exs. SLVIIL 45, XLix. 3), unless a = b = G. 

This is a case in which the given function is discontinuous. 
In what follows, however, we shall always suppose 1/^(3;) continuous. 
And then the answer is. Yes: if-^{x)is cemtinuous there is akvays 
a function <p («) suck that 'f>'{x) = ijr (x). To prove this would take 
us beyond our limits, however : in Oh. VII. we shall give a proof, 
not perfectly general, but general enough to deal with the simplest 
and most interesting cases that arise. 

(2) The second question presents no difficulties. In the case 
of differentiation we have a direct definition of the derivative 
which makes it clear from the beginning that there cannot 
possibly be more than one, In the case of the converse problem 
the answer is almost equally simple. It is that if 4>{^) is one 
solution of the problem (f>(x) + G is another, for any value of the 
constant 0: and that all possible solutions are comprised in the 
form <fi(x) + G. This follows at once from § 110. 

(3) The practical problem of actually finding ^'(x) is as a 
rule a fairly simple one. We have already shown how it can be 
done in a number of cases, and the theorem of § 1 08, in conjunction 
with the rules of | 94, make the problem easy enough in the case 
of any function defined by some finite combination of the ordinary 
functional symbols. The converse problem is much more difficult. 
The nature of the difBculties will appear more clearly later on. 

Definitions. If ■yjr (x) is the derivative of tf> (x), we call (x) 
the Integral or integral f\inction 0/ 1^ (x). The ope?'ation of 
forming ^|r■ (x) from (x) we call integration. 
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We shall use the notation 

It is hardly necessary to point out that i..dx like d/dx 

must, at present at any rate, be regarded purely as a symbol of 

operation : the 1 and the dx no more mean anything when taken 

by themselves than do the d and dx of the other operative symbol 
d/dx. The reason for this notation will be explained in Ch. VII. 

112. The practical problem of integration. The results 
of the earlier part of this chapter enable us to write down at once 
the integrals of some of the commonest functions. Thus 

i in^dx= :r, I cos«c?« = sin«, 1 8in«(fo = — cosic ...(1). 

These formulae must be understood as meaning that the 
fanction on the right-hand side is one integral of that under 
the sign of integration. The most general integral is of course 
obtained by adding to the former a constant C, known as the 
arbitrary constant of integration. 

There is however one case of exception to the first formula, 
that in which m = — 1. In this case the formula becomes nuga- 
tory, as is only to be expected, since we have already (Ex. XLiv. 5) 
seen that 1/x cannot be the derivative of any polynomial or 
rational fraction. And in fact it can be proved (though the 
proof is too detailed and tedious to be inserted here) that it is 
impossible to form, by means of a finite combination of the 
functional signs which correspond to any of the classes of func- 
tions which we have so far considered — signs such as -I-, x, -h, V- 
sin, arc sin, — a function of ai whose derivative is 1/^. Some 
further discussion of this point will be found in Ch. IX. For the 
present we shall be content to assume that, if there is such a 
function, it is an essentially new function, 

That there really is a function F{x) such that DxF{ce) = \ja; 
will be proved in the next chapter; and the properties of this 
function will be investigated in Ch. IX. For the present we 
shall simply assume the existence of such a function, and we 



y Google 



222 DERIVATIVES AND INTEGRALS [VI 

shall call it the logarithmic function and denote it by logo;; 
so that 

/J = log«' (2)- 

The four formulae (1) and (2) are the four moat fundamental 
standard forms of the Integral Calculus. To them should 
perhaps be added two more, viz. 



, = arc tan x, -jpr~ — rr 



= + arcsina:* ...(3). 



113. Polynomials. All the general theorems of § 94 may of 
course be also stated as theorems in integration. Thus we have, 
to begin with, the formulae 

j{f{a:} + F(a:)]d^=jf{a:)da: + JFix)dx (1), 

JMf(x)dx = >cjf{a:)da: (2). 

Here it is assumed, of course, that the arbitrary constants are 
adjusted properly. Thus the formula (1) asserts that the sum of 
any integral of/{ic) and any integral of F{x) is an integral of 

These theorems enable us to wiibe down at once the integral 
of any function of the form 'S,A^/,{x), the sum of a finite number 
of constant multiples of functions whose integrals are known. In 
particular we can write down the integral of any polynomial : in 
fact 

I (((„iC" + «!«""' + ...+«n)ai5 = —-j--l + ..,-i-a>nX. 

114. Rational Functions. After integrating polynomials 
it is natui^al to turn our attention next to rational functions. 
Let us suppose R(a)) to be any rational function expressed in the 
standard form of § 98, viz. as the sum of a polynomial 11 {x) and 
a number of terms of the form Ajix — a)^. 

We can at once write down the integrals of the polynomial 
and of all the other terms except those for which p = \, since 
f A 

whether a be real or complex (§ 98). 

* See g IttO for tte rule for determining the ambiguous sign. 
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The terms for which p = l present rather more difficulty. 
And it is convenient at this stage to introduce another general 
theorem in integration. 

It follows immediately from Theorem (8) of § 9i that if 

j ilr(x)dx = ^(x), and a and b are real, then 

[yl>-(aic + h)dx = {lla)>p(aa; j-b) (3). 

Thu8, for example, 

and, in particular, if a is real. 

We can therefore write down the integrals of all the terms in 
U (ic) for which p = 1 and a is real. There remain the terms for 
which p = l and a is complex. 

In order to deal with these we shall introduce a restrictive 
hypothesis, viz. that R(a!) is a real function— i.e. that all its 
coefficients are real. Then if a = y + iB is a root of Q(a) = 0, 
m times repeated, so is a'^y — tB. Moreover, if the partial 
fractions corresponding to the factor {x — a)™ are 2 Apj{x - «)'*, 
those corresponding to the factor (ic— a')*" are "ZAp'Kx—a'Y, where 
Ap is conjugate (Ch. Ill, § 30) to Ap. This follows from the 
nature of the algebraical processes by means of which the partial 
fractions can be found, and which are explained at length in 
treatises on Algebra*. 

Thus if a term (X + *^)/(ic — 7 — iS) occurs in the standard 
form of R{x), so will a term (A, — i/i}/(iK — 7 + tS) ; and the sum of 
these two terms is 

21X(«-7)-,.81/|(^-7)' + 8'l. 
This fraction is in reality the most general fraction of the form 

{Ax + B)l(aa? -ir %biB + c), 
where 6^ < ac. The reader will easily verify the equivalence of 

* See, for example, Chrystal's Alydira, vol. i, pp. 151-9. 
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the two forms, the formulae which express \, ^, 7, 8 in terms of 
A, B, a, b, c being 

\ = AI2a, /j. = -n/i2a^/A). ry = -bla, S = x/A/a, 
where A = og — J', and D = aB — hA . 

We shall now introduce another general theorem in integra- 
tion, which follows at once from the theorem of § 108 : viz. 

/ji"i/W)/'W<fa = ^{/Wl {*). 

If in particular we suppose F{f{x)] to be log/(ic), so that 

and if we further suppose that / (a;) = (a: — X)^ + m' we obtain 

Again, in virtue of the equations (3) of § 112 and (3) above 

7 tt;^ — — ; rfiC = — 20 arc tan . 

These two formulae enable ue to integrate the sum of the two 
terms which we have been considering in the expression of Ii{w) ; 
and we are thus enabled to write down the integral of any rational 
function, if all the factors of its denominator can be determined. 
The integral of any such function is composed of the sum of a 
polymymial, a nwmber of rational fractions of the type 

a number of logarithmic futicbions, and a number of inverse tangents. 
It only remains to add that if a is complex such a fraction as 

always occurs in conjunction with another in which A and a are 
replaced by the complex numbers conjugate to them, and that the 
sum of the two fractions is a real rational fraction. 

Examples LI. 1. The integral of the function (4j;+B)/(a^+26a;+c) 
may be expressed in the form 

(where X=ax'^-^%bx^o) if A<0, and in the form 



[log{a^+6-^/(-a)}-log{a^-l-6+V(-A)j] 
'. A<0, and in the form 
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2. In the particular ease in which oc=6^ the integral is 

-i)/|a(««+l.)l+(^;,.)los(M.l6;o)). 

3. Show that if the roots of ${a,')=0 are all real and distinct, and P(«) 
is of lower degree than ^(x), theo 

the summation applying to all the roots q of §(;c)=0. 

[That the fraction corresponding to a ia TffA follows from the fact 

th.1 «(i);(»-.)^«'(a) .nd .0 (i-.)ii(x)*P(.);?(.), ..»-.«.] 

4. If al! the roots of Q (x) are real and one (o) is a double root, the rest 
being simple roots, sad P(x) is of lower degree than §{ii;), then the integral 
ia ^/(a^-a)+J'log(x-a)+S51og(a;-(3), where 

A = -.2F{a)IQ"(a), A'^U^r'{a)Q"(a)-P{aW(aMg'-{a)}\B = P{fiW{P\ 

and th.e summation applies to all roots of Q{a)-^0 other than a. 

"■ '''°'' /i(.-i)t-+i))- 

[The expression in partial fractions is 
and the integral is 



4(x~l) 4(^ + 1) 



/s 



ilog{:K-l)+Jlog(^Hl)+ia!-ctau«*.] 



»/((»'+<.')(«''+s")l, »^;|(.«"+o")(»"+s")), i';i(»'+i.")(i=+j')), 

(»+i);(rf(«-i)], (»+i);i»(.-in, <«+i);(»(i-i))', 
(^-ij/Kli'+i)!, («'-i);{i(»'+i)>}, {if-iw^iif+vif- 

7. Prove the formula* : 

V3[log(l+^+^=)-log(l-:.+^=)]+2arctanC-^ 



1+^!+^ 4^/3 V 



*V3V 



' In this ease the application ol the general metliod o£ g 114 is fairly simple. 
Iq more oompHeaied oasee the labour involved is sometimee prohibitive, and otliec 
devioes have to be used. We have, rooreovec, assumed that all the faotora of the 
denominator can be detei'mined. If this is not the case the method of partial 
^'actions fails, and recoorse must be had to other methods. For fnrtilier inform- 
ation concerning the integration of rational functions the reader may be referred 
to Goursat's Court d'Anatyse, t. 7, pp. 234 et seq., and to the author's tract The 
iniesTation of /unctions of a single variahle, pp. 10 et seq. 

H. A. 15 
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115. Algebraical Functions. We naturally pass on next to 
the question of the integration of algebraical functions. We shall 
confine our attention to explicit algebraical functions (Oh. II, § 16). 

We have to consider the problem of integrating y, where 
y is an explicit algebraical function of x. It is however con- 
venient to consider an apparently more general integral, viz. 

whei^e R{x, y) is any rational function of x and y. The greater 
generality of this form is only apparent, since (Ex. xv. 6) the 
function _B(jb, y) is itself an algebraical function of a^. The choice 
of this form is in lact dictated simply by motives of convenience : 
such a function as 

[x + \/{a3? + ihx + c)]j\x - \/(aa!' + 2&« + c)] 
is far more conveniently regarded as a rational function of x and 
the simple algebraical function ■J(aa? + 2hx + c), than directly as 
itself an algebraical function of x. 

116. Integration by substitution and rationalisation. 
It follows from equation (4) of § 1 14 that if l^{x) dx = ^{x), then 

\^\f{t)\f'{t)dt-<l>[f{t)\ (1). 

This equation supplies us with a method for determining the 
integral of -^{x) in a large number of cases in which the form of 
the integral is not directly obvious. It may be stated as a rule as 
follows : put x=f{t), where fit) is any function of a new variable 
t which it may be convenient to choose ; multiply by f {t) and 
determine (if possible) the integral of ijr (/(()) /' (O/ express Uie 
result in terms of x. It will often be found that the function of i 
to which we are led by the application of this rule is one whose 
integral can easily be calculated. This is always so, for example, 
if it is a rational function, and it is very often possible to choose 
the relation between x and ( so that this shall be the case. Thus 
the integral of B(-Jx). where R denotes a rational function, is 
reduced by the substitution x = t^ to the integral of 2*fi((^), 
i.e. to the integral of a rational function of t. This method of 
integration is called Integration by rationalisation, and is of 
extremely wide application. 



h 
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Its application to the problem immediately under considera- 
tion is obvious. If we cam find a variable t such that x and y are 
both rational functions oft, say x = Bi{t), y = Sa(0> ^^'^ 

{r{x, y)dx=(R{R,{t), It,(t)} Si(t)dt, 

and the latter integral, being that of a rational ftmction of t, can be 
calculated by the metliods of 1 114. 

It would carry u.s beyond our present range to enter upon any 
general discussion as to when it is and when it is not possible to 
find an auxiliary variable t connected with x and y in the manner 
indicated above. We shall only consider a few simple and 
interesting special cases. 



117. Integrals connected with conies. Let us suppose 
that X and y are connected by an equation of the form 
oaf + 2kiey + by'' + 2gai + 2/i/ + o = ; 

in other words that the graph of y, considered as a function of m, 
is a conic. Suppose that (f, oj) is any point on the conic, and 
let x " ^ = X, y—tj^Y. If the relation between x and y is 
expressed in terras of X and Fit assumes the form 
aX' + 2/iXr + 67^ + 2GX + 2Fr= 0, 

where F^h^+btj+f G = a^ -i- hri + g. In this equation put 
¥=tX. It will then be found that X and T can both be 

expressed as rational functions of t, and therefore a: and y can 

be so expressed, the actual formulae being 
x-^=-^G+Ft)l{a+2kt+bt'), y-v^-^t{G+Ft)l(a + 2ht+bt'). 

Hence the process of rationalisation described in the last section 

can be carried out. 

The reader should verify that 

h!e + by+f = ~i{a+2ht + bf)~, 

'" ^^^^ L + by+r~^l^+^~^t^" 

a formula which wilt be useful later on. 
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118. The integral i It [x, ^(ax^ + 2bx + c)] dw. The most 
important case is that in which the relation between x and y is 
i/^ = (Mr' + 26«+ c. 

Let ^, '/{a^ + 26f + c) be the coordinates of any point on the 
conic. The relation between X and Y is 

aX' -Y' + 2(a^+b)X-2vY^0, 
and the forinulae expressing a: and y in terms of ( are 

, 2(ag +6-^>;) 2t{a^ + h-fv) 



-1"-^^^-- -m- 



Consider, for example, the integral I -- . If A=ac~b^, there are three 
cases to consider, via. those in which 

(i) a>0, A>0; (ii) a>0, A<0; (iii) a<0, A<0. 
If a<0 and A>0, <w^+2bx+B is always negative, so that this case is not of 
any interest 

If a>0, A>0, the conic is a hyperbola with one branch entirely above 
the axis of «, which is described once as t varies from -V^ to +V«- If 
(J, ij) lies on this branch, ij>0 and - Ja,<t<.,Ja. Since now k=f=0, 
6= — 1, the last formula of § 117 gives 

But it follows from the equations (1) that 

(»-|)V»+(j-?) 2(<.S+4-«;(V»Ti) 






i'l^^^.^m-wM^^''^'--^'' 



(('-ev^-to-i)/ ™' 

the logarithm being written in this form in order to avoid any possible 
difficulty as to the sign of the function inside the large bracket. This 
equation is true for all pairs of values of ^ and i; related as above. A 
particularly simple form of the integral may be found as follows. Since we 
may add any constant to the right-hand side, we have 

Now suppose that | -» — oo . Then it is easy to see that 7 -* + co , 
^>Ja-Yl~' — hjtja, and that the contents of the last large bracket tend to 

• In the Bucceedicg discnsBion we anticipate the fundamental properties of the 
logarithm, which will be proved later on, viz. that logu is oontiaaoua for all 
positive values ot «, logl = 0, log (1/u)^ -log u. logiiw^log ii + logj!. 
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unity. We thus obtain the fovmula 

rj-^M'^'-'-jj <»>■ 

If in particular a = l, 6 = 0, c = a^ we obtain 

/*fe..)->»8<«^(""+''*» <■"■ 

The truth of this equation may be at once verified by differentiation of the 
right-hand side. If we transform the integral by the substitution x^+a^—v,^, 
ii=t/{x^—a^) we obtain, oQ writings; again for ic, 



h 



i -l08(»+V(a»-a')} (5). 



This int^ral may also be calculated directly by an argument similar to that 
used for the integral (4). It is the simplest example of case (ii) above. The 
reader should associate with these two formulae the third formula 



/; 



vs-^—'-W")- 



This integral corresponds to the case (iii) above. The formula appears very 
different (torn (4) and (5): the reader will hardly be in a position to 
appreciate the connection between them until he has read Chs. IX and X. 
In the laat formula it is supposed that a is positive : if a is negative the 
integral function is arcsin Wla|)= -arcsin (^c/a) (cf. g 100). 

119. The Integral (^y-'^4j^ ^dx. This mte^ral can 

J ^/{ax^ + 2bx + c) ^ 

be integrated in all casea by means of the results of the preceding 

sections. It is most convenient to proceed as follows. Since 

\x + fi. = {\/a){ax + b)+/j. — (Xb/a), 

¥b 



I. 



-,7-—„ — nT "< <^^ = '^(aaf + 2bx + c), 

t/{aa:^ + zbx + c) ^ 

we have 

where y = /j.~ (XJ/a). In the last integral a may be positive or 
negative. If it is positive we put x^a + {bj\fa) = t, when we obtain 
1 /• dt 
Va J ^{f + «) 
where K = (aa — b'')/a. If a is negative we write j1 for — a and 
put xa/A — {bl\JA) = (, when we obtain 



1 (" dt_ _ 
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It thus appears that in any caee the calculation of the integral 
may be made to depend on that considered in § 118, viz. one or 
other of the three integrals 



f dt ( dt r dt 



r 

120. The integral U\x+iJ.)^/(a.v^+2bx+c]dx, In exactly the same 
way we find. 

and the last integral may be reduced to one or other of the three forma 

U{t^-ir<^)dt, [s/{fi-o^)de, j^l<,^~fi)dt. 

In order to obtain these int^rals it is convenient to introduce at this point 
another general theorem in integration. 

121. Integration by parts. The theorem of integration hy 
parts is merely another way of stating the rale for the differentia- 
tion of a product (§ 94), It follows at once from Theorem (3) of 
g 94 that 

j/'(^) f (^) d^ =f{x) F (a:) - jf{x) F' (cc) dcr. 

It may happen that the function which we wish to integrate is 
expressible in the iorm f'{x) F{x), and that f{x)F'{p) can be 
integrated. Thus suppose that i^{x)=-xi^(i£), where •^(ic) is the 
second derivative of a known function xi^)- Then 

^<^{x)dx = ^x-^\a;)dx=^x'^{!e)-^',^{x)dx = xy;{x)-xix). 

We can illustrate the working of this method of integration hy applying 
it to the integrals of the last section. Taking 

we obtain 

and we have already seen (§ 118) how to determine the last integral. 
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Examples LII. 1. Prove that, if a>0, 

2. Calculate the integrals f ,, f ^ „, , {j{a^-a^)dx by means of the 

JvC" -* ) J 
substitution x: = asiti6, and voriiy that the results agree with those ohtained 
in§U8andEs. 1. 

3. Calculate ia:{x+a)'"clx, w, being any rational number, in three ways, 

(i) by integration by parts, (ii) by the aubstitutioD {x+ay^=t, (iii) by 
writing {x + a)-a for x; and verify that the results agree. 

4. Prove, by means of the substitutions as: + b=ll£ and .v = 1/m, that {in 
the notation of § 118) 

fdx aw+b Cxdx bx+o 

}f~ Ay ' } f ~ Ay ■ 

5. lut^rate 

i/{(n-:^)V4. V^/(n-^), i/W(i+^)), ^W(i+^), i/V(*(n-*)), 

1/V{*>(^-1)}, 1/V{*(1-*)|, V{(l+^)/(l~*)}, ^>J(<^-Vbx), x^lJ(a+bx), 

6. Initiate l/V{(a'-«)(6-a:)) in three ways, (i) by the methods of the 
preceding sections, (ii) by the aubstitution (br-x)l(ie-a)=t\ (iii) by the 
substitution ^•■=cieo8*fl+iain'tf ; and verity that the results agree. 

7. Integrate v/{(i«-«)(6-a!)) and ^{{b-x)/{x-a)}. 

8. Show, by means of the substitution 2x+a+b'^^{a-b)ifi+{llfi)}, 
or by multiplying numerator and denominator by V(*+«)- V(^+^)i that, if 
a>b, 

9. Find a substitution which wiU reduce /; ,,., , , ■^-.f, to the 

J(a^+«)3^+(a-a)3'^ 

integral of a rational function. {Math. Trip. 1899.) 

10. Show that \R\x, '!^{a3;-^h^d!C is reduced, by the substitution 
ax-\-b=y\ to the integral of a rational function. 

11. Prove that 

J/" (^) F{m) dm ==/' {m) F {^) -/(^) F' (x) + ^f{x) F" (x) dx, 
and generally 
jf-){a:)P{:x)dx=p^-\x)F[x)-fi-^'%x)F{x) + ... + {-lY^f{i>;)F(''Kx)d>;. 
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13. Honce integrate 3^(Jit''*'l(,r), i.e. x''-^{a:), where >/'(j,-) is a function 
which can be integrated n + 1 times. In particular integrate X'(a.v + b)'', n 
being a positive integer, and p any rational number other than — 1. 

13. The integral j(l+ai)''^dx, where ^ and q are rational, can be found 
in three cases, viz. (i) if p is an integer, (ii) if 5 is an integer, (iii) if p+q is 

[In case (i) put x^u', where s is the denominator ot q: in case (ii) put 
l+x=f, where s is the denominator of p: in case (iii) put l+a: = !et^, where 
s is the denominator of p.] 

14. The integral I *'"((M^ + 6)=tte can be reduced to the preceding 

integral by the aubatitution ax"=bt. 

[In practice it is often most convenient to calculate a pai-ticular integral 
of tbia kind by 3,Ji>T^iula ofreduetion (v. Misc. Ek, 40).] 

15. Theintegral \R{x, ^{<xx-i-b), J{e3: + d))d!i: cAa be reduced to that of 
a rational function by the substitution 

16. Show how to calculate the integral / . ^—t-, — „ ^., — — -^ by means 

of the substitution s!-p = ljt. 

17. Show by means of the substitution y=J{ax^-\-'ihx-irc)l{):-p) that 

r 'i': { <% 

wbore X^^^afi^+Sfip+o, it=ac—lfi; and hence evaluate the integral. 

18. Calculate the integrals of 

by means of oacb of the preceding methods, and verify tbe agreement of the 
results*. 

19. Eeduce | R{x:, y)da:, where y'^{x—y)='a?, to the integral of a rational 
ftinction. [Putting j = to we obtain a;=l/{(>(l -()}, y=\l[t{l--t)).'\ 

20. Reduce the int^ral in the same way when (a) y(x-y)'^=a:, 
ih) (^3+y^)3 = «s(^a_j,2). [In ^^ („) p„t :o-y = t: in case (6) put 
a:a+y2=;(a^-y), when we obtain a;=a=i(i2+w2)/((i+a«),j/-aSi((S-aS)/(i*+a*).] 



"(•"+^''-^'"<--»'>"-/,li#:i:i^-J'<«(S?)- 

* See also Misc. Ess. 33 el seq. 
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122. Transcendental Functions. Owing to the immense 
variety of the different classes of transcendental functions, the 
theory of their integration is a good deal less systematic than 
that of the integration of rational or algebraical functions. We 
shall consider in order a few classes of transcendental functions 
■whose integrals can always be found. 

123. Polynomials in cosines and sines of multiples of it;. 

"We can always integrate any function which is the sum of a 
finite number of terms such as 

A (cos ais)'"(sin aa;)'"'(cos 6a:)"(8in tit;)"'. . . 
■where m, m\ n, n', ... are positive integers and a,h, ... any real 
numbers whatever. For such a term can be expressed as the 
sum of a finite number of terms of the types 

acosj(pa + §6+ ...)a;], ^sin [{p'a + q'b + ...).v] 
and the integrals of these terms may be at once written down. 

Esamples LIII. 1. Integrate siii'aicos^2^. In this case we use th.o 
formulae 

Multiplying these two eipressiona and replacing sin w cos 4x, for example, 
by ^(ainS;*;— sina^), we obtain 



A/(78i 



naB+3ain5.i:-sin7*)rf« 

The integral maj of course be obtained in a different form by different 
methoda. For example 

Lu';cco33ac,ii;= /"(4cos'aT-4co8^.i;+l)(l-cos^^)sin^(fe, 

whioh reduces, on making the substitution oos.s=(, to 

It may of course bo verified that this expression and the integral already 
obtained differ onlj' by a constant. 

3. Integrate by any method cosa^cosi^, ainttusin&r, costtrsinfca^, 
«08^x, sin^ic, cos* a;, cosa^cosareosSa;, coa |ic coa Sai, 008^ 2j; sin' 3*, cos^^sin'a;. 
[In cases of this kind it is also aometimes convenient to use a formula of 
reduction (Misc. Ex. 40).] 

124. The integrals jit" cos «;£?», /a!"siniiit?ic and associated 

integrals. The method of integration by parts enables us to 
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generalise the preceding results. Fur 

I x" cos xdx = x" sin x — nj w'^' sin xdx, 

/ ic" sin (C diK = — «" cos fli + )i I ic"~' COS « t^a;, 

and clearly the integrals can be calculated completely by a. 
repetition of this process. It follows that we can always calculate 

j ai^ COB axdx, is?* sin axdo); and so by a process similar to that of 
the preceding paragraph, we can calculate 

I P {x, cos a«, sin ax, cos bx, siabx, ...) dx, 
where P is any polynomial. 

Examples LIV, l. Integrate * sin a^, .r^cosx, {xconxf, (a.-sinjf sinSa;)^, 

2, Find polynomials P and § such that 

/'[(3^-l)cos^ + (l-2*)siu«]<;«=Pcosx + §sin,c. 

3. Prove that l3^'cc«3!»^=i'nCOS«+§„sina:, where 

P^=nX»-^ -n{n-l)(n-2)3?'-^-V ..., §„=;c"-»(«- I).?^-2+.... 

125. Rational Functions of cos a; and sinx. The integraS 
of any rational function of cos x and sin x may be calculated by 
the substitution tan i^x=t. For 

- }^ - ^^ ^^ = _S-. 

so that the substitution reduces the integral to that of a rational 
function of (. 

Examples LV. 1. Prove that 

|8eca;(^=log{8ec J.' + tan x^, f co8eea'(iK = logtan ^x. 

[Another form of the first integral is log tan (^tt+^j^); a third form is 
Jloe{(l+»i,«);(l-nn,)).] 

2. (tftna;tfe= -tog cos ^, (cot^(to=ic^sina;, \sex^icdx=tanti:, 

/cosec*a!da!= — cot«, /tanji!S6e«cti;=secfl;, lootarcoseca'(?^= -cosecj?. 

[These integrals are included in the general form, but there is no need to 
use a substitution, as the results follow at once from g 100.] 



y Google 



124-126] DERIVATIVES AND INTEGRALS 235 

3. Show that the integral of l/{(i + 6co8a'), where a + b is positive, may 
bo expressed in one or other of the forma 

where !=taiijie, according as d^Jfi^. If 0^=^ the integral reduces to a 
constant multiple of that of aec'^j; or cosec^ Ja', and its value maj at once 
be written down. Deduce the forms of the integral when ts+6 is negative. 
4 Show that if y ia defined in terms of a> by means of the equation 
(a + 6cos*){a-6cos2,) = a^-6', 
where a^> J>\ then as x varies from to tt one value of ?/ v.iries from to tt. 
Show also that 

a — b cos if ' a + 6cosa' dff a — 6 cosy ' 
and deduce that, if < a: < n- , 

/dx 1 /t(cos«+6\ 

a+b cos ^- = V{«^-6=) *^ ^ \^+b^J^) ■ 
Show that this result agrees with that of Ex. 3. 

6. Show how to integrate l/(a+6cosa:+csina^). [Express &cos;t;+csiii^ 
in the form ^{b^+(?)ws (a; -<.).] 

6. Integrate (a+fecos^+csin^VCa+^coHa^+ysin*). 
[Determine X, ji, v so that 
n+6cos* + csina^=X + p(<, + ,3cos.e+ysin;K) + v(-j3ain^ + VCOSJ^). 
Then the integral is 

1. Integrate 1/{5+3cos;k), 1/(3- 5co3^),l/(2-sin.i;), l/(l-co3a^+2sin,«), 
(5+3co3x-76itiii7)/(n-cos«+eind;). 

8. Integrate l/(acos*«+26coa .csin r+esin^^). [The subject of inte- 
gration may be expressed in the form l/(jl + Soos2* + Csin2«), where 
A=\{a+c), B=\{a-c), C=b: but the integral may be calculated more 
simply by putting tana;=(, when we obtain 



M^26tan^+ctan^" j a+2U+ct^ '■' 
126. Integrals involving arc sid x, arc tan tv, and log w. The 

integrals of the inverse sine and tangent and of the logarithm can 
easily be calculated by integration by parts. Thus 

(arc sinicrf^^ « arc sin ic - | — — — ^ = irarcsin a! + V(l — "i^i 

I arc tana:(t» = a:arc taniE— Irj— 

(logfl!da! = icloga:— jda} = x(logx—'l). 
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It is easy to see that if we can find the integral of y =/(»;) we 
can always find that ofx=tf>(y), 4> being the function inverse to/ 
For on making the substitution y —f{(«) we obtain 

J,(.(s)% = jV'(a')<fa-a:/W-//Wit. 

The reader should evaluate the integrals of arc sin y and 
arc tan y in this way. 

Any integrals of the form 

(P(ie, arcsin*')!^, I-P(a!, logic)rfa^, 

where P is a polynomial, can be found. Take the first form, for 
example. We have to calculate a number of integrals of the type 

laf"(arcsinfl!)"rfa;. Making the substitution « = sini/ we obtain 
i y"- sin™ y cosy dy, which can be found by the methods of §124. 

In the case of the second form we have to calculate a number 
of integrals of the form ai"'(log«)"(ia;. Integrating by parts we 
obtain 

and it is evident that by repeating this process often enough we 
shall always arrive finally at the complete value of the integral*. 

127. Areas of plane curves. One of the most important 
applications of the processes of integration which have been 
explained in the preceding sections is to the calculation of areas 
of plane curves. Suppose that PaPP' (Fig. 53) is the graph of 
a continuous curve y = <}>{a:), P being the point (te, y) and P' the 
point (a!+A, y+h) and h being either positive or negative (positive 
in the iigure). 

The reader is of course familiar with the idea of an 'area,' and 
in particular with that of an area such as ONPPo. This idea we 

• A more general acooant of the prolilem of nt giat n ( g 111 1 b) w H b 
found in Goursat's Cours d'Analyse or the author t aot q t cl n p 235 Tl 
reader may aleo be referred to the text-liooks of P 1 Lamb d O b n t 
Prof. Greenhill'e A Chapter in the Intefp-al GaUuliis d p p bi M B mw h 
in vol. sxxv of the Mensenger of Matheniatics. 
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shall at present take for granted. It is indeed one which needs 
and has received the most careful mathematical anatj'sis : later on 



/|/k~p' 



we shall return to it and explain preci-sely what is meant by 
ascribing an 'area' to such a region of space as ONPP^. For the 
present we shall simply assume that this and similar regions have 
associated with them definite numbers which we call their areas, 
and that these areas can be compounded in the manner indicated 
by common sense — e.g. that 

(area PUP'} + (area NN'RP) = (area NN'P'P) 
and so on. 

Taking all this for granted it is obvious that the area ONPPt, 
is a function of x; we denote it by ^(ic). Also 3>(;c) is a 
continuous function. For 

1>(iC + h}-<P (x) = (area NN'P'P) 
= (area NN'RP) + (area PRF) = A0(ic) + (area PRP'). 

As the figure is drawn, (area PRP'')<h.RP' = hk. This is 
not however necessarily true in general, because it is not neces- 
sarily the case (see for example Fig. 53 a) that the arc PP' 
should rise (or fall) steadily from P to P'. But the area PRP' 
is always less than \h\Xh, where X^ is the greatest distance of any 
point of the arc PP' from PR. Moreover, since ^{x) is a con- 
tinuous function, X.ft-^0 with A. 

Thus we have 

*(a^-|-/O-4>(*') = A{0(a;) + ^4, 
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where |/ift|<X;i sind /\.ft-*-0 as/i-*0. From this it follows at once 
that 0(a;) is continuous. And not 011I3' so but 

^'(x) = lim - i / >-' = 

ft— '^ 

Thus the ordinaie of ths curve is the derivative of the area, and the 
area is the integral of the ordinate. 

We are thus able to foi'mulate a rule for determining the 
area OJSfPPo. Calculate •!>(;»), the integral of i^(x). This involves 
an arbitrary constant, which we suppose so chosen that 'i>(0) = 0. 
Then the area required is <^(_te). 

It it were the area iVjATPi which was wanted, we should of course 
determine the constant so that i(x{)=0, where x, ie the abscissa of Pj. 

128. Lengths of curves. The notion of the length of a 
curve (other than a straight line) is in reality a more difficult 
one even than that of an area. In fact the assumption that OP 
{Fig. 53) has a definite length (which we may denote by S (a:)) 
does not suffice for onr purposes, as did the corresponding as- 
sumption about areas. 



In fact we cannot even prove that »?(«) is eontinuous — i.e. that 
lim{3{F')-&'(P)} = 0. This looks obvioiLS enough in the large figure, biit 
less so in such a case as is shown in the amaller figure. 

Indeed it is not possible to proceed further {with any degree of 
rigour) without a careful analysis of precisely what is meant by 
the length of a cui've. 

It is however easy to see what the formula must be. The 
assumption that the curve has a length leads to the equation 
{S(x+h)-8(w)]lh = (&rcPP')/h 

= {(chord PPyh] X S(arcPP')/(ehord PP% 

Now PP' = ^{Pli' + RP-') = h^{l+ |J) , 

and, if we assume that the curve has a tangent whose direction 
varies continuously, 

i = *(». + /.)-*W-''f(f) 

where ^ Hes between w and tc + h. Hence 
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If also we assume that 

lim [(arc PP')/(chord FP')] = 1 
ws obtain tho result 

and so S(x) =1^11 + [^'WPI -fe* 

Examples LVI. 1. Calculate the area of tho segment cut off from the 
parabola T/^=iaa; bj the ordinate 3^=$, and the length of the arc which 
bounds it. 

[The area ia 3 (^ ■Ji'kix)dx=§^s'(.a^) and tho arc is 2 j^jk+^dx. 

/^/('+l)'^=/viiS=)>'^-*<-+'»+»"/vTi|f5)) 

.V(»(«+«))+«iogW«+V(>'+«)), 

so that the length of the are is 

vtt(»+e)+s»io8[V(i/«)+v((<>+e/<.)i. 

In particular, the length of the arc from one end of the latns rectum to 
Another ia 3a y2 +log (1 + V^)}-] 

2. Answer the same questions for the curves y=x^l4a, ag^'^afi, showing 
that the length, of the arc of the latter curve, from the origin to the point for 
which ^.=1, is (^a)[{l+{9|/4a)}''^-I]. 

3. Calculate the areas and lengths of the circles x'+^/^^a^ «^+!/^=2a;r 
by means of the formulae of gg 127-8. 

4. Show that the area of the ellipse (a^V«=) + {^V*^) = l '^ ^"'^■ 

5. Find the area bounded by the curve ^=sinic and the segment of the 
.axis of a! from T,=f) toa:=27r. 

[Here * (a^) = — cos x, and the difference between the values of - cos ^ for 
^[■=0 and a;=2ir is zero. The esplanation of this is of course that between 
x=it and a^=2ir the curve lies below the axis of a:, and so the corresponding 
part of the area is counted negative in applying the method. The area from 
.s;=0 toa;=)r is -cos7r+cosO=2; and the whole area rec[uii«d, when every 
part ia counted positive, is twice this, i.e. is 4.] 

6. Show that the cui-vea cy=a^(a^~ffl)(6-ie), {a'^-^j:^)f={cfi~^)x\ 
(a-.'e)y^-={a-^3:)x\ and a^(y-a;)^ — (a+a;)*(a — .r) each consist of a single 
loop, and find the area of each curve. 

* For eome disouasioit of the ijuestton of the existenee of areas and lengths .see 
Ch. VII, g 137 et seq. 
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[Consider the laat curve, for exarapla 
The curve lies entirely between the lines ; 
area of the curve is * (a) — * { - a), where 



tvi 



Herej.»±(i;<.)(o+.)^(o"-»'). 
= - o and ;!;= + a (Fig, 64). The 



Putting ,t=o 



*W- fto,-»)4..(2;«)|(»+«)J(,.'- 
e find without difficulty that the ai 



'■)dx. 
of the ' 




l?io. SI. 

7. Suppose that the coordinates of any poiiit o 
as fuuctiona of a parameter ( by equations of the type x^^lt), y=\ff(t}, 
<b and \jr being one-vatiied and difierentiahle functions of t. Prove that 
if, as ( varies from to to i,, x steadily increases, the area of the region 
bounded bj the corresponding portion of the curve, the axis of x, and two 

ordinates, 



3J''yw<A'w<^(o'-/*v5'^. 



8. Suppose that C is a closed curve formed of a single loop and 
not mot by any parallel to either axis in moi* than two points. And 
suppose that the coordinates of any point P on the curve can be expressed 
as in Ex. 7 in terms of (j and that, as ( varies from t^ to ([, P moves in 
the same direction round the curve and returns after a single oirouit to its 
original positiou. Show that the area of the loop is equal to the difference of 
the initial and final values of any one of the integrals 

this difference being of course taken positively. 

9, Apply the result of Ex. 8 to determine the areas of the curves 
given by (i) ;i^/a=(l-i^)/<l+i^), y/a=2i/(l + (^), (ii) a.=«cos<, !/=isin(, 
(iii) w = afioa^t, y = 6sin'(. Determine also the perimeters of the first and 
third curves (for the second see Ex. 15). 



y Google 



128] DERIVATIVES AND INTEGRALS 241 

10. Find the area of the loop of the curve ^'+^^=3axy. [Putting 
i/=tx we obtain a;=3(i(/{l +1^), ^=30(2/(1 +<=). As i vajies from towards 
+C0 the loop is described once. Also 

which tends to as (-» co . Thus the area of the loop is f a^] 

11. Find the area of the loop ot 3;^-\-^ = f>a^^. 

12. Find the length of one arch of the curve a^=ffi((- sin (),2'=<«(l-cosOi 
and the aiea included between the arch and the axis of x. 

la Find the area commoa to the two parabolas ^*=4a^, x''=4<m/. 

14. The whole area between the curve ^(a^+^)*=a^x* and the positive 
half of the asis of x (i.e. the limit as g-»-<n of the area between the curve, 
the asis and the ordinate x=^) is jra^/32. 

15. The arc of the ellipse given by a:=acos!, y=haint, between the 
points (-=ii and t^t^, is F{t«)-Fiti), where 

■,b{l-e'maH)dt 



F(t) = ajji 



(e being the eccentricity). [This integral cannot however be evaluated in 
terms of such functions as are at present at our disposal.] 

16. Polar coordinates. Show that the area bounded by the curve 
j-=/(d), wbere/(5)is a one-valued function of ^, and the radii S=Si, 5=^^, is 

F{ez)-F(6i), where F{6)=l\'i^d0. And the length of the corresponding 
are of the curve is *(fl!}-*(fli>, where 



'>H J ["<£))"■ 



Hence determine (i) the area and perimeter of the circle r=2asin.C; 
(ii) the area between the parabola f =Jisec*^fl and its latua rectum, and the 
length of the corresponding arc of the parabola ; (iii) the area of the lima^on 
j's'd+ftcosft distinguishing the cases in which o>6, a=b, and a<b; 
and (iv) the areas of the ellipses l/r^=acos'(9+aAcos^ain5+6sin'd and 

llr = l + eooBd. [In the last case we are led to the integral I j-- jr^, 

which may be calculated (cf. Es. lv. 4) by the help of the substitution 
(l-|-ecosfl)(l-ecos*) = l-«'.] 

17. Trace the curve ^6={ajr)-'f[rjcC), and show that the area bounded 
by the radius vector 6=^ and the two branches which touch at the point 
!■=«, 6=\ is ^a^dS^- Vp. {M<ah. Trif. 1900.) 

18. A curve is given by an equation p-'f{r), r being the radius vector 
and p the perpendicular from the origin on to the tangeut. Show that the 
calculation of the area of the region bounded by an art of the curve and two 
radii vectores depends upon that of the integral \ j . .^ — ^- . 
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MISCELLANEOUS EXAMPLES ON" CHAPTER V,I. 

1. Denoting «, aa: + b, ax^ + '2bx + c, ... by %, Mi, %, .,., show that 
Ue^Us~ Su^ViUi + ^iti^ and %mj — 4M,M3 + 3jia' are independent of Jf, 

2. If oiu, Oj, ,,., osaare constants and i7r=(''i)> «ii ■■■> "ri^i l)''i then 

ia independent of a;. (Math. Trip. 1896.) 

[Differentiate and use the relation C,,' = i-f,_].] 

3. The first three derivatives of the function arc sin. (jt sin a^)-*', where 
fi>l, are poaitive for O^x^^w. 

4 The constituents of a detemiinant are functions of x. Show that its 
differential coefficient is the sum of the determinants formed by difierentiating 
the oonstitueuta of one row only, leaving the reat unaltered. 

5. If/i,/a,/3,/4 are polynomials of degree not greater than 4, then 

1 /■ /. /. /. 

[ /i' /.' fi' /.' 

: /," /,- /," /." 

/r //" /." A"' 

is also a polynomial of degree not greater than 4. [Differentiate Ave times, 
using the result of Es. i, and rejecting vanishing determinants.] 

6. If !^+3ya^4-aB»=0 then «2(l+a^)y"-fa^y +y=0. {Math. 2Hp.I903,) 

7. Verify that the differential equation ^=0{iKyi)|+i^{if-f W}, 
where yi is the derivative of >/, and ^ ia the function inverse to 0', is 
satisfied by y-0(c)+^(^-c} or by j=2*(i*-). 

8. Verify that the diiferential equation S = {^l^(ifi)}'j>{f(S/i)}< where the 
notation is the same as that of Ex. 7, is satisfied by y^c^(jelc) or by y = ^x, 
where j3=0(a)/aand a is any root of the equation 0(ii)-a<()'(a)=O. 

9. If oJ^+fiy+oa-O it is clear that ^2=0 (suffixes denoting differentia- 
tions with respect to a:). We may express this by saying that the general 
diferential equation of all straight lines is ^3= 0. Find the general differential 
equations of (i) all circles with their centres on the axis of a;, (ii) all parabolas 
with their axes along the asia of a:, (iii) all parabolas with their axes parallel 
to the axis of y, (iv) all circles, (v) all parabolas, (vi) all conica. 

[The equations are (i) 1+^1^+^8=0, (ii) yi^+if>f2=0, (iii) j/3*=0, 
(iv) (I+yi*)^3=3y,J^3S (v) 52f3^=^m> (vi) ^a^ys-46jrsy3y4 + 40ys3 = 0. 
In each case we have only to write down the general equation of the curvea 
in question, and differentiate until we have enough equations to eliminate all 
the arbitrary constants.] 
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10. Show that the general differential equations of all parabolas and of 

[The equation of a conic may be put in the form 
From this we deduce 
If the conic is a parabola, p=0.] 

11. Denoting £, ^, J, ^^, j^^, ... by t, a, b, c, ... and 

^, 1^, l^% ,l,ff, ... hy ., ., ff, y, ..., show that 

4ae-563 = (4oy-5j3*)/T«, bt-a^^ -(^-aS)/A 
Eatabiish similar formulae for tlie functions a^~Sabc—2b% (l+i^)6-2a^i, 
2c;-5a6. 

12. If ^t is the kth derivative of y'=sin(marCHinii;), prove that 

[Prove first for i=0, and differentiate i times by Leibnia'a Theorem.] 

13. Prove the formula 

i;iJ/M = -0/M-w5^''-V«i)^!')+''^^^i>,''-^ai>^^»)- 

where n is any positive integer. [Use the method of induction.] 

14. A curve is given by 

x^a(^coat+<Ms2l\ y=a (2 sin (-sin ap- 
prove (i) that the equations of the tangent and normal, at the point F 
whose parameter is t, are 

.)^aini(+yeo8i!=asin|t, ^cos Ji!^ysini(=3acosa(; 
(ii) that the tangent at P meets the curve in the points §, B whose para- 
meters are —^t and ir-^t; (iii) that QB=ia; (iv) tbat the tangents at Q 
and it are at right angles and intersect on the circle x^+j/^—a^ ; (v) that the 
normals atP, §, and .S are concurrent and intersect on the circle ;B^+y=9a*; 
(vi) that the equation of the curve is 

(^+/ + 12M + 9a^)a = 4a(2:c+3a)3. 
Sketch the form of the curve. 

15. Show that tlie equations which define the curve of Ex. 14 may 
be replaced by ^/a = 2M + (l/M*), i)/a={2/M) + u', where ^~x+yi, j)=^ — y/, 
M=Ois (. Show that the tangent and norma!, at the point defined by w, are 

u^~iai = a{u^-l), !{^^ + Kij = 3a («' + !), 
and deduce the properties (ii)-(v) of Ex. 14 

16. Show that the condition that !i^+Ap9^~iqx—\=0 should have 
equal roots may be espressed in the form (^+j)^— (p-g)^=l. 

{Math. Trip. 1898.) 
16—2 
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17. Show that the e(iuationain«=aa! will have a repeated root if (( = cc«|, 
whare^ia any root of the equation tanj^=a;. Determine roughly the values 
of a whicb satisfy this condition. 

18. Investigate the maxima and minima of f{s:), and the real roots of 
f{x)=0, /(ic) being either of the functions 

a:-9ina--tano{l-coa^), a:-sinA'-(a-8ina)-tanio(coso-cos*-), 
and a an angle between and ?r. Show that in the first case the condition 
for a double root is that tana— a should he a multiple of w. 

19. Show that by choice of the ratio X : /i we can make the roots of 
X(«^^-6a; + fl)^-/I(a'a:^ + &';C-l-o')=0 real and having a difference of any mag- 
nitude, unless the roots of the two quadratics are all real and interlace; and 
that in the excepted case the roots are always real, but there is a lower limit 
for the magnitude of their difference. {Math. Trtfi. 1895.) 

[Consider the form of the graph of the function (oa^ + 6*' + e)!{a'x^-i-h'x-^iJ) : 
cf. Ess. xLvni. 19-22.] 

20. A sheet of paper is folded over so that one comer juet reaches the 
opposite side. Show how to fold the paper in this way ao that the length of 
the crease shall be a 



21. The greatest acute angle at which the ellipse {3)^ja^)+{y^lh'')=\ can 
be cut by. a concentric circle m arc tan {{a^ - 6')/2((6}. (Math. Trip. 1900.) 

22. In a triangle the area A and the semi-perimeter s are fixed. Show that 
any maximum or minimum of one of the sides is a root of the equation 
s{x~e)xf^+iA^=0. Discuss the reality of the roots of this equation, and 
whether they correspond to maxima or minima, 

[The equations a+b+o = 2s, i(s-a){s-b)(s-o) = A^ determine a and 6 
as functions of c. Difierentiate with respect to c, and suppose dajdc=0. 
It will be found that b=c, s-6=ji-i!= Ja, from which we deduce that 
s(a-s)«2 -!-4a2=0. 

This equation has three real roots if «' > 27 A^, and one in the contrary 
case. In an equilateral triangle (the triangle of minimum perimeter for a 
given area) s*— 27a"; thus the case of 8*<27A^ cannot occur. Hence the 
equation m a has three real roots, and since their sum is positive and their 
product negative, two roots are positive and the third negative. Of the two 
positive roots on^ corresponds to a maximum and one to a minimum.] 

33. Tlie area of the greatest equilateral triangle which can be drawn 
with its sides passing through three given points A, B, Cm 

2A-H{l/2^3)(aH6Hc2), 
«, 6, c being the sides and A the area of ABC. {Math. Trip. 1899.) 

24. If A. a' are the areas of the two maximum isosceles triangles which 
can he described with their vertices at the origin and their base angles on the 
cardioJd r=a(l-(-cosfl), prove that a56AA'=25a^V5. {Math. Trip. 1907.) 

[One of A, A' will be found to he negative, and algebraically a m 
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25. Find the limiting values which («^— 4!/+8)/(*/^-6ic+3) appro£w;iies 
as the point (x, y) on the curve x^-Ax^-Axg+y^+lGx-iiy-l =0 ap- 
proachea the position (2, 3). (.Math Tnp. 1903.) 

[If we take (3, 3) as a new origin, the equation of the i,utve becomes 
?''?-S^+'J^=0,and the function given (|s+4;-4.,)/(i,i+67-6S) If we put 
ij=i^we obtain £=(1 — f^)/', i]=l — (^. The curve has a loop branching at 
the origin, which corresponds to the two values (=+1 Tspicssing the 
given function in terms of ! and maMng ( tend to ± 1 we obtain the limiting 
values -f, -.§.] 

S6. If /(^) = Sl/(siu*-ain»)}-{l/(^^«))seca, 

^^"'^ ^{W(«)}^^imy(^) = |sec=«-Asec«. 

x^a x-*a (Math. Ti-ip. 1896.) 

27. Show that if 0(:K)=l/(i+a^X *(''l('») = Sn(^)/(l+^^)''"'S "I'^re 
Qa{^) is a polynomial of degree n. Show also that 

(ii) &+a+2(«+2)af«„^,+(«+2)(«+l)(l+^)e.=0, 

(Jii) (14-a^)e„"-2M'§„'+m(m+l)e„=0, 

(iv) §„=.(- i)«„!j(^+i)^_(^±l^l"^--i':^-^+...), 

(v) all the roots of §„ = are real and separated by those of ^„^i. 
[To prove (ii) difterentiate the equation {l-\-x^)^{3>)=\ b + 3 times by 
Leibniz's theorem: (iii) follows item (i) and (ii); and (iv) can be deduced 
from (iii) or by writing 0(;c) in the form (l/20[{V(^-*)}-{l/{^+i)}] l^efore 
differentiating. Finally, to prove (v), we observe that, when §„=0, ft,+i has 
the sign of §„', by (i), and that the sign of 9„ when x is numerically lai^e is 
thatof{-l)''/«*"-s.] 

28. It fix), 0(a^), iir(s) have derivatives for a&x£.b, thei-e is a value 
of ^, lying between a and h, and such that 

I /(») *(o) +(-) 1.0. 

fib) ,(,(s) -m) 
\ nt) *'(S) +'(« 

[Consider the function formed by replacing the constituents of the third 
rowby/(^),^(^),^;.(*).] 

39. Deduce from Ex. 38 the formula 

{/m -/(«)}/{</. (b) - ^ (a)} =f(IW($)- 

30. If <Ji'(^)*o. aa ^-*«>, then <P(x)/a;-*a. If ^'(*)*=° {°>^ --'")- 
then ^(it!)*a> (or -co). [Use the formula ■ii(aT)-^(%) = (.J^-:Bn)^'(|), 
where x„<i<3:.'] 

31. If <l>(»:)~s-a as «-*-», ^'{x) cannot tend to any limit other than zero. 
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39. If <p(3;) + 'j> (t)^a a& j^ + -o, then <j)(^)^a and 0'{^)-*O' 
[Let 0(:E)=a+.|'(i.| 80 that i/'(j;) + 'J' (tjj—O, If i/^'^^) ia of constant 
aign, say poaifcive for all ^iufticiently large values of x, then '^{x) steadily 
increases; thus ■<('(%) tends to a limit ? or to +co, and ao -^'(x) to -I 
or - CO , which is iiapossible (Exs 30 31) unless 1=0. But if -jr^x) changes 
sign for infinitely many values of j;, these are the maxima and minima of 
'!'(;»;); at these i/f(3:)+i/''(a:) ja very small (when x is large), and ^'(.r)~iO, 
so that i/'(*) is very smalL A fortiori are the other values of 'jr(x) very 
small when a; is large.] 
33, Prove that 



f dx _ _2_ //x- 

--^o)y' 



34. Show that j-. — — r— , where y*=(tE^ + 26.r + c, maybe 
one or other of the forms 

^0 ^|- ^-^0 J' ft) 1 2/^ )' 

according as axa^+^bn'o+e is positive and equal to t/o^ or negative and equal 
to — %^. In the first case the ambiguous sign is to be chosen so as to make 
the contents of the bracket positive. [Put x-Xo=lll, when we obtain 

/dx _ ( dt , 

(x-^o)y~_/^{a+2(iM^o + 6)'; + (aV + 26^o + c)'''r 

35. Iia^+ctfi=-v<0, show that 

f__i^^ =_l,^tanRH^±^n 
} {ks:+g)^{ax'-\-e) ^Iv \_ ch-agx J 

36. Show that the integral f ,, „ — , is reduced to that of a rational 
function by the substitution xl^{a^-\-c) = ii. 

In particular show that 

/dx _ f dv, 

(Ja^+(?)V(a^ + ^~jC+(c^-a<?)«2' 
and hence evaluate the integral. 

[The integral \ a^i^Q-.^jUx^ ' ^ ^ i^ reduced to this form by putting 
x^lly (or it may be calculated by putting x^^t). Hence we can calculate 
any integral of the type i „ ^ . ^ . in terms of xlJ(a3^-i-c) and 
l/V(«^+c).] 

37. Show how to integrate I , . ' „ ^ ^ ; r, when 

^ j Ax'i+-iBx-\-C ^(ax'+'ibx-voy 

da^+2£^+C=0 has complex roots. 

[Put x = (,u( + !•)/(; + 1), where ^, v are so chosen that 

af«' + J(n + i.)+c = 0, A^v+B{,i + v) + C''0, 
i.e. are the roots of {aB-hA)^'^-{cA-aO)k-^{bC-cB)^(i. It is easy to 
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verify that ^ and v are real and distinot : they are in fact the ii 

minima of the function {fl^Jr%hxJr£)\i^Ax'^-^'^xJr(T) oonaidered in Exa. 

SLYiii. 19 et seq. It will be found that the integral now reduces to one of 

the form / „ ., „ — r, and so may bo calculated in terms of (:c~(i)/y 

and (^-i.)/y, where y=v'(o^+2te+c)*.] 

38. Show how to miuoe Jb {^, J(^^^, ^'(S^)} -^ *<> 
the integral of a rational function, [Put »w:+n=l/( and use Es, Lii. 15,] 

39. Calculate the integrals : 

( dx C xd^ 

j {5^+12^+8)V(S^+3a--7) ' } ]j(l+x)-^{l+x) ' 

f dx [ooaxemxdx f // « » j 

i (2-ain^.)(3+dn.-.in^.) - j co^^.+sin^. ' j-^— V(-c2.),^., 

(^, . '^„ ,-^,, f^±^^&, fare sec :.rf^, /■(arcmn;.)*^^, 

Js/{(l+sini.)(2+8in^;}' jl + C08:^ 'J ' j^ ' ' 

jx^^inxd^, Z^^^-*"' Z^^'^' t^TW'^' 
f are tan ^ f arctaj^^ /■ log(»'+a^^) , nog(.+ff^) 

40. Formulae of Reduction, (i) Show that 

/dx _ 1 iK+^p 

(P+pi'+j)" ~ a(«-l)(3-i^=) (^+^^+^' 

2m — 3 /" (tf 

+ 3C«-l)(9-ip^) J i^+^^^i • 
[Putfl; + |^=(, q~ip' = \: then we obtain 
f_dt__ _ \ f dt _ 1 f t^dt 
Jil^ + Xr-Xjlt'-i-Xr-'- \}{fi + \)'' 

_1 f dt 1 [ d I 1_ I 

' xj(<^+x)"-'''"2X(»i-i)J rfi \{fi+\r''i ' 

and the result follows on integrating by parts. 

* The method fttilB if a/ J = 6/B ; but then the integral may be radaoei by the 
subetitotion ax + b = t. See Stolz, OTandsiige der Dijf. and Int. Calc,, bd. i, 
pp. 331 et leg. ; Goodwin, Messenger of Matheniatics, vol. xsxvu, pp. 104-6. 
Another method of reduction baa been given by Prof. Greenhill ; see his A Chapter 
in the Integral Galeulus, pp. 12 et seq,, and pp. 34 et seq. of the author's tract 
quoted on p. 225. Relerenoe may also be made to the paper by Mr Bromwioh 
quoted on p. 236. 
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A formula such as this is called a formula, of reduction ; it enahles u 

calculate I,— = r- in terms of (.— = r-rvi and so to evali 

the integral whenever li ia a positive integer.] 



(ii) 



If /p,,=. /^^(l+a:)'^!, show that 



^,«={V(p+i)}^''*'(i+*-)'-{?/(p+i)}^+i,,-i, 

and hence that ^,, can be calculated if g ia a positive or p a negative integer. 
Obtain a similar formula connecting /^, with /f—i.g+i, and show that /^,„ 
can be calculated whenever p or 5 is ac int^er positive or negative. Finally, 
by meana of the substitution x= —yH\ +J'), show that 

and that /p,5 can also be calculated whenever p+5 is an integer. 
(iii) Show that ii X=a + bx, 

Lx-^i*dx= -4(4a-3te)XS'^/2l6^,- 

(iv) If/™.» = /(0j»then 

2(rt-l)i"«^„--«'"-'(l + ^)"'""'' + (™-l)-f".-9,„-i- 
(v) If /„=• I X'' COS fix da; J„= (^••sm&xdx, then 

3/„ = a«sin^-mJ,^i, /9 J„ = - *■» cos (3.1:: + » /„_i . 
(vi) If 4= lQOS''xdx and /,= Lin'nd^, then 

m/„ = Bina:cos'^'x + (« — 1) J„_2, kJ'„= -cosa:sin''""';!:+(ji-l)./„_2. 
(vii) If /„= jtaWxih:, then 4 + /„„2=(tan"-ia)/(m-I). 
(viij) If /,^„= fcoa^^sin-ii^cfa, then 

(m+«)/™,n=-cos'"^i^3in''-'fl:+{7*-l)/„,„.2 
=cos-'^sin-^'*'+(m-l)/™.^.„. 

[For (™,+ l)/,„„=-j'sin"-'^^(cos"'-^^r)cJi: 

= -cos"'^i^sin--^ + (™-l)(/™„.,-/™.„), 
which loads to the first reductioni formula : similarly for the second] 
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(ix) Connect /,„,„= Lm'^XHinnxdx wHli I^2.»- {Matk. Trip. 1897.) 
(x) If /m,„= ia;™{C08eca:)"(iii;, then 

-a^-'{ni8ina;+(ra-2)a^co8a,-}(co8eca;)°-». {Math. Trip. 1896.) 
(si) If /„= f(a+6cosa^)-"(fci7 then 

(«-l)(a^-6=)/„=-&sina^(o+icos^)-l''-')+(2«-3)«/„_i-(«-2)/„._2. 
(xii) If A- f(«cosaic+2Acos^sm.r+6sm';!:)-''d:t: then 

2(ji+l)(«&-A2)4^^-(2» + l){«+6)/„^, + 2«4,= -l-^. 

(J/ail/i. 3V)^. 1898.) 
(xiii) If/™,„= \af"{\ogj:Ydx, {m + l)I^_„=d^*'(ioga:y-nI^„_i. 

41. If ft la a positive integer the value of j sf" (log x)" thi ia 

42. Show that if « and v aro functions of x such that d-u,jdx= — v, 
(fo/(£j;=M, then «*+!;' is a constant; and that if !i=l and «=0 when x=0, 
then )t«=oosj! and ii^Binic. 

43. Show that the most general ftinction 0(3^), such that 0"+ai^^=Ofor 
aU values of tc, may be expressed in either of the forms A cos aX'VBmxiax, 
peos(cuK+f), where A, B, p, i are constants. [Multiplying by 2i^' and 
integratittg we obtain (J)'''-|-cf^0^ = const. — a^&^, say, from which we deduce 



"=/: 



V(6--*")-J 

44. Determine the most general functions y and s such that ^' + ais = 0, 
2*— 0^=0, where tu is a constant and dashes denote differentiation with 
reapect to x. 

46. Trace the curve for which x:=2a(l-f')!{l + fif, y=4atl{\.^fi)K 
Show that the point {ty, — te) lies on the normals at the two points ( and 
-1/t; and deduce that the locus of their intorsection is x^+y^=am. Also 
find the area of the curve. 

46. The area of the curve given by 

fl,-=cos* + {sinasin<(./(l-cosa„sin^)!,^=sin.i,-{sinacos<^/(l-cos^«sin^^)}, 
where a is a positive acute angle, is ^7r(l+sina)Vsina. {MatL Trip. 1904.) 

47. The projection of a chord of a circle of radios « on a diameter is of 
constant length 2a cos ^ ; show that the locus of the middle point of the chord 
consists of two loops, and that the area of either is a^((5-coa^sinj3). 

(McUL Trip. 1903.) 
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48. If/(:K,!/)=((r,6,cy,^,A3(a',y,l)2 = Oi8 the equation of a conio, prove that 

where FT, FT' are the perpendiciUarH from a point F of the conic on the 
tangents ftt the ends of the chord lx+3itff+n=0, and a, /3 are constants. 

(Math. Trip. 1902,) 
[We may, in the formulae of g 117, suppose that (f, rj) in one of the points 
in which l(c+m^+ii=0 outs the conic (say that corresponding to T), Then 
2{l+int)(,G+Ft) 



lx+m^+ii^l(a;-i)-i-m(i/-r,)^ 






kx + b>/+fdt a + SAt + bi'^' 

r d^ ; dt 1 /l+mt\ 

j {lx+m.y+n){kx+hy+f)~ }'{l-\-mt){G-VFtr mG^lF "^XG+Ft)' 
But the equations of the chord and the tangent at {^, tj) are respectively 

U:^w.y+n=Q, G{x~$) + Fi^-r,)=fi; 
and, if FN is the perpendicular from P on to the chord. 

Similarly 



-£) + F{y-u) 



Also t={y-,!)j{i 
From these relations the result follows. 
It is not dif&cult to prove that 
[r^G-Uy^ 



i), and PT.PT'^k.PN\ where k i 
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CHAPTEE VII. 

ADDITIONAL THEOREMS IN THE DIFFERENTIAL AND 
INTEGRAL CALCULUS. 

129. Higher Mean Value Theorems. In the preceding 
chapter we proved (§ 106) that if /(«) has a derivative f'{a:) 
throughout the interval (a, b), then 

/(i')-y(«)=(*-«)/'i«+9(6-«)i 

where 8 lies between and 1 ; or, if 6 = a + A, 

f{a + h)-f{a) = hf'{a + 6h) (1), 

This we proved bj' considering the function 

which vanishtis for x = a and a: = h. 

Let us now suppose that fix) has also a second derivative 
/"(x) throughout (a, b) (an assumption which of course involves 
the continuity of the first derivative /'(«)), and consider the 
function 

/{*) -/W- (6 - «)/■(«) - (1^)" 1/(6) - /(») - (4 - «)/X«)|. 

This function also vanishes for x — a and a; = b; and its 
derivative is 

(b-ay 1 

and this must vanish (§ 102) for some value of x between a and 6 
(exclusive of n and b). Hence there is a value f of «, between 
a and b, and therefore capable of representation in the form 
a + 0(b — a), where 0<S<1, which is such that 

/(b) =/(<.) + {b- a)f(a) + i(4 - »)■/•(«. 
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If we put b = a + h we obtain the equation 

/(<. + 4) -/(c.) + i/'W + i'.-/" (» + «■) (2). 

which is the standard fonn of what may be called the Mean 
Value Theorem of the second order. 

The analogy suggested by (1) and (2) at once leads us to 
formulate the following theorem : 

Taylor's or the General Mean Value Theorem. If 

/(jc) is a function of x which has derivatives of the first n orders 
throuffkovt the whole interval {a, b), then 

/((,) =/(„) + (J - „)/'(«) + fc^/"(a) + . . . 



<l-^ 



r/ "-"(«) - 



where a< ^<b: or, if b = a + h, 

f{a + h) =/(o) + hf\a) + !*■/•(») + . .. 

where <d <1. 

Tho proof proceeds on precisely the same lines as were adopted 
before in the special cases in which n = l,2. We consider the 
function 

where f<.W-/(J)-/W-(6-«;)/'W-i(6-«)-/"W-... 

This function vanishes for a: = a and ie=h; its derivative is 

and there must be some value of ce between a and h for which 
the derivative vanishes. This leads at once to the desired result. 

In view of the great importance of this theorem we shall give 
at the end of this chapter another proof, not essentially distinct 
from that given above, but different in form and depending on 
the method of integration by parts. 
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Examples LVII.. 1. Suppose that /(«) is a polynomial of degree r. 
Then /!"){«) is identically zero for «>>-, and the theorem leads to the alge- 
braical identity 

/(a + A)=/{») + A/'(«) + lAV"(a)-l-...-l-i-A-/''-'W. 

Verify this when f(p)=x, 3?, a^, a^+pt;^+?^-(-»'. 

2. By applying the theorem to/{x)=l/^, supposing ^ and :K+/i positive, 
obtain the resiilt 

J-^\_t^1 (-1)"-'A»-' (-1)"A" 

R,w» J_ = L ij.^' (-i)~-iA»-i (-])«A" 

we can verify the result by showing that tc"(3!+h) can be put in the form 
{;K+flA)"+i, or that .V«*^<j^{x+k)<{x+h)''*\ as is evidently the case.] 

3. Obtain the formula 

+(-')- (-S)T~"+i-'>-£"»<'+'"* 

the corresponding formula for eos{x:+h), and similar formulae involving 
powers of k eitending up to A^"*'. 

i Show that if »i is a positive integer, and m a positive integer not 
greater than m, 

Show also that if the interval (x, x+h) does not include ^=0, the 
foimula holds for all real values of m and all positive integral values of n ; 
and that, even if ^<0<a;+A or a-+A<0<a:, the formula still holds if 

5 The formula /(a^+A)=/(.j;)-|-A/'(i:^ + eA) is not true if /(;;:) ^l/.»; and 
1<0<»+A [For/{;c+A)-/(«)>0 and fcf(x + 6k)= -hlix+0ky<O: it 
ia evident that the conditions for the truth of the Mean Value Theoreai are 
not satisfied.] 

6. Ux=-<i, h^2a,f{x)=x'i^ the equation /(^+A)=/(;b)+A/'(*+^A) is 
satisfied hj 6=\±-^^^. [This example shows that the result of the theorem 
may hold even if the conditions under which it was proved are not satisfied.] 

7. Approximation to tlie roots of equations. Let | be an approdma- 
tion to a root of an algebraical equation f{w)=(), the actual root being ^ + h. 
Then 

so that h- _^,^gj ih ^,^^^ . 

It follows that in general a better approximation than «=| is 

«-S-f/(l)//(l))- 

If the root is a simple root, so that /'(^ + A)H=0, we can, when k is small 
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enough, find a positive constant K auch that \f'{3:)\>K for aJl the values of 
le which we are considering, and then, if h is regarded as of the first order of 
smalhiess, /(|) is of the first order of smallness, and the error in taking 
i~ {/(iWiO) *^ *^i^ '■""t i*^ °f the second order*. 

8. Apply this process to the equation a^=2, taking ^ = 3/2 as the first 
approsimation. [We find A« -1/12, |+A-17/12=1-417..., which is quite a 
good approximation, in spite of the roughness of the first. If now we repeat 
the process, takii^ ^=17/12, we obtain |+A=577/408-.l-414215.,., which 
is correct to 5 places of decimala. The reader should also test the result of 
taldng £=7/5.] 

9. By considering in this way the equation ^-l-if=0, where f/ is 
email, show that J(l+y)=l+Jy-{j,V^/(2+^)} approximately, the error being 
of the fourth order. 

10. Show that the error in taking the root to be i-iflD-^iPf'lf"')) 
where ^ is the at^ment of every function, is in general of the fourth order. 

11. The equation m.nx=ax, where a is small, has a root nearly equal to 
jr. Show that (1 —a) ir is a better approximation, and (1 — a + d^) it a better 
still. [The method of Eis. 7—10 does not depend on /(a^)=0 being an 
algebraical equation, so long as /' and /" arp coDtinuoua.] 

12. Show that as A-*0 the limit of the 6 which occm^ in the genera! 
Mean Value Theorem is l/(?j+l), provided /("+'){«) is continuous. 

[For/{a^+A) is equal to each of 

/(i)+...+|j/W(»+«), /W+-.+^!/wW+(-J^/i"'i(»+i>i'0, 

where di as well as S lies between and 1. Hence 

/W(»+»4)./W(i)+(i/("ii(i+<),i)i;(»+i). 

But if we apply the original Mean Value Theorem, to the functioQ /'"'(■^)i 
taking 6h in place of A, we find 

/l") (« + SA) =/(''l («) + ^A/l" + 1) (:»^ + flSa^) 
where ^2 also lies between and 1. Hence 

trom which the result follows, since /(''+')(«+SS2A) and f"'-'')(.v+e,h) tend 
to the same limit /I" *^) (if) as A-»0.] 

13. Prove that {f{x+2A)-2f{a: + h)+f{x)}lh^^f"{^-) as A — 0, provided 
/"(a:) is continuous. [Use equation (2), p. 252.] 

14. Show that, if the first n derivatives of f{s:) are continuous for .'i; = 0, 
and/(") (0)4=0, then 

where a, =/('') (0)/)-! and tx~^0 with x. 

* This method of approximation ia due to Newton, For further details sec 
Gibson's Calaulue, pp. 244 et seif., and Tannery's LeQons d'Algiihre et iV Analyse, 
pp. 302 et ssq. 



y Google 



130] ADDITIONAL THE0KEM8 IN THE CALCULUS 255 

15. Show that if 
ao + aia;+as^ + ... + (T„«"(l+s„) = 6c + 6i^ + 6a^"^ + ... + M''(l + 7i:), 
where tj, and ij^ tend to zero with x, then oio=*(ii <h~^u ■■■r «n=&»' [Making 
x-r-0 we aee that ao=6(i- Now divide by ^ and afterwards make ar-— 0. 
We thua obtain <!!i=6i; and this process may bo repeated as often as ia 
necessary. It follows that i!f{;e) = aa + (''iX + as^+...+a^af(l + ii^) then 
a^=fi')(p)/rL] 

130. Taylor's Series. Suppose that /{x) is a function all 
of whose differential coefficients are continuous in an interval 
(a — a, a + a) surrounding the point fli = a. Then, if A is numeri- 
cally less than a, 

/(« + t)-/(a) + i/'M + - + (;^/»-'(«) + ^/»'{« + ».ft), 

where 0< ^„< 1, for all values of m. Or, if 

S^ J% ^/H (a), Rn = ^j/"" {a + eM, 

we have /{a + A)-S„ = S„. 

Now let us suppose, in addition, that we can prove that 
Rn—^ as n—ix. Then evidently 

/{« + i) = lm «.=/(«) + l,f'(a) + 1'/- W + . , . . 

This expansion of /(a + A) is known as Taylor's Series. 
The particular case in which a = 0, when the formula reduces to 

/(;.)=/(o) + */'(0) + |^,/"(o) + ..., 

is known as Maclaurin's Series. The function R^ is known 
as Lagrange's form of the remainder. 

Examples LVIII. 1. Lot f(^)=aiiix. Then all the derivatives of /(«) 
are continuous for all values of a). Also | /" (a;) | g 1 for al! values of x and m. 
Hence in this case |fl„[^A"/«!, which tends to zero as ji-a-cc (Ex. xxx. 12) 
whatever value h may have. 

It follows that 

■ / ;w ■ ^ ■ -_^ +^ ■ 

for all values of ^ and h. In particular 



for all values of A. Similarly we can prove that 
cos(^+A)=cos:i:-Asin^-^cos;!;+^sm:r+..., cosA^l-^^ + ^-... 
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3. The Binomial Series. Let f(x)=(l+xy" where ™ is any rational 
number, positive or negative. Th^n. fi'')(x) = m{'iii— I) ...(m - n + 1){1 + x)'"'", 
and Maclaurin'a Series takes the form 



(i+^)'-i+(;).+(;y+.... 



When m is a positive integer the series terminates, and we obtain the 
ordinary formula for the Binomial Theorem with a positive integral exponent. 
In the general uaae 

-*--s^'"<*'-(r)'"''+*'"""' 

and in order to show that Maclaurin's Series really represents (1 +x)^, where 
m, is not a positive int^er, for any range of values of x, we must show that 
^-*0 for every value of a in that range. This is so in fact if -l<x<l. 
When « ;); < I this may be proved by means of the expression given above 
for R„ since (l + te)"'-''<l if n>m, and f^\at^-^0 as «*co (Ch. IV, 
Misc. Ex. 5). But if -1<^'<:0 a difficulty arises because l+to<l, and 
{l + 6xy"~''>l if K>Mi; knowing only that 0<8<1 we cannot be assured 
that 1 + S;j; is not quite small and (1 + fe)"'" quite lai^e. 

In fact, in order to establish the Binomial Theorem properly by means of 
Taylor's Theorem, we need some different form for lt„, such as will be given 
later (g 146). 

131. Applications of Taylor's Theorem. A. Maxima 
and minima. Taylor's Theorem may be applied to give greater 
theoretical completeness to the teats of Ch. VI, §§ 103-4, though 
the results are not of much practical importance. It will be 
remembered that, on the assumption that ij>(x) and its first two 
differential coefficients are continuous for « = f, w*e stated the 
following as being sufficient conditions for a maximum or mini- 
mum of (^(«) at « = |: for a Maximum, 0'(?) = **. ^"(?)< ^'> /<"" 
a Minimum., 0'(^) = O, 0"(^)>O. It is evident that these tests 
fail if 'j>'(^) as well as tj>'(^) is zero. 

Let us suppose that the first n derivatives 

fW, *"W *»w 

ore all continuous at ic = ^, and that all save the last vanish there. 
Then for sufficiently small values of h, 

*(i +'»)-*(?) "5 *'*<?+«'')■ 

In order that there should be a maximum or a minimum, this 
expression must be of constant sign for all sufficiently small 
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values of h, positive or negative. This evidently requires that n 
should be even. And if n is even there will be a maximum or a 
minimum according as 0""(f) is negative or positive. 

Thus we obtain the test: if there is to be a maximum or 
minimum the first derivative which does not vanish must be an even 
derivative, and there will be a maximum, if it is negative, a minimum 
if it is positive. 

Examples LIX. 1. Verify the result when <^{x) = {p:~a)^ and i=a,. 
in, being a positive integer. 

2. Test tlie function {x - a)'" {x - 6)", where m and n are positive iat^ers, 
for maxima and minima at the points x=a, 3:=h. Draw graphs of the 
different possible forms of the curve y={x—a)'"{x-b'f: 

3. Test the functioas sina^-^c, 3in^-;»+^, smiD~x-\--^ — j^, .._ 
.,-_ , „„. ..^^ „„„_ , ,^ ^ 



132. B. The calculation cf certain limits. Suppose 
that /(ic) and ^{x) are two functions of a; whose derivatives fix) 
and ^'{x} are continuous for x — ^: and that /(^) and ^(|) are 
both equal to zero. 

Then the function 

has no value for x = ^. But of course it may well tend to a limit 
a. x^(. 

Now /W -/W -/({)-=(«-!)/' W, 

where x-t lies between ^ and x; and similarly i^ix) = (ic — |^) ^'{x^, 
where a^ also lies between x and J. Thus ■\jr(x)—f'{xi)j(l>'(xs). 
Then we must distinguish four cases : 

(1) if neither /'(f) nor ^'(^) is zero it is clear that 

{f(.^)i<i>i^)]^r{m'iO: 

(2) if/'(?) = 0, ^'(1) + 0, it is clear that f{x}J4.(x) -0 ; 

(3) if /'(f) + 0, f (f) = 0, it is clear that /(«)/0(^) becomes 
numerically very large as x~-^^; but whether /(a;)/0(a;)-*co or 
— CO or is sometimes large and positive and sometimes large and 
negative we cannot sayj without further information as to the way 
in which 4>'(x)^0 as x-^^ (if e.g. /'(f) > 0. and <j>'(x) > when 
ic> f, it is clear that f(x)/ip{x)^ + oo ); 

H. A. IT 
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(4) if /'(I) = 0. 0'(f) = 0, we can aa yet say nothing about the 
behaviour oif{a;)jj>(^x) as iC-*0. 

But in this case it may happen that f{a:) and ^{x) have con- 
tinuous second deiivatives. And then 

/M -/ w -/ (f) -{^- f)/'(f ) =i («! - (TfM. 
*« = *(«)- *({)-(«- t)f(l) = i(«-f)'fW, 

where again «, and x^ lie between ^ and a; ; so that 

We can now distinguish a variety of cases similar to those 
considered above. In particular, if neither second derivative 
vanishes for « = f, we have 

/W/,f.W-/'(E)/*-(f). 

It is obvious that this argument can be repeated indefinitely, 
and we obtain the following theorem : suppose that f{x) and ij>{x) 
and their derivatives, so far as may be wanted, are continuotis for 
m = ^. Suppose further that /'*"(iK) (md ^'''(ic) are the first 
derivatives of f(x) and ^(x) respectively which do not vanish for 
ai= ^. Then 

<i) •/ p - !. /WMW-/"(f)/*"'(f); 

<2) if p>q. /(«)/,fM»Oi 

(3) if p<^, and q—p is even, /(a:)/i^(a^)-* + oo , the sign 
heing the same as that "//""(JV^'^'d^)' 

(4) if p<<l and q- p is odd, f{!'')j^{^)-^± «= as x-*^ + Q. 
the sign being the same as that o/"/"'^'{?)/^'*'{?)> '"'^i^^ if x-^^ — 
the ambiguous sign must he reversed. 

This theorem is in fact an immediate corollary from the 
equations 

Examples LX. 1. Find the limit of 

as j:-s-l. [Here tho functions and their first derivatives vanish for a; = 1, 
and/"(l) = n(™ + l), •^"(1)=2.] 

% Find the limits as « ^0 of 

{t,,r,x^.x)l{x-Bmw), (tan.u.-«tana')/(«sin^-si.i.«). 

3. Find the limit of x y{3fl-\-a'') -:c\3&x-'^. [Put ^ = 1/?.] 
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lim (x- 
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_ (-!)"' 
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n being any integer, and evaluate the corresponding limits involving oot^n-. 
6. Find the limits aa ix^^O of 

{cosec^^(l/*)-(a.-/6))M {cot^-(l/;<:)+W3))/^. 
6. (aiQii'arcsinj^-«5)/^-*J^,(tana^arctan^-.j^/a^-»f,a8a^-.-0. 

133. C, The contact of plane curves. Let us suppose 
that f(x), ^(ic) are two functions which possess derivatives of 
ail orders continuous for x = ^, and consider the curves y=f{cG), 
y-tj,(x). In general /(f) and <l>{^) will not be equal. In this 
case the abscissa x — ^ does not correspond to a point of inter- 
section of the curves. If however /(|) = 0(f), the curves intersect 
in the point x = ^, i/=/(?) = 0(f)- Let us suppose this to be 
the case. Then in order that the curves 
should not only cut but touch at this 
point it is obviously necessary and suf- 
ficient that the first derivatives /'(«), 
4>'(a:) should also have the same value 
for 0! = f , 

The contact of the curves in this 
case may be regarded from a different 
point of view. In the figure the two 
curves are drawn touching at P, and Qft 
is equal to 0(f + h) -/(f + A), o"-' ^^nce 0(f) =/(f), f (f) =/'(f ), to 

(where and Oi lie between and 1), 

In other words, when the curves touch at the point for which 
tc = f , the difference of their ordinates for a:=^+h, when h is small, 
is at least of the second order of smallness compared with h. 

The reader will easily verify that wlien the curves cut and do not touch 
lim {Q£lh)=ip' (^) -/'(I), so that QB is of the first order of smallness only. 

It is evident that the degree of smallness of QB, as compared 
with k, may be taken as a kind of measure of the closeness of the 
contact of the curves, It is at once suggested that if the first 




Hence 



= ilf'(f)-/"(B|. 



y Google 



260 ADDITIONAL THEOREMS IN THE CALCULUS [VII 

II— 1 derivatives of / and all have equal values for x = ^, then 
QR will be of the nth order of smallness : and the reader will 
have no difficulty in proving that this is so and that 

i™^=^(*"(f)-/»'(f)!. 

We are therefore led to frame the following definition : 

Contact of the nth order. ///(!)-•(>({)./'({)-♦'(?), 

...f -US) = •!>''-'((}. "/™(f) + *™(l), <fa »'■»» »-/W. 

y = <i){w) will be said to have contact of ike nth order for x = ^. 

Let us consider some particular cases of this definition in 
r detail. 



Examples LXI. I. Let •p{ic)=as:+b, m that y=<^{w) its a straight i in o. 
The conditions for contact at the point for which a; = g are /{^) = ai + b, 
f'(i}=a. If we determjae a and b to satiafj these equations we find 
a=f{$), 6=/(g)-^'(|), and the equation of the tangent to y-/(a^) at the 

^""^^^ '^ J=^/«) + (/(e-l/'(l)}, 

ory-/(|) = (^-^)/'(g) (cf. Ex, XLi. 6). 

2. The fact that the line is to have simple contact with the curve 
completely determineiS the line. In order that the tangent should have 
contact of the second order with the curve we must have /"(J) = ij)"(0, i.e. 
/"(|)=0. A point at which the tangent to a curve haa contact of the 
second order is called a point of inflexion, 

3. Find the points of inflexion on the graphs of the functions 3a^-6j^+l, 
ai;/(l + 3^), a%j(x-ay, einar, cos(;i^-a), a.cos^!>: + bsm^x:, tann;, arotanx - 

4. Show that the conic a3^+2/u:^+bi/^-'r2ga:-i-y^+c=0 cannot have a 
point of inflexion. [Here ox+ky+ff + {hs! + b)/+f)ffi'=0 and 

a + 2Ay, + iyi^ + {Ax + by +/) ^a = 0, 
suf&xes denoting difierentiations. Thus at a point of inflexion 

a+2Ayi 4-6^1^-^0 
or a{h^-\-by+ff-U(<M:-\-hy+g){ltx+h!i-¥f) + b{a!e-¥hy-\-gf=(i, 

or {ab-h?){a3?-\-'ihxy+by'^+-2gx^-yy]-^af^-ygh-'rbg^=Q. 

But this is inconsistent with the equation of the conic unless 
ap-^fgh-{-bg^^c{a.h~h^) 
or abc-\-'ifgh- af^ -bg''-eli^=0; and this is the condition that the conic 
should degenerate into two straight lines.] 

5. The curve y = {cue^-\-'ihx + e)l{a3:'^ + ^^x+y) has one or three points of 
inflexion according as the roots of a3fl+2^+y=Q are real or complex. 
[The equation of the curve can, by a change of origin (cf. Ex. xlvhi. 32), be 
reduced to the form 
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where p, q are real or conj ugate. The condition for a point of infleiion will 
be found to be $^—3pq^+pq(p+g)=0, which has one or three real roots 
according as {pq{p-q))^ is positive or negative; i.e. according aa p and 5 
are real or conjugate.] 

6. Discuss in particular the curves y=(l - jr)/(l -h^^, ^^{l-x^)j{l +x^), 
y=(I+^)/(l-:i^. 

7. Show that when the curve of Ex. 5 has three points of indesion, they 
lie 00 a, straight line. [The equation ^-Spqi+pq{p+q}=0 can be put in 
the form {^-p){(-q)ii+p+q) + ip-qfi^O, bo that the points of inflexion 
he onthaMns $+A(p-qY>!+p+q=^0 or AS-iiAG- £'')r,=2B*.] 

8. Show that the curves i/=xmi\x, y=(smx)jx have each infinitely 
maiij points of inflexion. 

9. Oontact of a circle witli a curve. The general equation of a 

(>'-•)'+(]/-!■)■-'•■ (1), 

contains three arbitrary constants. Let us attempt to determine them so 
that the circle has oontact of as high an order aa possible with the curve 
^/^/(x) at the point £, >}=/($)■ We write 1,1, 1,2 for /'($), f"{i). Difl'erenti- 
ating the equation of the circle twice we obtain 

(x-a)+(ff-b)^i=0 (2), 

l+3'i'+(j-&)y2=0 (3). 

If the circle touches the curve the equations (1), (2) are satisfied by 
*=^, 2/=V, yi^-Ji- This gives {f-«)/„= -(,-6)=^/V{l+„=). 

If the contact is of the second order the equation (3) must also be satisfied 
by taking ya=-ij2. Then 6 = ij + {(l + ijj5)/ij5} ; and hence we find 

■« = |-(vi{l+7i%.l, 6 = ., + {(l+,W7tK '■ = (l + ^,r^l^,. 
The circle which has contact of the second order with the curve at the point 
($, I/) is called the circle of curvature, and its radius the radius of curvature. 
The measure of curvature (or simply the miniature) is the reciprocal of the 
radius: thus the measure of curvature is/" (^)/{I+[/'(OT)^^ o'' 

W{-(i)'r 

10. Verify that the curvature of a circle is constant and ec[ual to the 
reciprocal of the radius ; and show that the circle is the only curve whose 
curvature is constant. 

11. Find the centre and radius of curvature at any point of the conica 

12. In an ellipse the radius of curvature at P is GB^jab, where GI> im 
the semi-diameter conjugate to OP. 

" For more general results of this liiud see a paper by Mr Bromwicli, 
Messenger 0/ Maihematie$, vol. xxxii, p. 113. 
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13. Show that in general a conic can be drawn to have contact of the 
fourth order with the curve y=f{x) at a given point P. 

[Take the genera! equation of a conic, via. 

and differentiate four times with respect to ^■. "Using sufBxea to denote 
differentiation we obtain 

3{A+6yi)y2 + (AA-+6^+/)2/3=0, 

If the conic has oontaet of the fourth order theae five equations must be 

satisfied by writing ^, jj, jji, ija, ij^, tj, for x, y, We have thus just 

enough equations to determine the ratios n : 6 : c .f .g :h.^ 

14. An infinity of cnnios can be drawn having contact of the third order 
with the curve at I'. Show tiiat their centres all lie on a straight line. 

[Take the tangent and normal as axes. Then the equation of the oonic is 
of the form 'iy = ax^ + %h.vy + h>i\ and when x is small one value of y may be 
expressed (Ch. V, Misc. Es. 9) in the form 

where fi-*0 with x. But this expreasioo must he the same as 

y = |/'(O)^ + J/'"(O)^{l+(.0, 
where e^'-*0 with x, and so (Ex. lvii. 15) a=f"(p), A=/"'(0)/3/"(0). But 
the centre lies on the line a^+/t^=0.] 

15. Determine a parabola which has contact of the third order with the 
ellipse (iela)^ + (f/lby^=l at the extremity of the major axis. 

16. The locus of the centres of conies which have contact of the third 
order with the ellipse (a:/(t)=-f(y/6)2 = l at the point (acosn, 6 sin a) is the 
diameter ^/{((coBo)=^/(6sina). [For the ellipse itself is one such conic] 

134. DifTerentiation of fVinctions of several variables. 

Suppose that f(x, y) is a function of two real variables x and y, 
and that the Hmits 

h\n |/(* + 4, y) -/(^, y)]lk, to |/(^, j, + t) -/(», y)\lk 

both exist; i.e. that y(ic, y) has a derivative with respect to x, 
which we have agi'eed to denote by dfjda> or D^f(x, y), and also 
a derivative with respect to y, denoted similarly by dfjdy or 
I)yf{x, y). Another notation which it is natural to use is that of 

or simply yi', /y' or f^, fy. It is usual to call these differential 
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coefficients partial differential coefficients, and the process of 
forming them partial differentiation. We shall not, however, 
adopt this method of expression, which is apt to be misleading, 
and to lead the reader to imagine that there is some mystery 
about the process of ' partial differentiation.' In point of fact 
it is exactly the same process as ' ordinary differentiation.' The 
only novelty which occurs is the presence of a second variable 
y mf(x, y). But the variation of y has nothing to do with that 
of cc, and there is no possible ambiguity about the meaning of 
dfjdx, dfjdy, which are formed in precisely the same way as f'{a;) 
or dfldx in Ch. VI. 

It is also usual to write 

3/ V 

for dfldx, dfjdy, when / is a function of two variables: but, for 
the reasons indicated above, we shall not make any use of this 
notation. 

In what precedes we have supposed x and y to be two real 
variables entirely independent of one another. If w and y were 
connected by a relation the state of affairs would be very different. 
In this case our definition of dfjdx would fail entirely, as we could 
not change ic into x-\-h without at the same time changing y. 
But then /(a;, y) would not really be a function of two variables 
at alL A function of two variables, as we defined it in Ch. II, 
means essentially a function of two independent variables. If y 
depends on x,yi%a, function of x, say y = 0(«) : and then 

/(»',s)=/h*W) 

is really a function of the single variable x. Of course we may also 
represent it as a function of the single variable y. Or, as is often 
most convenient, we may regard x and y as functions of a third 
variable t (Ch. II, g 23), and then f{x, y), which is of the form 
y^l0(Oi ^(*)li is a function of the single variable *. 

Examples LXH. 1. If ^ = !-cose, j' = rsiii9, so that r = ^{x^+y''-), 
fl = arc tan (y/ic), prove that 

dr _ w dr _ y dd _ y d6 _ x 

dx~ J{x^-\-f'Y dy ~ V(a^+y^) ' dh ^H^^' rf?^~^H-p' 

-}-=cme, -j^=~rmn8, T-=sine, ■^=rcos8. 
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m f Jfif = 

d Id =lm{ I ) 
NowAaT = 8a!*: butir + Sr. Indeed i1 
«asy to see from the figure that 

lim (Sr/&E) = lim {P'PiIPP,) = cos I 
tut lim(Ar/if)-lim (PP2/PPi}=sec( 
so that lim (Sr/Ai-) = cos^ 6. 

The fact is of course that dmldr and 
dridx are not formed upon, the same hypothesis as to Ike variation of P.] 

3. If s=/(a:E+6y), prove that i(cfe/<tc)=a((^£/rfj). 
[For dzldx=af'{ax-\-bs\ d^ldy=hf{a!>;Jrbs).] 

4. liz==f{ax+h/)-\-F(a^-by), then h^{dhldsc^) = a'{d^zjdf). 

5. Find dXjda:, dXIdy, etc. when X+T—a:, Y—ay. Express r w as 
functions of X, Y and find dxIdX, dwid Y, etc. 

6. Find dXjdx, etc. when X+Y + Z=x, Y+Z—xy, Z=xy express 
X, y, z in terms of X, Y, Z and find dxjdX, etc [There is cf touise n 
difficulty in exteudiag the ideaa of the last section to functions f iin 
number of variables.] 

135, Differentiation of a function of tw^o functionB. 

We shall not, in this volume, be much concerned with functions 
of two variables from the point of view of differentiation. But 
there is one theorem, concerning the differentiation of a function 
of one variable, and known generally, though not very happily, as 
the Theorem of the Total Differential CoefBcient, which is 
of very great importance and depends on the notions explained in 

' Of oonrae the fast that Ai^Si is due morely to the particular value of Ar 
that we liave chosen (viz. PP^. Any other ohoiee would give 03 values of As, Ar. 
proportional to those uaed here. 
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the preceding section regarding functions of i/iuo variables. This 
theorem gives us ii rule for differentiating 

/(*('>, t(!)l. 
with respect to (. 

Let us suppose, in the first instance, that f{x, y) is a function 
of the two variables x and y, and that f^, fy are continuous 
functions of both variables (§ 90) for all of their values which 
come in question. 

And now let us suppose that the variation of x and y is 
restricted by supposing that (a;, y) lies on a curve 

where and -i^ are functions of t with continuons differential 
coefGcients ^'{£}, ~^'(f)- Then, when x and y are thus restricted, 
f{a;, y) reduces to a function of the single variable t, say F(t). 
The problem is to determine i"{t). 

Suppose that, when t changes to ( + !-,« and y change to 
x+^, y + v- Then by definition 

^ -an i [/!<(,{( + T),V(i + T)) -/WW, tWj] 
-lim(/(« + f,!, + ,)-/(a:,y>l/T 

= lim [" /("+?■ ?+ i) -/(^. y +i) i + /(". V+n) -f{'. V) 5] 

But by the Meao Value Theorem 

l/C^'+l, y+i)-M y+v)]l(=f.'('+Ol y+o), 
(/(«■, s+i)-/(«', !/)l/i-/;(*. j+M, 

where d and 0j each Lie between and 1. As t^O, ^-^0 and 
))-»-0, and f/T-^^'((). ■riJT^i~-f-'{t): also 

/.'(«+«f. ?+•;)-/.'(«'. y). /,'(". y+e,v)~/,'{':. y). 

Hence 

.f"(0 = A/l-^(*). ^(t)] =fj(x, y) 4>'{t) +fy'{x, y) ^-(t), 
■where we are to put x=^tf>(t), y^'^it) after carrying out the 
differentiations with respect to x and y. 

This result may also be expressed in the form 
df _^ df dx df dy 
dt dx dt dy dt ' 
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Examples LXin. 1. Suppose 0(i) = (l-(2)/(l+i2),,/,(t)=3(/(i+(2), ho 
that the locus of («, y) is the circle ;i;^+y^=l. Then 

where X and y are to be put equal to (l-e^)l{l+fi) and 2tl{l+l') after 
cairying out the differentiation. 

We can easily verify this fonnula in particular cases. Suppose e.g. 
/{^, y) = *^ + y2. Then f^ = %x, f^^'^y, and it ia easily verified that 
^'{0=2{^'(()+yV''W}=0. which ia obviously uorrect, since F{f)^\. 

2. Verify the theorem in the same way when (a) t,=V^, y=\-^, 
f(x,y)=x^y; (6) :^=acosi, j = asin(,/(^,3')=a-^+/. 

3. One of the moat important cases ia that in which t is m itself. We 
then obtain 

i)./(«,fM)-i)./(«,j)+i),/(»,j)^.'W, 

where y ia to he replaced by -^ (x) after differeotiation. 

It was this case which led to the introduction of the notation 0//0.f, 3/7cy. 
For it would aeem natural to use the notation dfldm for eitkef of the functions 
Dxf{c:, -^{d:)} and B^f(a!, y), in one of which t/ is put equal to ^(x) before 
and in the other after differentiation. Suppose for example that y=l-j; 
Bmdf{x,y} = x+!/. Tbeu i)^/(it;, l-a^) = i),l = 0, hut I>^/(:e, y)-l. 

The diatinction between the two functions is adequately shown by 
denoting the first by df/da: and the second by Sffdx, in which case the 
theorem takea the form 

(Jb dt dy rfi 
But this notation is open to the objection that jt ia misleading to denote 
the functions f{x, ^(^)} and f(x, y) whose form") as functions of x are quite 
different from one another, by the ^ame lettei / in dfjdx^ dfjdx. And if we 
prefer, as we shall do throughout thi5 honk, to i^ard x and y, when con- 
nected by a relation, as being each functions of an auxiliary variable t, no 
ambiguity can arise and the need for any such complication in our notation 
ia not felt. Thus if x^t, y=l-t, F{t)=f{s:, y)=x+y=l, the meaning of 
the equations 

is perfectly straightforwai'd and their truth obvious. 

4. If the result of eliminating t between 3:=^{i), y = -^{t) is fix, y) = 0, 

IS-|I=» w 

p'»"(f)/(S)=J..«""'»""»°"° 

/.'+/;(*/;<*•)-» (2), 
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a result which of course follows directly from the discussion of Ex. 3. The 
equation (1) is sometimes written io the form 

f^dx+fy'dy^ii (3). 

This formula as it stands means nothing, since dis and dy mean nothing 
by themselves : it is merely a convenient way of writing (1) or (2). There is 
however another point of view from which it may be regarded. Suppose 
that when t is changed ko t+ht the corresponding increments in x axiAy are 
a.c, Sy. Then 

lim{/^'(te/ao+//%WI = 0; 
in other words, when bt is small, fJS^+ff,'^ is small compared with St, 
instead of being, as an expression of the form Abx-i- Bby prima faeie appears 
to he, of the same order of amallness as St. And the equation (3) may be 
regarded as a way of expressing this fact.] 

5. If X and y are functions of t, and r and 6 are the polar coordinates of 
(x, if), show that r' = {xx'+yy')lr, ff = [!):y'—y3:')jr\ dashes denoting differ- 
entiations with respect to (. 

136. The Mean Value Theorem for functions of two 
variables. Many of the results of the last chapter depended 
upon the Mean Value Theorem, expressed by the equation 

^{x + k)- *(fl^) = kf'(x + eh), 
or as il; may be written, if y= 0(«), 

hy =f'{x + eha:) tie. 
Now suppose that z=f{x, y) is a function of the two inde- 
pendent variables x and y, and that x and y receive increments 
h, k or Sic, Sy respectively; and let us attempt to express the 
corresponding increment of s, viz. 

8^-/(^ + *,S + *)-/(«, J/), 
in terms of h, k and the derivatives of z with respect to x and y. 
Let f(w + kt,yi- kt) = F{t). Then 

f{a:+k,y + k)-/(a>.y)^F{l)-F(Q)^r{e), 
where < i? < 1. Bat, by | 135, 

F' (t) = Dtf{a> + ht, y + kt) 

= hf^ {x -i-ht, y + kt) + kfy {x + ht, y + kt). 
Hence finally 

Sz^f(x + h, y + k)-/{x. y) = h/J(x+eh,y+ek)+kf^'(x+ek,y + ek), 
which is the formula desired. Since /J, fy are supposed to be 
continuous functions of a; and y, we have 

fj(x + eh, y+dk)=fj(x, y) + ^,.k, 
fyix+eh.,y^ek)=f,J(x.y)+,\,„ 
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where eh,ii ami 6'^,t-*0 as h and k^-O. Hence the theorem may 
be written in the form 

where e and e' are small when Bx and By are small. 
This may be expressed by saying that the ecjnation 
Bz = fx Bx + fy By 
is approximately true ; i.e. that the difference between the two 
aides of the equation is small in comparison with the larger of Bx 
and Sy* We must say 'the larger of Bx and By' because one of 
them might be small in comparison with the other ; one indeed 
might actually be zero. 

It should he observed that if any equation of the form S3 = XS^+;iS^ 
is 'approsimatelj true' in this sense, we must have X=/j,', p=//. For wo 

where (, s', ti, t/ all tend to zero as Sx and &^ tend to zero; and so 

(\-/,')S^+(^-/;)%=pe^-+P% 
wliere p-*0 and p'-^O. Hence if ij is any assigned positive number, wo 
can choose t so that 

|(x -/.■)».+(,-/;) J>|<, (I s»|+|aj I) 

for all values of te and % numerically less than a. Taking B^=0 we obtain 
K-^-ZiO^^KllSiEl, or |X— /,'|<i), and, as 7 maybe as small as we please, 
this can only be the case if X=/i'. Similarly n=fy. This observation is of 
very frequent use, as will be sesn from the examples which follow. 

It is obvious that the theorems of this section are capable of immediate 
extension to functions of any oumber of variables. 

Examples LXIV. 1. The area of an ellipse is given by ^ = irab, where 
a, h are the semiases. I'rove that \t a, b receive small increments 6a, 66, 
then 6AjA=(Sa,la) + {8b/b}, approximately. 

2, Express A, the area of a triangle ABO, as a function of (in the usual 
notation) (i) a, B, C, (ii) A, h, c, and (iii) a, h, c, and establish the approxi- 
mate formulae 

aA ^ha , cSB , bW 6a ^ ... , S6 , Sc 

--=2 — + — -. — ^4- — ^-T,, —=oot AhA+-r -{■ - , 

6A = .S (cos ^ 8a +coa .S 66 + cos C6a). 

* Or with \S.r,\ + \Sy\ or ^(S^ + Sf). 
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3. The sides of a triangle vary in such a way that the area remains 
constant. They are then connected by one relation, and a may be regarded 
aa a funotion of 6 and c. Prove that 

daldb=~co^BlcosA, daldo=-coaOloi>sA. 
[This follows from the fact that both of the equations 

Sa=~^Sb + pS':, cos^Sa + cosiJM + cos6'So = 0, 
are approximately true.] 

4. If a, b, c vary so that R remains constant, then S(Sii/oosd) = 0, ap- 
proximately, and so daldh= -aofi AjconB, dajdo= -oos Alcoa C. [Use the 
formulae a =2iSsin.4, etc., and the facts that ii and j1+B+ Care constant,] 

5. If/(a^, }/) = 0, and/,',// are continuous and /,' + 0, then 

d^ldx^ -A'K,'. 

6. The equation of the tangent to the curve whose equation isf(:i:,i/) = 0, 
at the point (xo, y^), is 

(^ - ^o)/^' (^'0 > yo) + (y -2/o)/„' ('*^i>, 2/0) = 0- 

7. If s is a fimction of a and v, which are functions of m and y, prove that 

dz dz dv, dz dv dz _ ds du dz dv 
dx~ du dx: dv dx ' dy du dy dv dy ' 
[We have 

bz=i>-^U-\-h,^v, M=u^hm-^uy&y, hv=vjix-^v,hy, 
approximately, suffixes denoting differentiations. Substitute for Am and Sif in 
the first equation and compare the result with the equation hz=z„ha:-\-z^hy\ 

8. Let 2 be a function of ic and y, and let X, Y, 2 he defined by the 

s: = a,X+biy+c,Z, y = aaZ + 62r-(-Ca^', s^aaX + b^Y+csZ. 
Then Z may be expressed as a function of X and Y. Express dZjdX, 
dZjdr in terms of dzjdx, dzjdy. [Let these differential coefficients be 
denoted by /*, Q and p, q. Then iz—p^^-qhy=0, approximately, or 
(c,p+<;a2-C3)e.2+(Oip + tta5-a3)eX+{6ip+&a5-63)er-0. 
Comparing thia equation with hZ-PbX-QbY^Q we Bee that 

Cip + c^q - as ' Oip + ^33-^3 ■■■ 

a If lai^ + b,y^-ciZ)p + {a2X + b2y + C2z)q='as3; + bsy + Csz, 
then {a,X+h,Y+c,Z)F+CH^+l>^'^+eiZ)Q=:a3X+h3y-i-CsZ- 

{Math. Trip. 1899.) 

10. If w and v are functions of « and y, 3! and y may be expressed as 
functions of m aud v. Estahliah the foi'mulae 

Jx„ = v^, Jmy= -%, Jy^=-v^, Jy^ = u^, 
where J'=?(ifj,-%-(ii. Verify these formulae when ■a = r, v = 8, by means of 
the results of Ex. lsii. 1. 
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11. Independent and non-independent functione. I-et w and v be 
functions of x and f/ : and suppose that x and y vary in such a waj that u 
remains constant. In general, of course, v will not remain constant ; in this 
case we shall say that u and v are iiid^iendent functiona. If on the other 
hand the constancy of u doea involve the conatancy of v, then to a given 
value of a corresponds one (or several) definite values of v, and -o may be 
regarded as a function of u. 

In this caae we shall say that u and v are non-independani functiona of 
jE and ^, or functiona of x and y connected by a functional relation. Show 
that the neceasary and sufScient condition that « and w should be connected 
by a functional relation is that 



should vaniah for all values of it and y. 

[We have the approximate equations 

Bu=u^Sx+v^Sff, Sv=v^Sx+v,S^. 
That the condition J=0 is neeeiumy follows from the fact that -D^Sx+Ujidi/ 
muat vanish for all values of the ratio Sj: : <^ for which a^jte+M^Sy vanishes. 
Moreover 

(i) 8v=(&ii-ti,S2/){v,lu^-i-i!,h^={-i>^iQSu, 
a,pproxiniately, if i/=0 and v^^O. But, if we express w as a function of u 
and y, eliminating a: by means of the relation between ic, ^ and a, we must 
have 

(ii) h>^v,d^+v^hu 
apprcsimately. Comparing (i) and (ii) we see that Vg=0, so that jj is a 
function of « only. 

If n-x^O for all values of x and )/, then either «„ or v^ muat also vanish 
for all values of x and y. The first alternative would show tliat « waa a 
mere constant, the second that u and v are both functiona of y only, and 
therefore v a function of «. 

It ia naual to call J the Jaeohian of u and « with reapect to x and y. It 
can be shown by an extension of this argument that three functions u, «, w 
of three independent variables x, y, z are connected by a functional relation 
if and only if 



vanishes for all values of x., j/, z: and so generally for any number of 
variables.] 

13. Show that aa^ + 2Aa^4-6y^ and Ax^ + 2Rxi/-\-Bi/^ are independent 
functions unless ajA^kjH^bjB. 

13. Show that a3!^-\-hy^->rC^ + yyz-\-^gzx-V2hxy can be expressed aa a 
function of two linear functions of x, y, and z if and only if 
ahc + -i,fgh-ap^bg^-ch^ = (}. 
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[Let^a;+j^+ra,yai+5'^+)-'sbe the linear functions. Tlien we must iiave 
a^+hy-'rgz Iix + by+fa gx+fy + oz 1 = 0, 




or aP+hQ-i-gR = (i, hP + hQ+fJt = 0, gP+fQ+cR^O, where P=qr'-q'T, etc. 
Elirainatii^ P, Q, R we have the ooadition required.] 

137. Definite Integrals and Areas. lb will be remembered 
that, in Ch. VI,§ 1 27, we assumed that iif(x) is a continuous function 
of a: the region PpqQ shown in 
Fig. 57 has associated with it a 
definite number which we call 
its area. If we fix Op = a, 
but let Oq = x vary, it is clear 
that this area is a function of 
jc, which, as ill § 127, we denote 

bj sw. 

Making this assumption, we 
proved in 1 127 that S'{x)^f{ai), 
and we showed how this result '"' " 

might be used in the calculation of the areas of particular curves. 
But we have still to justify the fundamental assumption that 
there is such a number as the area 8{x). 

We know indeed, what is meant by the area of a rectangle, 
and that it is measured by the product of its sides. Also the 
properties of triangles, parallelograms, and polygons proved by 
Euclid enable us to attach a definite meaning to the areas of 
such figures. But nothing which we know so far provides us with 
a direct definition of the area of a figure bounded by curved lines. 

We shall now show, in the case of a particular class of func- 
tions y(ic), how to give a definition of S{x) by means of which we 
can prove its existence *. 

We suppose that f{x) ^ not only continuous, but is positive 
and increases steadily (as in Fig. 57) from x = a to ic = 6, Let P, 
Q be the points whose abscissae Op, Oq are a and 6 respectively. 
Draw parallels to the axes of coordinates as shown in Fig, 58 a ; 



I have followed very olosely tl 
!S, AppendiK II, pp. 407-9. 



i argument used by Mr Bromwiob, Infinii 
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and denote the area of the rectangle pQ bounded by a thick line 
(which we call the outer rectangle) by S„, and the area of the 






Q 


' 


—I 1 




1 1 




-J 







shaded rectangle Py (which we call the inner rectangle) by s„. 
The outer rectangle includes and the inner is included by the 
curvilinear region PpqQ : and 

S. - .. - rect. I'Q.{b-a)if{h)-f(a)l. 
Now bisect pq at m, and draw mM parallel to OF, and other 
limes parallel to OX as shown in Fig. 58 b. And now Jet us 
denote the sum of the rectangles pM, mQ, which are bounded by 
a thick line in Fig. 58 b, and which we again call the outer rect- 
angles, by Si, and the sum of the shaded rectangles Pm, Mq 
(which we again call the inner rectangles) by s-^. Then again the 
outer rectangles include and the inner are included by PpqQ; also 

and S^-s.^rect. PM + reGb.MQ = ^{b-a){f(b)-f{a)]. 

We now carry the construction one stage further by bisecting 
pm and mq and forming outer and inner rectangles, of total areas 
Sj and Sj respectively, as in Fig. 58 c. The outer rectangies again 
include and the inner are again included by PpqQ ; and 

S^<S,<So, s,>s,>s„. 
Also iSa — 5^ is the sum of four rectangles, each of breadth ^{b— a), 
and of total height /(?j) —f(a), so that 
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It is evident that we may proceed as far as we like in this 
way by continually bisectiog segments of the line pq : and so we 
define two sequences iS'o, S^ 8^, ... ; So, s^, Sa, ... such that 

(1) Sn is the sum of the areas of a set of rectangles which 
include the curvilinear region PpqQ, and s„ is the sum of the 
areas of a set of rectangles included by it ; 

(2) S,>S^>8^>S,>...; s,<s,<s,<...; 

(3) 'S„-s„ =!(!.- «)(/(&) -/(«)}- 

From (2) and the fact that eveiy »S„ is greater than the 
corresponding s^, it follows that jS„ and s„, as «-*ac, each tend 
to limits. Also (3) shows that >9„ — s„-«-0, and therefore that 8n 
and s„ tend to the same limit, which we may call S. Aiid (1) 
naturally leads us to define the area of the region PpqQ as 
being equal to this number 8. That is bo say, our definition of 
this area is £ta follows ; divide pq into 2" equal parts, and form 
the two sets of rectangles, of total areas 8^, Sn, as indicated in 
Fig. 58 a 6 c ; then Sn and s„ tend, as n-^-xi , to a common limit 8, 
which we call the area of the region. 

138. This definition, however, may be generalised. Suppose 
that instead of dividing pq into 2" equal parts we divide it 
into If parts of any kind, subject only to the condition that each 
part is less than S^, where S„ is a 

number which tends to as v^-x . — ? 

AVe then construct an outer and an 
inner area 2^, o-^ as shown in Fig. 59. 
If S„ and «„ are defined as in § 137, 
it is easy to see* that iS'„>i7, and 
s„ < S^ for all values of n and v ; and, 
as S is the limit of iS„ and s„, it 
follows' that Sg.0-,, S&% for all 
values of v. Hence 
S-<r,3S„-^„ t,-8Sl.-<r,. 

But it ia obvious from the figure ■' 

S.->^.< 8, (/<*)-/(«)), 

* The reader should draw a figure to illustiatc i 
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no-f = S; and similavly 



and so 2f~o-„-*0: hence S— a-^-i-O, < 

139. We can give an analytical form to the definition of the 
area as follows : divide up the interval (a, b) hy the points 

a = Xa, tX-i, iCa, ..., Xy = h 
and let 

x,-(a.,-^,)/W + fe-«,)/W + - + K-*-.)/W, 

0-. - («, - «.)/W + («, - a;0/(«,) + ...+(«. - »„)/(»!,_,). 
Then if, as v-^oo, all the svh-intervals Xg^i — Xs tend to zero, 
i.e. if, given 8, we can choose n so that for v>n all of 



are less than B, the two sn/ms 2^, o'r i^'i io a common limit s, 
which we define to be the area of the region PpqQ. 

140. So far we have supposed that f{x) is a positive and 
increasing function. It remains to generalize our definitions so 
as to apply to a number of other cases. 

(i) The" preceding analysis is in no way affected if we suppose 
that /(ic) is a decreasing instead of an increasing function. 

(ii) Now let us suppose that f{i>:), while increasing or de- 
creasing steadily throughout {a, b). changes its sign (as at R in 
Fig. 60). In this case we may still 
use the analytical definition of § 139. 
It should however be observed that, 
along the arc PS,, f(x) is negative. 
If we apply the definition of § 139 to 
the regions PpP, RqQ separately, 
the first has a negative and the 
second a positive area; and the 
number furnished by the definition 
as the area of the whole region 
PpqQ is the difference and not the 

sum of these sub-regions. If we want the sum we must calculate 
the area of each sub-region separately and change the sign of the 
area of the first before adding it to that of the second. 

(iii) Next we may suppose that f(a:) does not either increase 
or decrease steadily throughout the whole interval {a, h), but that 
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(a, h) can be divided into a finite number of regions throughout 
each of which f(x) increases or decreases steadily (as in Fig. 61). 
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Fio. 61. 
tfine the areas of each of the regions PprR, RrsS, SstT, 



TtqQ as in §139, and that oiPpqQ as their sum. Here again it is 
to be observed that if f{a>) changes sign some parts of the region 
will be reckoned as having negative areas, 

(iv) The reader will now find no difficulty in seeing how to 
define the area of any such cuivilmeai region as is hkely to occur 
in elementary work. Thus in the i-aae ot the region shown in 
Fig. 62 we add the areas of the legions bounded b\ dotted lines 




and subtract those of the shaded regions. This gives the total 
area, counting the part below the axis of x negatively. To find 
the area of the closed curve, in the ordinary geometrical sense, we 
must, before carrying out this process, change the sign of the 
areas of the two negative sub-regions. 

18—2 
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141. Lengths of Curves. The notion of the length of a curvo is 
capable of precise mathematical analysis just aa much as that of an area, 
but the analysis is rather more difBcult, and we shall not gii e any geneial 
treatment of the question here. We shall however consider briefly the case 
in which the curve ia a circle, since the assumption that a circulai ait has a 
length is fundamental in elementary Trigonometry (see foi exami^le p IGU, 
footnote). 




i\o. 63. 

Let ACB {Fig. 63) be an arc of a circle, G its middle point (i.e. the point 
equidistant from A and B), and ^2", BT the tangents at A and B. Then it 
ia easy to prove that the tangent at C meets AT, Br in points D, E between 
A.TMiAB, r respectively*. Ihsn AC^CB>AB ymi 

AT+TB=AD-\-DT+TE-^MB>AD+nK+,EB. 
Thus if J£=»o, AC+CB=ii, AT+TB^S^ and AI) + DS+EB = S„ we 
have So<*i. So>Si. 

Now let F and (? be the middle points of the arcs AC, CB, and HFI, 
JGK the corresponding tangents. If we put 

AF+FC+Ca+GB=s^, AH+m+IJ^JlC+KB=Si, 
it is easy to prove as above that 3(i<si<32 and Sa>Si>Si. 

Proceeding in this way we define two sequence of numbers so, si, ^a, ..., 
Stn Si, iSs, ... such that s^ is the perimeter of part of a polygon inscribed in 
the circle and S„ that of part of a polygon circumscribed to the circle, while 

*o<Si<Sa<...<s„<.,., S„>Si>Si>...>S„>.... 
It is moreover easy to see that every a„ is less than every S^. Hence «„ 
and iS„ tend to limits as m-*-co. But if a is tbe angle subtended by the 
whole arc at the centre of the circle, that subtended by one of the chords by 
which »^ is defined is h/S", and 

«. - ^.- «. (1 - =0. (.;s!-)) <«, |i - CO. (./a-)), 

and therefore tends to aero as «,.*-o:i. Hence s^ aad S^ tend to the same 
limit I, which, wo call the length of the arc AB. 

* For the distance of every point of the tangent, other than (7, from the centre 
of the circle is Rveater than that of any point on the eitcvimtccenee. 
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It is easy to generalise the foregoing reasoning to cover the caae in which, 
the arc is suhdivided in any manner instead of by repeated biaeotion (cf. 
§ 138). Similar reasoning may bo applied to curpes other than circles, the 
only difficulty being that of defining the precise conditions nnder which such 
a point as D always falls between A and T*. 

142. The definite integral. Let us now suppose that 
f{x) is a function which satisfies the conditions of the preceding 
sections, so that the region bounded by the curve y=f(x), the 
ordinates a: = a and ic = 6, and the axis of en has a definite area. 
Then we proved in Ch. VI (§ 127) that if we could find an ' integral 
function ' of/(a:), i.e. a function F{p) such that 



f'w-/w, yw=//w<i«^, 



then the area in question is FQi) - F(a). 

As we saw in Ch. VI, however, to actually determine the form 
of F(x) is not always practicable. It is therefore convenient to 
have a formula which represents the area PpqQ and contains no 
explicit reference to F(x). We shall write 



il-pqq-^'f(.)d^ (1). 



The expression on the right-hand side of this equation may 
then be regarded as being defined in either of two ways. We 
may regard it as simply an abbreviation for F(b) — F{a), where 
F(x) is some integral function oi /(w), whether an actual formula 
expressing it is known or not; or we may regard it as the value of 
the area PpqQ, as directly defined in § 139. It follows from § 127 
that these two definitions are equivalent in all cases to which we 
have shown that the direct definition is applicable. 

An eiample of a case in which the direct definition (so far as we know at 
present) cannot be applied is obtained by supposing 

/(^)=3^sin(l/«)-^eos(l/x) (^40), /(^)=0 (x=0), 
and F{i>:)=:c>sin(.ll^) i^:^0), F(x)=0 (x^O). 

Then F'(_ai)=f{^) and 

F{b)-Fia)=i^ sin (1/&) - «= sin (1/a). 
But since /(^) changes its sign infinitely often as x approaches 0, and has an 
infinity of masima and minima near jf=0, our proof of the applicability of 
the direct method of definition faik if a and b have opposite signs. 

* I am indebted to Mr Bromwioh for the substance of this section. It enables us 
to oorapleta the proof of the ineciualitiea sin i o: < tan x assumed in Bi. ssxvii. 14. 
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As a matter of fact the scope of the direct definition, may be greatly 
extended. In particular it may be proved applicable to all continuous 
functions (such as f(x) above). But the restricted proof which, we have given 
will be sufficient for our prei 



J/(^)^'., 



The number /{is)dx (1), 



is called a definite integ;ral ; a aod h are callefi its lower and 
upper limits ; /{ik} is called the subject of integration or 
integrand, aud the interval (a, 5) the range of integration. 

The definite integral depends on a and b and the form of the 
function /(«) only. The reader should be careful to observe that 
it is not afimcHon of x. On the other hand the integral function 

is sometimes called the indefinite integral of f(x). 

The distinction between the definite and the indefinite integral is merely 
one of point of view. The definite integral \ f{x)dx=F{h)-F{a) is a 

function of h, aud may be regarded as a particular integral function of /(6). 
On the other hand the indefinite integral F{x) can always be expressed by 
means of a definite integral, since 

F{w) = F{a)+^y{t)dt. 

But when we are considering 'indefinite integrals' or 'integral functions' 
we are usually thinking of a relation between two fimctions, in virtue of which 
one is the derivative of the other. And when we are considering a 'definite 
integral' we are not as a rule concerned with any possible variation of the 
limits ; usually tho limits are constants such as and 1 : and 

jy{x)dx=F{\)-Fi(» 
is not a function at all, but a mere number. 

If, in the definition of g 139, we write Ba-,. for x^+^-Xv, we obtain the 
formulae 

I /(a;)(fo^limS/(:e„ + i)8a'^ = limS/(iCr)&t;^. 

It was this expression of the definite integral as the limit of a sum which 
suggested the notation which is now invariably used. 

Since Ijs! ia a continuous and steadily decreasing function of x for all 
positive values of x, the investigations of the preceding paragraphs supply us 
with a proof of the actual existence of the function log^K, which we agreed to 
assume provisionally in ^ 112. 
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Examples LXV. Calculation of the definite from the indefinite 
integral. 1. Show that 

I *^(i»=— — — — , 

and in particular I *""(&;= . 

'■ /*i^— ■-''">''-""'■'■>«. /.'ifii-*'- 

[There is an apparent difficulty here owing to the fact that arc tan af ia a 
many valued function. The difficulty may be avoided by ^reeii^ that in 
formulae of this kind arc tan ;b is always to denote an angle lying between 
— JjT and +|ir. With this convention the equation 






is true for all values of x, for the integral vanishes for ^=0 and i 
steadily and continuously towards 4- J^jr as x increases towards + oo , decreases 
steadily and coctinuously towards — ^n- as ^ decreases towards -co . Simi- 
larly in the equation 

where — 1<jt<:i, arcsinj? denotes an angle always lying between — ^n- 
and +^7r.] 

4. If a and b are both numerically less than unity, 
(" '^^' ^ aiva'n h-avf =!in n 
/"' dx 3jr_ [^ dx ^ IT 

6. If — ir<Q<ir, / — --r — „= ;r—. — , except when a=0, wheu 

the value of the integral is \, whicli is the limit of \a coseo a as a-^-O. 

8. {" ^ = -T ji a>\bi. [Portheform of the indefinite 

integral see Ex. lv. 3. If |al<|fi| the subject of integration has an infinity 
between and tt. What is the value of the integral when a is negative and 

-o>|s|r| 

9, I -i = ,, . „ - = ;— ; , if a and & are positive. What is the 

J ft d^coB^iC+o^sm^iB 2ao 

value of the integral when u, and h have opposite signs, or when both are 
negative ! 
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10. Fourier's integrals. Prove that if ni and n are integers 

I BOS miUBmnaidiB 
s always equal to zero, and 

I coamxoosna'da:, I smnu^sinma^cfo 
ire equal to zero unless »j=n., when each is eqxial to tt. 

11. Prove that I coama:Qoa%^da;, I smmx^nits^dix, are each equal to 
lero except when m = n, when each ia equal to ^ tt ; and that 



/> 



ro, according a: 



143. Calculation of the definite integral from its defini- 
tion as the limit of a sum. In a few cases we can evaluate a 
definite integral by a direct calcuEation, starting from the defini- 
tion of § 139. As a rule this is by no means as easy as by using 
the indefinite integral, but the reader will find it instructive to 
work through a few examples. 



Exfimples LXVI, I. Evaluate I wdx by dividing {«, 6) into n 



parts by the points of division a=iCo, ici, «2, ■-., *h=&i and calculating the 
limit as )t-»-co of 



[This sum is 

-'¥^["+'iri'+='+-+<»-">]-''~">{°+*-°'^}' 

which tends to the limit |(6^-«^) as ji-j-cd . Teiify the result by graphical 



2. Calculate / iC^dc in the same way. 

3. Calculate | xdv, where < a < i, by dividing (a, 6) into n pai-ts 
by the points of division a, m; ai^, ... or""', where I'^^hja. Extend the 
result to the mora general integral I X^dx. 

e I eosJHJtrf^K and / ainmariAr by the method of Es. 1. 



Calculate I 
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5. Provo that « 5 --3-77-5 -^i " »s ^-^ "^ ■ 
[This follows from the fact that 

which tends to the limit I j as K-»-ro, by the direct defiiiition of the 

integral,] 

6. Prove that ^/2V("'-'-^)*K- [The limit is j\f(l--sfi)ds!.] 

144, Creneral propertiea of the definite integral. The 

definite integral possesses the important properties expressed 
by the equations: 

This follows at once from the definition of the integral \ij means of the 
integral function F{a:), since F{b)- F{a)=-{F{a)-F{h)]. It should be 
observed that in the direct definition it was essentially supposed that the 
upper limit was greater than the lower; thus this method of definition does 
not apply to the integral I f{x)d^ when a<h. If we adopt this definition 
as fundamental we must estend it to such cases by regarding the equation (1) 
as a definition of its right-hand side. 

(2) Jywd^-o. 

(3) j'"/W(t + [°/wd»-j'yw<fa. 

The reader will find it an instructive esercise to write out formal proofs 
of these properties, in each case giving a proof starting from (a) the definition 
by means of the integral function (;3) the direct definition of g 139. 

The following theorems are also important. 

(6) Iff{x)^Ofora^x^b,tken I f{x)dxi.Q. 

(i) If we start from the definition by means of F{x] this is merely 
another way of stating the result of § 102, Ch. VI. 
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(ii) If we start from the direct definition the result is geometrically 
intuitive. To supply a formal proof we have only to observe that tr.. (§ 138) 
cannot be negative. 

(7) If, throughout the interval {a, b), L & F{x) £ 0, then 

L {b- a)^( f{x)dx &0{b- a). 
Thisfollowaatonceif weapply (6) to/(.f)-Xand G-f{x). 

(8) ^y{x)dx = {h-a)f{^), 

where ^ lies between a and b. 

This foUowB from (7). For we can take L to be tbe least and G the 
greatest value of /(a^) in (a, h). Then the integral is equal to £"(6 -a), where 
If lies between Z aad (?. But since /(ic) is continuous ttere must be a 
value of $ for which/{^) = ^ (§ 86). 

If F{x) is the integral function we can write the result of (8) in the form 

SO that (8) appears now to be only another way of stating the Mean Value 
Theorem of Oh. VI, g 106. We may call (8) the First Mean Value Theorem 
for Integrals. 

(9) The O-eneralised Mean Value Theorem for inte- 
grals. If ^ (x) is positive and L and are defined as in (7), then 

ifV(«)ifcajVw*W<i«so/V(«)<i«; 

and //W * W'*'" -/(f /'* ("'"'''■ 

wh&re f is defined as in (8). 

This follows at once by applying (6) to the iot^rala 

j'j/W--£|*Wii', JV-/MH(.T)d». 

The reader should formulate for himself the corresponding result which 
holds when 0(^) is always negative. 

Examples LXVII. 1. Show, by moans of the direct definition of the 
definite integral, and equations (l)-(B) above, that 

(i) j <p{^^<h:=2 ("^{^dv, r xip(_:ifl)dv=0. 
(ii) j%(cos^)(fo;=|^%(sin^)^=jj"'0(sin^)rf^. 
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Mi beiDg an integer. [The truth of these equations will appeiir geometrically 
intuitive, if the graphs of the functions under the sign of integration are 
sketched.] 



2. Prove that 



/ ■ ' v - d6 = jT or according as n is odd or even. [Use 
a srafl 

the formula (sin»fl)/(sin(3) = 2cos(»-I)5+2oos{m-3)fl + ..., the last term 

■being 1 or 2 cos 5.] 

3. Prove that I sin«^cot5rf5=0 or ir according as m is odd or even. 

then 

p<;.((9)rffl=27rao, [ ''coske'l>(S)d6 = na;„ j \mke<p{e)d6 = ';7h, 

if it is a positive integer leas than w. If it>ii the value of each of the last two 
integraJs is zero. [TJse Ex. lxv. 10.] 

5. li<ji(e) = ao+a,oos8 + a,cos26 + ... + a^cosn6 then 

j''rt,{3)d6 = 7ra^, rcosk&-p{e}de = l-!rai, 

if if: is a positive integer less than n. If ^>« the value of the last integral 
is aero, [Use Es. lxv. U,] 

6. lff(a:)S<l>{s:) for a^x&h, then [ fdx^ j <j>ds:. 

7. Prove that 

< j*^{>im@)''-''d6< (^"{Bindrd^, 0<j"^(tantf)"+i<iS<j'*'(tanfl)»d3. 

8*. If »>1, ■5< f — — .---< -534. fThe first inequality follows from 
' Jo V(l-^") 
the fact that V(l-a^)<l. the second fro rathe fact that V{1--^^")>V(1-*'^)-] 

9. Provethati</ -jr- 5-;— T\<if- 

10. Prove that (&c+8)ll&<ll^(4-3x+xi^)<ll^(4-3a) if 0<:.i:<l, 
and hence that ^<j_|-^^j-^-^<§. 

11. Prove that -673 < [^ ,,. "^ ,^. <'695- [Put .i!=I + «; then re- 
place 2+3!(2+tt= by a+lw^ and by 2 + 3#.] 

12. If n and <j) are positive acute angles 

r* die f 

■^< Jo V(T-sin-^.in^^7a^W;:^n-^)- 
If a='fi = ^jr, the integral lies between -523 and -541. 

* Ess. 8-13 flie taien from Prof. Gibson's Elementary Treatise on the Calculus. 
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13. Fravethatl j <j){ic}dsi:\^ i |0{j:)|rf^. [Let ft y, ... k be the values 
of a; for which. <j) (x) changes sign. Then 

The readco- should also attempt to prove this result directly from the 
definition of the int^ral as the limit of a sum Sr (§ 138), showing that, if Sf' 
is the corresponding sum for the function !</i{a,')|, than [SuIS S/.] 

14. If |/((K)|£J/, theul rfix):p{x)dx\^M ("[■p{is)\dx. 

145. Integration by parts and by substitution. It 

follows from Theorem (3) of § 94 that 

j '/ W 4,'(„)d„ -fm4,(b)-/(a)4,(a)- ff («) 4, («) fc 

This formula is known as the formula for integration by 
parts, as applied to definite integrals. Again we know (§ 108) 
that if F(t) is the integral function of /(f), then 

jf{i,{^)]<f,'{^)d^-F{,l>lx)]. 

Hence if (a) — c,<^ (&) = i^, we have 

£/(()<« = !■« - nc) -ri<i, (6)1 - j?i* (»)) -j'm wi *■ w<i«'i 

which is the formula for the transformation of a delinite integral 
by substitution. 

The formulae for integration by parts and for transformation 
often enable us to evaluate a definite integral without the labour 
of actually finding the integral function of the subject of integra- 
tion, and sometimes even when the integral function cannot be 
found. Some instances of this will be found in the following 
examples. That the value of a definite integral may sometimes 
be found without a knowledge of the integral function is only to 
be expected, for the fact that we cannot determine the general 
form of a function -F(«) in no way precludes the possibility that 
we may be able to determine the difference F(b) — F (a) between 
two of its particular values. But as a rule this can only be 
effected by the use of more advanced methods than are at 
. at our disposal. 
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Examples LXVIII. l. Prove that 

j\f"{»:)d^^{bf{b) V(6)} - {<(")-/W}. 

2. More generaUy, / a:™/l"'+'l(^)(i,r = /'(6)-J^(«), where 
^(a^)-ie«/W(^)-ma^-i/l"'-i):K+ni(»i-l)^-a/l«-ai^-...+(-l)'"m!/(a;). 

3. Prove that I a.T<imixd^=\ir-l, I a;aretan;crfa^=Jjr — |. 



[Integrate by parts and use Ex. lv. 9.] 

6. If /,(»). jV(i)A, Alt}- j'jMdi,... /,(')- j'/,-MA 

[Integrate repeatedly by parts.] 

6. If ■iij„,„= J a"'(l -xydx, where m, and « are positive int^ers, prove 
by integration by parts that (m + w + l)Wj„,„=TOMm,H-i, and deduce that 

"-■-"(S+i+iy!- 

7. If !(„= I {tfiadydS, prove that '(i„ + a„_a = l/(B~ 1), Hence evaluate 
the integral for all pc«itive iot^ral values of n. 

[Put (tanfl)'''-(ta!i5)'^3(sec2d-l) and integrate by parts.] 

8. Deduce from the last example that «„ Ues between l/{2(«-l)} and 
l/{2(«+l)}. 

9. If v^=\ {mamYda;, prove that «„ = {(ji- I)/?j}m„^2. [Write 
(sina')''"'sinie for (sina')'' and integrate by parts.] 

10. Deduce that m„ is equal to 

2.4.J^(n-_l) 1. 3.5..(>i-l) 

3.5. 7. .re ' * 2. 4. 6. .re 
according as re is odd or even. 

11. Tlie Second Mean Value Theorem, li fix) is a function of ^ 
■which has a differcutial coef&ciont of constant sign for all values of so from 
x=a to 3!=h, thon there is a number ^ between a and h euch that 

[Let j(l>il}dt = ^{a:). Then 
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J'/(«)*M*-/Vw»'W''''-/(»)«(»)-/V'(»)»W'i" 

-/(»)»(6)-4(|)JV'(»)<'». 
by the generalised Mean-value Theorem of § 144 : i.e. 

j"yw*(»)*-/(»)»W-!/(')-/(»)l»(a 

which is equivalent to the result given.] 

12. Bonnet's form of the Second Mean Value Theorem. If /' (^) is 
of constant sign, and f(b) and /(a) — /(6) have the same sign, thea 

J V W '^ W '^^=/(») /% W ^ 

where X lies between a and 6. [Por /{i)*(6) + {/(«)-/(&)}*(^)=;'/(«), 
where fi Ilea between $(^) and *(6), and so is the value of *(:») for a value 
of X such as X The important case is that in which S/(6) Sf{a:}sf(a).} 
Prove similarly that if f(a) and /(&) -/(a) have the same sign 

where X lies between a and 6. [Use the function ijf(^)= I rj)(3!)dx. It 
will be found that the integral can be expressed in the form 

The important case is that in which &f(a) S/(a^) S/(6),] 

13. Prove that i j ^^^dstl <^, if X'>X>0. [ipply the first 
formula of Ex. 12, and note that the integral of sin :b over any interval what- 
ever is numerically less than 2.] 

14. Establish the results of Ex. r,xvir. 1 by means of the rule for sub- 
stitution. 

[In (i) divide the range of integration into the two parts ( - a, 0), (0, a), 
and put ic= — y in the first. In (ii) use the substitution a;=Jjr — y to obtain 
the first equation i to obtain the aecood divide the range (0, ir) into two 
equal parts and use the substitution 3r=^7r+y. In (iii) divide the range 
into m equal parts and use the substitutions «'=7r-|-y, 2jr-|-^, etc.] 

15. Prove that I F{3!)dx=\ F{a+h-!i:)dx. 

10. Prove that P"'(cosa^sin.5^)"'<fe=3-"'f^(cos«)"'eir. 

17. Prove that T j;i^(3ina;)cic=^ir ("".^(sinajjds. [2\it x=-n-y.'\ 

18. Prove that J ^^^~ dx=^v^. 
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19. Show by meanu of the trauaformatioa 3)=aco»''6+bsm^d that 

20. Show by meana of the substitution {a+bcaas!){a-bcoaj/) = a''-b^ 

j\a + bcoa^)-d^^{a^-b^yi--iij'(a^boosi,r-'di/, 

if «. is a positive integer and a > | 6 1 , and evaluate the integral when 
n = l, 2, 3. 

31. If m and n are positive integers, then 

[Put x = a + {b-a)y, and use Ex. 6.] 

146. Proof of Taylor's Theorem by Integration by 
Farts. We shall conclude this chapter by giving the alternative 
form of the proof of Taylor's Theorem to which we alluded in § 129. 

Let f{x) be a function whose first n derivatives are con- 
tinuous, and consider the integral 

■s» = (S^'iji/.''^ " ''"^" '" "^ "'*'"■ 

Integrating repeatedly by parts we find that 

-(-S)j/»-"w+(Syi/>-«"/""'("+""^' 

-hf{a)+j'f{^ + th)dt 

-/(«+'>)-/(»)-''/'C«)~-.-5^7)/""'W- 

Hence 

/(o+;o-/(a)+ */(<•)+... +^„*2^ij, /'-»(«) 

+ ^;;^"jy|/\l -!)"-'/" (» + «'.)* (1). 

which may be regarded as another form of Taylor's Theorem. 
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Now, by Theorem (9) of § 144, 

[\\ - t)"-'/w (a + th)dt = ['(1 - O^-^il - 0^"/"" (« + il>')dt 

^{l-Oy^pfi^i{a + 0k)j\l-t)v-'dt, 

where 0< ^< 1, p being any positive integer not greater than ti. 
Hence 

R„^(l-er~pf<'^Ka+dh)h'^/p{n-l)] (2). 

If we take p = n we obtain Lagrange's form of It„. If on the 
other hand we take p = 1 we obtain Cauchy's form, viz. * 

n„=(i-e)^-'f^^*(a + eh)h^j{n--])\ (S). 

The truth, of the equation (1) may also he proved as followa. 
Let (in the notation of § 139) 

K W -fW -/W - (S ~ »)/ W - ... - '•''f^^/'-" <»)■ 

Then 

j'.'w--|;^/i->(»), 

by differentiation, and so 

and the equation (1) aliove follows at once on writing h = a+h, x = a + th. 

147. Application of Caachy'a form to tlie hinomial series. If 

/(a) = (1 +a:)™, whoro m ia not a positive integer, Cauchy's form of tlie 
remainder is 

^^(m-l)...(?n-ro + l)fl-fl)"-^a-" 



/A.= - 



Now (l-fl)/(l + to) is less than unity, so long aa — l<a^<l, whether 
X is positive or negative (it will be remembered that the difficulty in ueing 
Lagrange's form, in Ex. Lvni. 2, aroao in connection with negative values 
of A'); and (I+Ab)™"' ia less than a constant .ff for all values of li, being in 
fact less than(H-|«;l)™-' if jk> 1 and than (1 -| j? |)™-' if m < 1. Hence 



IC-Dl'^ 



\^\<^\'^\{:_ )\^\=pn, 



.say. But (Ch. rv, Misc. Ex. 6) pn-'O, and so S^-^0, aa «-,. os . The truth 
of the Binomial Theorem is thus established for all real values of m and all 
values of n; between - 1 and + 1. 
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MISCELLANEOUS EXAMPLES ON CHAPTER VII. 
1. Verify the terms given of th.e following Taylor's Beriasi 

(1) tan^=^ + i^' + j^^+^^^ + ..., 

(2) >iec^=l+^A'^+^^+^x»+..., 

(3) «^co3eoiK=I + J^+3j5^+..., 

(4) xcot^^l-iw^—^ie^-.... 

3. If /(a") and its first n+3 derivatives are continuous, and /t"+'l(0)4'0, 
and d„ is tlie value of 6 which CMioura in Lagrange's form of the remainder 
after n terms of Taylor's Series, show that 

I Ji /('' + 2)(0) 

whore t^-^O with x. [Follow the method of Ex. lvii. 12.] 

3. Verify the last result when /(3;)=I/(l+a!). [Here(l + fl„^)''-^i=l+«.] 

4. Show that if /(«) has derivatives of the first three orders 

/(6)=/(a)+K6-«){/W+/(6))-J2(6-«)V"'W, 
where a <a<b. [Apply to the function 

/M-/(«)-S(«-«){/'W+/'Wl 

- (f-;-°)' [/(») -/(<•) - ! (i- «)(/'(<■) +/ (S)}] 

arguments similar to those of § 129.] 

5. Show that under the same conditions 

/(i)./(<.) + (6-a)/(S(a+i)l + ,>[(i-.)>/"(a). 

6. Show that if/(^) has derivatives of the first five orders 
/(»)-/(<•)+»(»-«) {/'(«)+/'(»)+V'(^-)}-..W(5-»)'/«(«)- 

7. Show that under the same conditions 

/(»)-/(<.)+»(»-•){/'(«)+/'('»-*(»— )'l/"(S)-/"(»))+Ti,(»-«)V"W. 

8. Establish the formulae 

(i) |/(-) /(S) !-(•-») I/W /'O) 1. 

where ji lies between a and 6, and 

(ii) /(a) /(S) /(«) .i(6-«)(.-<.)(<,-i) /(o) /■(« /-M |, 

SW ?(') «W ,?(•) /(ft S"W 

i(<,) i(I.) i(t) i(o) ;,■((!) 4»(,) 
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B leaat and greatest of a, b, c. [To prove (ii) 

(«-■•) («-») L,(,) ,(j) j(.) 

I *(.) 7.(4) h{,) 
Its flrat derivative, by Th. B of § 102, muat 



/w 


/(») 


/W 


SW 


jW 


»w 


/.(«) 


J(6) 


iW 



where ^ and y lie betwi 
consider the function 

*(^)= n<^) fifi) /w 

^(«) 3(6) 9ip) 

k(a) Hb) AW 
which vanishes for ; 

vamah for two distinct values of x lying between tlie least and g 
a, 6, c; and its second derivativo must therefore vanish for a value y of « 
aatisiying the same condition. We thua obtain the formula. 

/(•) /(*) /"M . 
!?(«) sm s"(r) 
iW J(6) i-Cy) 

The reader will now complete the proof without difficulty.] 

9. If F{!b) is a function whicli has continuous derivatives of the first m 
orders, of which the first »— 1 vanish for x=0, and A^F^"i{x)SB for 

Apply this result to 

/W-/(0)-»/(0)-...-~^/i— 1(0). 

and deduce Taylor's Theorem. 

10. If &k4,{x)=4,(x)-^<p{^+h), A^^^{x)=A^{A^(j>{x}}, and so on, and 
<jj{x) has derivatives of the first n orders, show that 

where ^ Ilea between x and x + itk. Deduce that, if 0(")(a;) is continuous, 
iAft''$(ic)}/A''-fci^l°l(*) as A-»0. [This has already been proved when n-^'S, 
{Es. Lvn. 13).] 

11. Deduce from Ex. 10 that «"-™As"a^"^™(m-l)...{m-w + l)A'' as 
a:-*4-so, m being any rational niimber and ji any positive integer. In 
particular prove that 

^V^W.r-2V(^+l)+V(^+2))*-i. 

12. Suppose that !/ = it(^) is a function of a: with continuous derivatives 
of at least the first four orders, and that 0(O)=O, <^'(0)=1, so that 

y=<j,(x)=3! + a2X^+a3afi+(ai + i^)yfi, 
where s^-i-O with )^. Establish the formula 

a^ = ,/,(^)=2/-3j/ + (2oi22--%)j^-(5Kg3_5a3a3 + a4 + f„)^, 
where Fj-^0 with ?/, for that value of x which vanishes with v/ ; and prove 
that, as «-J-0, 
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13. The coordinates (|, ij) of the centre of curvature, at the point (a:, y), 
of the curve i>=f(l), i/=F(,t) are given by 

and its radius of curvature ia 

daslies denoting differentiations with respect to t. 

14. The coordinates (g, 5) of the centre of curvature, at the point («, y), 
of the curve 37o>/^ = 4a:^ are given by 

Bai^+x)+'2sfi=0, r,=A^H^ay)ja:. (Math. Trip. 1899.) 

15. Prove that the circle of curvature at a point [x, y) will have contact 
of the thirdorder with the curve if at that point y3{'^-\-y\^)=Syiy^. 

Also prove that the circle is the only curve which possesses this property 
at every point ; and that the only points on a conic which possess the 
proiwrty are the extremities of the axes. 

X6. The conicofcloseatcontactwith the curve »/=<M.'=+6.i:3+<w*+...+^ 
at the origin, is ah/ = a*(c^ + a%xii + {ac-lfl)y'^. Deduce that the conic of 
closest contact at the point {i, ij) of the curve y=/{x) is 

where r=(y-7)-.)i(.'c-^). (Maih. Tdp. 1907.) 

17. Homogeneous functions* If u^x"f(yls, zjx, ,..), m is unaltered, 
save for a factor X", if x, y, z, ... are all increased in the ratio X : 1. In these 
circumstances v, is called a homogeneoui function of degree n in the variables 
X, y, s, .... Prove that if wis homogeneous and of degree n, then 

d'i rfji (^M _ 

This result is Itnown as Killer's Theorem on homogeneous functions, 

18. If M is homogeneous and of d^ree n, dv,jdx, dujdy, ... are homo- 
geneous and of degree n- 1. 

19. Let/(a;,^)=0 be an equation in 3; and y (e.g. a^+y~a-=0), aad let 
F{3!, y, z)=0 be the form it assumes when made homogeneous by the intro- 
duction of a third variable s in place of unity (e.g. a^-|-y''-X3""' = 0), Show 
that the eqaation of the tangent at the poiut (1, 1)) of the curve/(3^, »/)=0 is 

where ii^i, ^,, i'f denote the values of J'^, F^, i^, when «=^, !/=>;, J=f=l. 

" In this and the following examples the reader is to assume the contiiraitj of 
all the derivatives which occur. 

19—2 
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20. If M and V are functions of g and ij, which are thoniselves functions 
of a: and ^, and the Jacobian (Es. lxiv. ll)of !t and y with respect to | and r/ 

^ ''(^- 7) ' 

d(.,.) d{u,,) d{i,,) 
d{^,S) <Ht,n)' dico,,)- 
Extend the reaiJt to any number of TariaMes, 

21. Let /(*) be a function of S! whose derivative is 1/^ and which vanishea 
for x=l. Show that if t=/(a^)+/(y), v=xy, then u^v,-u^v^=0, and hence 
that w and v are connected by a functional relation. By putting y=\, show 
that this relation must be f{x) +f(^) •=/(^)- 

23. Prove in a similar manner that if the derivative oi f(x) is 1/(1+a-^), 
and/(0) = 0, then/(«) must satisfy the equation 

/W+/(j)=/!(^+y)/(i-^i')}- 

23. Show that if a functional relation esists between 

«=/(^)+/W+/(^), >'=/(y)/(^)+/(^)/W+/(^)/(y), «'=/(a-)/(j,)/(.), 

then/must reduce to a constant. [The condition for a functional relation 
will be found to be 

/' W/'(s)/ » f/W -/(•»{/(«) -/Wl f/W -/W -0 ] 

24. Siippose that x and y are functions of two variahl and 3 and 
that the equation of a curve is given by a relation hetwe n an 1 3 say 
f(a, ^)=0. Then we may regard q, ;3 (and therefore x, y) as tun t n^ of n 
auxiliary variable t. If dashes denote differentiations with re pe t to w 
have f^a+f^&'=0, so that a' and /? are proportional to ~f^ and f^, and by 
choosing t appropriately we can reduce this proportionality to equality, so 
thata'=-/p,p'=/„. Then 

^=A^p-/3^.='^' y' =fj)p-Uy«.=^^^ 

say. Show that the measure of curvature of the curve is 

2f). If M=0, jj = 0, w=0 are the equations of three circles, rendered 
homogeneous as in Es. 19, the equation 



represents the circle which cuts them all orthogonally. {Math. Trip. 1900.) 
S8. If A, B, G are three functions of x such that 



vanishes identically, we can find constants X, ft, k such that \A+p£+vC 
vanishes identically : and conversely. [The converse is almost obvious. To 
prove the direct theorem let a=BG'~-ffG, etc. Then ^-=BC"-B"0, etc, 
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and in virtue of the vanisbrag of the determinant ^-/-S'y, ya'-a'y, a0-d^ 
all vanish ; from which it foUowa that the ratios a ; [i -.y are constant But 

27. Let 2 be a function of x and y, and Zx, % its two first derivatives. 
Now let X be expressed as a function of y and a, and let x^, x^ denote its first 
derivatiTes. Prove that 

^,= -j,/^,, ^.= lfe. 
[We have the approximate equations 

The result of substituting for im in the first is 

Since hy and Sa are independent this can be true only if SjaT„+s„=0, z^x,=\^ 

28. Four variables ic, y, i, -a are connected by two relations. Show that 

where y^" denotes the derivative of y, when expressed as a function of z and 
It, with respect to z. (Math. THp. 1897.) 

29. Prove the formulae 

30. Find .i, B, C, X so that the first four derivatives of 

j''Jy{t)dt-xlAf{a)+B/(a^\x)+Cf(a+x)l 
vanish for a:=0 ; and A, B, G, D, X, jj so that the first sis derivatives of 

j''^*y(,t)dt-x[Af(a)+Bf{a + >^) + Cf{<i + ,^)+Bfia+x)-] 
vanish for a^=0. 

31. If a>0, ac-b^>0, and s:,>Xa, then 



the inverse tangent lying between and ir*. 

32. Evaluate the integral j r-^^ — ^ ■ For what values of a is 

the int^jal a discontinuous function of a? (Mat/i. Trip. 1904.) 

[The value of the integral is ^ir if 2Bn-<a<(2?i + l)7r, and -^jt il 
(2ft-l)jr<«<2Mjr, m being any integer; and Oif a is a multiple of ir.] 

33. If aaf+^bx+oO for X(,S^&Xi, f(:c)=J{ax''-¥Zhx+e), and 

y=/(^). 2'o=/C^i))> ^i=/C*i)j 'f=(*i-^o)/(>i+3'o), 
* In connection with Ess. 31-33 see Mr Bromwioh's paper quoted on p. 236. 
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according as a is positive or negative. In tlie latter case the inverse 
tangent lies between and ^tt. [It will be found that the substitution 
t={x—Xi,)jiy-Vy^ reduces the integral to the form 2 / .^.'] 

34. Prove that T /^1^\ dx=\7r-l. 

35. If «>1, then r '^"^~- dx=,r{a~J{a^-Vj}. 
30. lip >l,0<q<l, then 



where a is the positive acute angle whose cosine is (1 +?§)/(?'+£)■ 

37. If «>i>0, then j^" ^^^^ = ^ {a-J(a^-h% 

(Math. Ti-ip. 1904.) 

38. Prove that, if a>V(&^+c^) aid c>0, then 



/: 



Ji<e-v-<F,- 



■otan{(i;o)V(<."-J'^,>)), 



while if c<0 we muBt add 2)r/V(a2— 6^ — c^) to the result, the inverse tangent 
in each ease being in absolute value less than \ it. 

39. 1{ f(w) is continuous and never negative, aiid I f(a:)dx = (i, then 

f{a:)=0 iora^m&b. [If /(ic) were equal to h(k>0) for ;t; = |, say, we could, 
ia virtue of the continuity of /, find an interva!(^-fi,g+6) throughout which 
/(a:) > ^h ; and then the value of the integral would be greater than 6:6,] 

"■ " ^-W- 0-!).. | {SfV.'—V.!'-'))', P.i"} i> » IK.ljnomii.1 of 
degree n, which possesses the property that 



if 6 (x) is any polynomial of degree less than n. [Integrate by parta m + 1 
times, if »i is the degree of d(aT), and observe that fll'" + ii(:c) = 0.] 

41. Provethat / /'„{.K)P«(.^)ii):=0, if m4=«, but that if m=« the value 
of the integral ia (0-a)/(2re+I). 

42. If Qs(x) is a polynomial of degree n, which possesses the property 
that I Q^(;e)8{x}de=0if6{x) is any polynomial of degree less than w, then 
Q„(x) iaa constant multiple of P„(a). 
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[We can choose •: ao that §„ - k /"„ ia of degree n-1: then 

andso P(§„-KPJ2(fo=0. 

Now apply Ea. 39.] 

43. Approximate Values of definite integrals. Show that the error 

in takiBg^(6-«){i^((() + i^{6)( as the value of the integral I ^(it;)(At; ia leas 

than ^jy{6-t()3, where Jf is the maximum of \<P"{x)\ in the interval (a, 6) ; 
and the error in taking {b-a) ^{^{a+6)} isless than g^^ Jlf(6-a)3. 

[Write/ '(:k)=^(»-) in Exs. 4, 5.] 

Show that the error in taking 1(E - a) |0(a)+.^(6) + 44> ^^jl as the 
value is less than i^jy {&-»)', where J/is themasimviin of 0('l(a;). 

[Use Ex. 6. This rule, which gives a very good approximation, is known as 
Simpson's Rule. It amoiinta to taking one-third of the first approximation 
given above and two-thirds of the second.] 

Show that the approximation assigned by Simpson's Eule is the area 
bounded by the hnes ^=a, ^=b, !/=0 and a parabola with its axis parallel 
to OF and passing through the three points on the curve ^=tji{a;) whose 
abscissae are a, J(a+6), 6. 

It should be observed that if ^(a;) is any cubic polynomial, 0l'l(«)sO, 
and Simpson's Rule is exact. That is to say, given three points whose 
abscissae are a, ^(a+b), h, we can draw through them an infinity of curves 
of the typey = a+^+7a;^ + &);9; and all such curves give the same area. For 
one curve 5 = 0, and this curve is a parabola. 

44. Apply Simpson's Rule to the calculation of ir from the formula 

in-- [' j^- [The result is -7833.. . If we divide the integral into two, 

from to ^ and ^ to 1, and apply Simpson's Rule to the two integrals 
separately, we obtain "7853916..,. The correct value is -7853981,...] 

45. Showthat 8'9<| ^(i + s^)dx<a. (MatL Trip. 1903.) 

46. Calwilate the integrals 

j.T+i- Avers?)' ].*»"*•• ].—*>. 

to two places of decimals. [In the last integral the subject of integration is 
not defined for x=fi: but if wo assign to it, when jk=0, the value 1, it 
becomes continuous throughout the range of integration.] 
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CHAPTER VHI. 



148. In Ch. IV we explained what was meant by saying 
that an infinite aeries is convergent, divergent, or oscillatory, and 
illustrated our definitions by a few simple examples, mainly 
derived from the geometrical series 

l + a; + 3^ + ... 
and other series closely connected with it. In this chapter we 
shall pursue the subject in a more systematic manner, and prove 
a number of theorems which enable us to determine when the 
simplest series which commonly occur iu analysis are convergent. 

149. Series of Positive Terms. We pointed out in Ch. IV 
(§ 70) that the easiest type of aeries to consider from the point 
of view of its convergence is that in which all the terms are 
positive (using positive to include zero). We shall consider such 
series first, not only because they are the easiest to deal with, but 
also because the discussion of the convergence of a series con- 
taining negative or complex terms can often be made to depend 
upon a similar discussion for a series of positive terms only. 

When we are discussing the convergence or divergence of any 
series we may disregard any finite number of terms. Thus if a 
series contains a finite number only of negative or complex terms, 
we may omit them, and apply the theorems which follow to the 
remainder. 

150. It will be well to recall the following fundamental 
theorems established in § 70. 

A. A series of positive terms must he convergent or t 
to +'x> , and cannot oscillate. 
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B. The necessary and suffiicient condition that 2'«n should he 
convergent is that there should he a number G such that 

Uo + U^ + ... + Un < G 

for all values of n*. 

0. The comparison theorem. If %iin is convergent, and 
Vn^Un for all values of n, then 2f„ is convergent, and S% ^ Sm„. 
More generally\, if Vn& Ku^, where K is a constant, Sv„ is con- 
vergent and 2t)n S KXua- And if S!(„ is divergent, and v„ £ I^u„, 
then %Vn is divergent. 

Moreover, in inferring the convergence or divergence of %Vn 
by means of one of these tests, it is sufficient to know that the 
test is satisfied for sufficiently large values of n (i.e. for al! values 
of n greater than a definite value n^). But of course the con- 
clusion that 2«n = K'S.Un does not necessarily hold in this case. 

A particularly useful case of this theorem is 

D. If 2w„ is convergent (divergent) and ««/«« tends to a limit 
(other than sero) as n — oo, then Sn^ is convergent (divergent). 

151. First applications of these tests. The one important 
fact which we know at present, as regards the convergence of any 
special class of aeries, is that 2r" is convergent if r<l and 
divergent if r = 1. It is therefore natural to try to apply 
Theorem C, taking m„ = r". We at once find 

1. The series 2v„ is convergent if v„ £ Kr^, where r < 1, for all 
sufficiently large values ofn. 

If ^=1, this condition may be written in the form !J„''" & r. 
Hence we obtain what is known as Cauchy's test for the con- 
vergence of a series of positive terms ; viz, 

2. The series Xv^ is convergent if ii„"" £ r, where r < 1, for 
all sufficiently large values of n. 

There is a corresponding test foi' divergence, viz. 

■* It IB of course a matter of indifference whetlicr we denote our series tj 
lii + «a + .,. (ae in Ch. IV) or by «„ + «, + ,.. (as ierej. Later in tbis cliapter ive 

shall te conoemed witt series of tlie type a( + (ij.T + aj3;^ + ; for these the latter 

notation is clearly more convenient. 

+ Only the first part of this theorem was actually stated in g 70. The reader 
will be able to supply the proof of the second part. 
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2 a. The series £«„ is divergent if Vn"^ = 1 for an infinity of 
values of n. 

This hardly requires proof, for v„^^ = 1 involves i",, £ 1. The 
two theorems 2 and 2 a are of very wide application, but for 
some purposes it is more convenient to use a different test of 
convergence, viz. 

3. The series %Vn is convergent if v^+i/vn S r, where r < 1, for 
all sufficiently large values of n. 

To prove this we observe that if v„+jIv„ ^ r for n = n,„ then 

and the result follows by comparison with the convergent series Sr". 

This is known as d'Alembert's test. We shall see later that 
it is less general, theoretically, thaa Cauchy's, in that Cauchy's 
test can be applied whenever d'Alembert's can, and sometimes 
when the latter cannot. Moreover the test for divergence which 
corresponds to d'Alembert's test for convergence is much less 
general than the test given by Theorem 2 a. It is true, as the 
reader will easily prove for himself, that if v^+i/vn ^r>l for all 
values of n, or all sufficiently large values, then Sw,j is divergent. 
But it is not true (see Ex. LXix. 10) that this is so if only 
"11+1/% S '■ > 1 for an infinity of valiies of n, whereas in Theorem 
2 a our test had only to be satisfied for such an infinity of values. 
None the less d'Alembert's test is very useful in practice, because 
when Vn is a complicated function Vn+ijv„ is often much less 
complicated, and so easier to work with. 

In the simplest cases which occur in analysis it often happens 
that Vn+jjvn or Vn'" tends to a limit as n -*- 00 *, If this limit is 
less than 1 it is evident that the Theorems 2 or 3 above are 
satisfied. Thus 

4. If )?„"" or «K+i/«n tends to a limit less than unity as n-^ca , 
the sei-ies S)f„ is convergent. 

It is almost obvious that if either function tend to a limit 
greater than unity, then Svn is divergent. We leave the formal 
proof of this as an exercise to the reader. But when ?)„^'" or 
i>n+il%i tends to 1 all these tests fail completely, and they fail 
:ii Ch. IX (Ex. LxsxK. 33) that it v^ilv„ -* I, then V* -»- '. 
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also when i',i"" o^ t'li+i/'Wn oacillatea in such a way that, while 
always less than 1, it assumes for an infinity of values of n values 
approaching indefinitely near to 1. And the teats which involve 
'"n+il'"}) f*il even when that ratio oscillates so as to be sometimes 
less than and sometimes greater than 1. When %^"' behaves in 
this way Theorem 2 a is sufficient to prove the divergence of the 
series. But it is clear that there is a wide margin of cases in 
which some more subtle tests will be needed. 

Examples LXIX. 1. Apply Cauchy's and d'Aiembei't's testa (as 
specialised in Theorem 4 above) to the aeries 2«.r". 

[Here %+,/ii„={(M+l)/TO}r-*r, so that d'Alembert's test shows at once 
that the series is convergent if t<1, divei^nt if r>l. The test fails if 
!'=I ; but the series is then obviously divergent. Since lim «.''"=! (Ex. xxx. II) 
Cauchy's test leads at once to the same conclusions.] 

2. Apply these tests to SreV', 2»™/m, Xr^jnK 

3. Consider the aeries 2 (Jn*+Bn.*-i+...+ff)r». 

[Let the coefheient of r» be denoted by P(k). Then if A is positive, as wo 
may suppose, -P{n.) is positive for all sufficiently lai^e values of n ; and since 

lim{P(n + l)IP(n)}^l 
(Ex. XXIX. 4), d'Alembert's test gives convergence or (Jivorgence according as 
f < 1 or r > I. When r= 1 the series is obviously divergent.] 

, ^ ., Ar6''+Bn'^''+...+K 

4. Consider S , „ t- ,-, ,-^ »"- 

[D'Alembert's test gives the same results as in Ex. 3, when ?■ + !. The 
case in which r=l requires fiurther consideration. It is evident that the 
aeries is divergent if j'=l and i^l.] 

6. "We have seen (Ch. IV, Misc. Es. 18) that the series 
Sllin{n + l)U 2I/{H(n + I)...(m+p)} 
are convergent. Show that Cauchy's and d'Alembert's tests both fail when 
apphed to them. [For lim M„'/"=lim{M„+i/M„)= 1.] 

6. Show that the series Sn"", where p is an integer not less than 2, is 
convergent. 

[Since liva{n{n + l)...(n+p — l)}ln''=J, this follows from the convergence 
of the series considered in Ex. 5. It has ab-eady been shown (g 70) that 
the series is divergent if ^=1.] 

7. Show that the series 

Ati>' + Bn>'-'-+...+K 
^ aJi' + 3n'-' + ...+ X' 
is convergent if l^k+2, but divei^ent if i=i + I. [If c^i is the general term 
of the series, limM'"'i'„=^/n.] 



y Google 



300 CONVERGENCE OF SERIES AND INTEGRALS [VIII 

8. If m„ is a poBitiTe integer, and !«„ + 1 > ni„, the series 2 r^« ia convergent 
iir<\, divergent if rgl. For example the series l+r+r*+r«+,.. is con- 
vergent if )■ < 1, divergent if r > 1. 

9. Sum the series l+2q+2g^+... to 24 pkces of decimals when ^=-1 
and to a p]a«ea when j=-9. [If §=■! the first 5 terms give the sum 
1-200300002000000200000000 and the error is 

2gSS+2^+,„<2jM^.2^a+23W + ... = ai^s/(i_jn)< 3/1035. 
If 2='9 the first 8 terms give the sum 5'458..., and the error is leas than 
2g«/(l-jl')<'003.] 

10. If 0<a<6<l, the series a+h+a^+l)^+a?+... is convergent. 
Show that Cauchy's test may be applied to this series, but that d'Alembert's 
test fails, [lor 

11. The series l+j;+^ + ^-(-... and H-a-+^ + ^+... are convergent 
for all positive values of a^. 

12. If £«„ 18 convergent so is 2«J{l+«„): and s?[„/(1-mJ is also con- 
vergent if w„< 1. 

13. If 2M,i is convenient so is Su^\ 

14. If SV is convergent ao is Sujn. [For V + (lM£2u„/» and 
S(l/«a) is convergent] 

15. Showthatl + i-f-j2-l-...-|('l + |3 + ^a+-')aiid 
[To pi-ove the first result we note that 

by Theorems (8) and (8) of | 70.] 

16. Prove by a reductio ad absurdum that 2{l/n) ia divei^ont. [If the 
series were couvet^ent we shovild have, by the argument used in Ex.. 15, 

i+i+i+...=(i+i+H-)+l(i-i-HH-), 
or i+i-i-H--=i+HH- 

which is obviously absurd, since every term of the first series is less than the 
corresponding term of the second.] 

152. Before proceeding further in the investigation of tests 
of convergence and divergence, we shall prove an important g 
theorem concerning series of positive terms. 
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Dirichlet's Theorem*. The sum of a series of positive 
terms is the same in whatever order the terms are taken. 

This theoreip asserts that if we have a convergent series of 
positive terms, Uo+ii>, + ih + ... say, and form any other series 

V„ + V:, + V^+ ... 
out of the same terms, by taking them in any new order, the 
second series ia convergent and has the same sum as the first. 
Of course no terms must be omitted; i.e. every u must come 
somewhere among the v's, and vice versa. 

The proof ia extremely simple. Let s be the sum of the series 
of m's. Then the sum of any number of terms, selected from the 
u's, is not greater than s. But every u is a w, and therefore the 
sum of any number of terms selected from the v's is not greater 
than s. Hence Xvn is convergent, and its sum t is not greater 
than s. But we can show in exactly the same way that s St. 
Thus s - 1. 

153. Multiplication of Series of Positive Terms. An 

immediate corollary from Dirichlet's Theorem is the following 
theorem : if Ut, + iii + ih+ ■■■ and v„ + Vi+ Vi+ ... are two con- 
verg&nt series of positive tei-ms, and s, t are their respective 
sums, then the series 

Vi,v„ + (ihVa + u^Vt) + {ihVo + u^v,^ + u^v^) + ... 
is convergent and has the sivm st. 

Arrange all the possible products of pairs u^Vn in the form of 
a doubly infinite array 

n„Va\ u,vJ 



u^v„ 


u^v^ 


w^v. 


IhVi 


u,v^ 


u,v, 

U,V, 


1*3^3 



We can arrange these terms in the form of a simply infinite series 
in a variety of ways. Among these are the following, 

(1) We begin with the single term ttt,Vo for which m + n = 0; 
then we take the two terms w,ti„, u^Vi for which m + n = l ; then 

* Thia theorem seema to have first been stated explicitly by Diriolilet in 1837. 
It was no doubt known to earlier writers, in partienlar to Cauohj. 
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the three terms u^Va, UiVi, u^v, for which m + n = 2; and so on. 
We thus obtain the series 

W|,% + (MiW, + UfV,) + (u,iVD + U^Vi + llaVi) + ... 

of the theorem. 

(2) We begin with the single term u^v^ for which both 
suffixes are zero; then we take the terms UiVo, ii^Vi, u^v, which 
involve a suffix 1 but no higher suffix ; then the terms u^Vg, u^v,, 
WjiJj, MjWa, Woiij which involve a suffix 2, hut no higher suffix ; and 
so on. The sums of these groups of terms are respectively equal to 

(u^ + ih + u,){v„ + v, + v,)-(ih + u,)(u, + u,), ... 
and the sum of the first n + 1 groups is 

iu„ + Vn + ...+itn)iVi, + V, + ...+ V„), 

and tends to si as n -^ co , When the sum of the series is formed 
in this manner the sum of the first one, two, three, ... groups 
comprises all the terms in the first, second, third, ... rectangles 
indicated in the diagram on p. 301. 

The sura of the series formed in the second manner is st. 
But the two series are rearrangements of one another ; and 
therefore, by Dirichlet's Theorem, the sum of the first series 
is also St. Thus the theorem is proved. 
Examples LXS. 1. Verify that if >■<! 

H-r=+)-+t^+r»+r3+...=H-r+fl-=+r2+»^+»'^+... = l/(l-0- 

2. If either of the series mo+«,+..., Vo+Vi + ... ia divei^ent, so is the 
series %Ui)+(% ''o+'"o''i)+ ("a "o+%%+%''s)+--- 

3. If the series !it,+ Mi+,.., v^+Vj+..., i!^+w, + ... (all of whose terms 
are positive) convei^e to sums r, i, t, the series SXj, where Xjt—SMmi'H'''ii) the 
summation being extended to all sets of values of m, n, p such that 
))i+«,+p=i, converges to the sum rst. 

154. Further tests for convergence and divergence. 
The examples which precede will suffice to show how many 
simple and interesting types of series of positive terms cannot 
be dealt with by the general tests of | 151. In fact, if we 
consider the simplest type of series, in which Un+ijun tends to 
a limit as m -* oo , ffee tests o/"§ 151 fail completely/ when this limit 
is 1. Thus in Ex. LXis. 6, 7 these tests failed, and we had to fall 
back upon a special device, which was in essence that of using 
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the series 21/[m (n + l) ... («+p)S as our comparison series, in- 
stead of the geometric series. 

The fact is that the geometric series, by comparison with ■which the teats 
of § 151 were obtained, is not only convergent but very rapidly coBvergent, 
fer more rapidly than ia necessary in order to ensure convergence. The teats 
derived from compaiiaon with it are therefore naturally very crude, and far 
more delicate tests are often wanted. 

It waa proved in Ex. xss. 7 that n.*r"-»0 as »-*co, provided r<l, what- 
ever value i may have ; we saw indeed in Ex. LXis. 3 that not only does m*!" 
tend to zero but the series Sn^r" is convergent. It follows that the sequence 
1, r, )^, ...,?■", ..., where r<l, diminishes more rapidly than the sequence 
1, 3"'', 3"'', ..., «"*, .... This seems at first paradoxical if r ia not much, less 
than unity, and & is large. Thus of the two sequences 

whose general terms are (^)" and m~'^, the second seems at first eight to 
decrease far more rapidly. But this is far from being the case ; if only we 
go fitr enough into the sequences we shall find the terms of the first sequence 
very much the smaller. Thus 

(2/3)^=ie/81<I/5, (3/3)'3<(l/5)=<(I/10n (a/a)!"*" < (I/10)'«>, 
while 1000-1^=10-55. 

Thus the lOOOfch term of the first aequence is less than the lO'^Hh part of 
the corresponding term of the second sequence, and so the series 5 (3/3)" ia 
far more rapidly convergent than the series Sn."'^, and even this series is 
very much more rapidly convergent than Sm-^*. 

155. We shall proceed to establish two further tests for the 
convergence or divergence of aeries of positive terms, Maclaurin's 
(or Cauchy's) Integral Test and Cauchy's Condensation 
Test, which, though very far from being completely general, are 
sufficiently general for our needs in this chapter. 

In applying either of these tests wc make a further assumption 
as to the nature of the function «„, about which we have so far 
assumed only that it is positive. We assume that ii-^ decreases 
with ii: i.e. Ji^+i £ i*„ for all values of n (or at any rate all 
sufficiently large values). 

This condition is satisfied in all the most important cases. From one 
point of view it may be regarded as no restriction at all, so long as we are 
dealing with series of positive terms — for in virtue of Dirichlet's theorem 
above we may rearrange the terms without affecting the question of con- 
vergence or divergence; and there is nothing to prevent us rearranging the 

* Five terms suffice to give the sam of Sn''" correctly to 7 places of decimals, 
whereas some 10,000,000 are needed to give an equally good approximation to Sn"'. 
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terms ia descertding order of magnitude, and applying out teats to the series 
of decreasing terms thus obtained. 

But before we proceed to the statement of these two tests, 
we shall state and prove a very simple and important theorem, 
Prlng:sheim's Theorem. This is a one-sided theorem in that it 
gives a sufficient test for divergence only and not for convergence, 
but it is essentially of a more elementary character than the two 
theorems mentioned above. 

156. Pringsheim's Theorem. If 2m„ is a convergent series 
of positive and decreasing terms, then lim ?im„ = 0. 

This is easily proved by a reductio ad absurdum. To say that 
nUn -<- is the same thing as to say that, given any positive 
number B, however small, we can find n„ so that nii„ < S for n S Ji^. 
If this is not the case there must be some such positive number B 
for which no choice of iia will ensure the satisfaction of this in- 
equahty ; i.e. such that there is an infinite sequence of values of n 
for which nM„ = B. Let n^ be the first such value of n ; Jia the 
next such value of n which is more than twice as large as n, ; 
jij the next such value of n which is more than twice as large 
as n^; and so on. Then we have a sequence of numbers n^, n^, 
Ka, ... such that i!2>2jii, jij > Swa, ... and so k^ — }ii>^n5, 
%— %>i''iii ■■■; ^^^ ^1^** 

%«„, £ 2, ihUi^^B, .... 
But since m„ decreases as n increases 

Mo + «!+■■■ +1V-i = '^"»i ^^' 

M„, + . . . + w„^i S.(rh- n,) 11,^ > ^n^ii,^ > ^S, 

u„, + . .. + M„^, S (n,-n,) u^ > i%w^ > ^S, 

and so on ; and we can bracket the terms of the series Sm^ so as 

to obtain a new series whose terms are severally greater than those 

of the divergent series 

B+iB + iB+...: 
and therefore Sw„ is divergent. 

An alternative proof is as follows. Since «u + i(i + ...-l-M„ tends to a 
limit *, we can choose % so that 

for « £.)(fl, however small be the positive number S. Hence 
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and a fortiori 

M„ + i + «„ + s + ...+!(a.<e; 
and still more nu^<S, for itjjic. Therefore nu^^^-O, iinii therefore 
inu^-r-O. And since 

(2w + I)«2„^,<(2«+l)t(j«<{(3ji + l)/2K}2mKa„, 
it is cleav also that {'in+\)u^+i-*-(). Hence nu^-^0 m tt-^ii through 
either odd or even values, and therefore as ra-»-<o in any manner. 

Examples IiXXI. l- Use Pringaheim's theorem to show that 2(1/k) 
and 2{l/(affi+6)} are divergent. [Here im^-^l or l/o.] 

2. Show that 7^{\jn') is divergect if *Sl. [Compare with S(l/re): or 
use Priugsheim'a theorem directly.] 

3. Show that Pringsheim's theorem is not true if we omit the condition 
[The aeries 

^ 4 ''' 5^ ^ P "•" 7^ "'" 9 "•" 10^ "*" — ' 
in which M„=l/n or l/#, according as » is or is not a perfect square, is 
convei^nt, since it may be rearranged in the form 

i+p+p+(r>+f.+si+is+-+('+i+5+-)' 

and each of these series is convergent. But since nu„=\ whenever « is a 
perfect isquare, it ia clearly not iya& that ra«„-fcO.] 

4. The convene of PrvngahemCs theorem, is not true, i.e. it ia not true that, 
if •«„ decreases with n and !im»Wn=0, then 2m„ is convergent. 

[Take the aeries 2(1/™) and multiply the first term by 1, the second by J, 
the nest two hy \ , the next four hy J , the nest eight by \ , and so on. On 
grouping ia brackets the terms of the new series thus formed we obtain 

and this series is divergent, since its terms are greater than those of 

which is divergent. But it is easy to see that, in the series 

n!i„*0. In fact m«„ = l/i' if 2''<7i^a''"^"', and v^m with w.] 

157. Maclaurin's {or Cauchy's) Integral Test*. If w„ 

decreases as n increases, we can write m^ = (w), and can suppose 
that ^{n) is the value assumed when x = n by a continuous and 
decreasing function {x) of the continuous variable x. Then 



*(i)s/Vw*«e* 



(2). 



s diseovecBd by Maolauriu but forgotten, aud redist 
it is usually attributed. 
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.(,(2)sJ'Vw<i«'S*(3), 



■f,(«-i)a£ ^<(.w<ti*(i.), 

since <j>(n—l) is the greatest and <})(n} the least of the values 
assumed by (w) in the interval {n—1, n). 

We have to use the sign 5 , and not simply the sign >, in the inequalities 
above, because ^(p) raay be equal to ij)(p + l) for some values of y, in which 
case <tt{x) will obviovisly be constant in the interval {f, v + 1). 

Hence by addition 

* (1) + * (2) + ... + ,(■ (» - 1) is !",(.<»■) d^ 

a*(2) + *{3) + . .. + *(»). 



«(I)=/V(^ 



jrfa;. 



Then, since ^ («) = 0, ^{^) is ao increasing function of ^, and 
so either {i)3>(|^) tendstoaliinit ifas|'-<- + Ki,or (ii) *{^) -* + ;>:. 

In the first case 

<f>(2) + <f,(S) + ...^,j>{n)^l 
and so ^ (2) + ^(3)+ ... converges to a sum not exceeding I; 
and therefore 0(l) + ^(2)+ ... converges to a sum not exceeding 

In the second case, since 

4>(l) + 4.(2)+... + 4>(n~l)^^(n), 
it is evident that the series is divergent. Hence if <j)(x) is a 
Junction of x which is positive and continuous for all values of x 
greater than unity, and steadily decreases as a; increases, the series 

<f.(l) + *(2) + ... 
will or will not converge according as 



^{^)=fj> 



ix)dx 



does or does not tend to a Idmit I as ^-t- + •x: aiid. in the first 
case, the sum of the series will be not greater than rft (1) + I. 
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Examples LXXII. 1. This argument may be put in a geometrical 
form. In the figure *(«) is the area J>j§: while 0(l) + 0(2) + ... + ^(«-l) 
is the sum of the exterior rectangles (bounded by a thick line) and 
^(2)+0(3)+... + i^(m) is the sum of the interior rectangles (shaded). The 
inequalities used above follow from a glance at the figure. 




[By 

that <^ 



Fig. U. 
nvergence of either of the series 
'^(l)+«(3)+*(5)+..., 0(2)+*(4)+^(ti) + ... 
and aufflcient condition for that of </>(I)+0(3) + ^(3) + .... 
using (I, 3), (3, 5), ... as intervals of integration we can show as above 
{I)+iJ){3) + ,., wiU or will not converge according aa $(|)-»^ or 
-OT. Or we may use the inequalities 

2<^(I)>.^{I) + ^(2), 0(2)+0(3)>2^(3)>^(3) + i^(4), ,,,. 
ore general result see Ex. i.xxvr. 3.] 



Prove that 



I 



= l+i.. 



158. The series 2" '. By far the most important applica 
tion of the Integral Test is to the series 

l-*4.2-« + 3-»+... +«-»+..., 
where s is any rational number. 

If s S it is obvious that the 
ti„ decreases as n increases, and h 
(unless s = l) 

20-2 



rics is divergent. If s > 
can apply the test, Here 



r^ dw _ f -* 



yGoosle 
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li s>l, i'-'^O a.s ^ ^+ x- , and *(|} ^l/(s-l) = ;, say. But if 
s < 1, ^'~^ — + CO with X, and so "I" (^) -*■ + so . Hence we derive 
the result 

The series 2n~* is convergent ifs>l, divergent if s <1: if s>X 
its sum, is less them s/{s — 1). 

So far as the divergence for s<l is concerned, this result might (as in 
Ex. LXXi. 2) have been derived a,t once from comparison with 2(l/m), which 
we already know to be divergent. 

It is however interesting to see how the Integral Test may bo applied to 
the series 2(1/m) (when the preceding work fails). In this case 

and it is easy to see that * (^) -»- + co with ^. For, if | > 2", then 

and since {putting x^^'v) 

we obtain *(|)>ii'l — , which shows that 4(|)-3-+co with |. 

Examples LXXIII. 1. Prove by an argument similar to that used above, 
and without integration, that 4 {|) = / — , where s < 1, tends to + a; with ^. 

2. The series ^n^^, Sb"^, 2«-i""' are convergent, and their sums are 
not greater than 2, 3, 11 respectively. The series S«.""^, 2m-'"/i' are 
divergent. 

3. The series 2«'/(«'+")i where ti>0, is convergent or divergent accord- 
ing aBi>l-l-sori<l-|-s. [Compare with 2 «'-'.] 

4. Discuss the convei^enee or divergence of the series 

2(aiK*' + «aJi'^-i-... + aim'*)/(6[7i.''+Ja»'= + ...-|-&,m''), 
where all the letters denote positive mimber.'s and the s's and i's arc ai'ranged 
in descending order of magnitude. 

5. If 0(»)n.-;>l the series 2Ji-*W is convergent If ^{n)^l<\ it is 
divergent. 

159. Cauchy's Condensation Test. The second of the 
two testa mentioned in §155 is as follows: if u,i = ^{n') is a 
decreasing function of n, the series S0(m) converges or diverges 
according ds X2"(f>{2") converges or diverges. 
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We can prove this by an argument which we have already 
used (Ch. IV, § rO) in the special case of the series 2(1/k). 
In the first place 

0(3) +.^(4) £20 (4), 
(5) + (6) 4- ... + (8) S 40 (8), 



(2" + 1) + (2" + 2) + . .. + (2"+i) £ 2"0 (2"+0, 
inequalities which make it obvious that if X2"0(2"+^) or, what is 
the same thing, 22"+^0(2"+') or 22''0(2'^) diverges so does 20(«.). 

On the other hand 

(2) + (3) A 20 (2), (4) + (5) + ... + (7) £ 40 (4), 
aad so on. And from this set of inequalities it follows that 
if S2''0 (2") converges, so does 20 (n). Thus the theorem is 



For our present purposes the field of application of this test is 
practically the same as that of the Integral Test. It enables us 
to discuss the series 2«~' with equal ease. For 2ji~* will converge 
or diverge accoixiing as 22" 2"™ converges or diverges: i.e. ac- 
cording as s > 1 or s S 1. 

Examples LXXIV. 1. Show that if a is any positive integer greater 
than 1, the series 2(ji{n) converges or divei^es with Sa''0(a"). [Use the 
same arguments as above, taking gTOups of a, a^, a\ ... terms.] 

2. If S0(n.) converges it is obvious that lim2''0(2'') = O. Henoe deduce 
Pringaheim's Theorem. 

160. Infinite Integrals. The Integral Test of § 157 shows 
that if 0(:c) is a positive and decreasing function of a;, the series 
20 (m) is convergent or divergent according as the integral 
function ^ (x) does or does not tend to a limit as a: - 
us suppose that it does tend to a limit, and that 



Let 



lini 



(() dt = I. 



Then we shall say tha.t the integral 

r (() dt 

is convergent, and has the value I; and we shall call the 
integral an infinite integral. 
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So far we have supposed <f)(t) positive and decreasing. But it 
is natural to extend our definition to other cases. Nor is there 
any special point in supposing the lower limit to be unity. We 
are accordingly led to formulate the following definition : 

If (f)(t) is a function of t which satisfies the conditions of 
§1 137 et seq. throughout the interval {a, w), where x is any number 
greater than or equal to a, and if 

P (t) dt = I, 

we shall say that the infinite integral 

fj{t)dt (1) 

is convergent and has the value I. 

The ordinary integral between limits a and A, aw defined in 
Ch. VII, we shall sometimes in contrast call a finite integral. 

On the other hand when 

we shall say that the integral diverges to +<». Similarly we 
define divergence to — oo . Finally, when none of these alter- 
natives occur, we shall say that as jk -^ + co the integral oscillates 
(finitely or infinitely). The following remarks suggest themselves. 

(i) If we write ^ (^{t)dt='b{x), 

the definitions of convergence, divergence, and oscillation of the integral aro 
precisely the same as those already formulated (Ok V, g 77) for the behaviour 
of *(,5?) mx-^-VK. 

(ii) In the special case in which <Jt(i) is always positive (or zero) it is clear 
that ^{x) is an increasing function of w. Hence the only alternativcB are 
convergence and divergence to + co , 

(iii) The integral (1) of course depends on a, but is quite independent of i, 
and is in no way altered by the substitution of any other letter for (. In this 
respect the infinite integral only resembles the finite int^ral (cf. Ch. VII, § 143), 

(iv) Of course the reader will not be puzzled by the u'-e of the teim 
injiniie integral to denote something whose * line ly i definite number such 
as 2 or ^w. The word infinite is used to distrnguish the infinite mtegial in 
which the variable of integration ranges throuj^h all \alues gieiter than a 
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or, as it is often esprftsaed, whose 'upper limit is infinite,' from the finite 
integral, just as it is used to distinguish an infinite series from a finite series : 
!S that an infinite series is necessarily divergent. 



(v) The integral r<J)(()rfi was defined iu Ch. VII, g 13Q, as Sk simpk limit, 

the limit of a finite sum 2/(«,)(a:„+i- J7„). The infinite integral is therefore 
the limit of a limM, at what ia knovm as a repeated limit. The notion of the 
iafinite integral is in fact an essentially more complex notion than that of the 
finite integral, of which it is a deselopment. 

(vi) The Integral Test of g 157 may now be stated in the form: if <!>(■«) is 
positive and steadily decreasen as x inoreases, the infinite series S0(«) and the 



J integral j 



(^ (x) dv coniierge or diverge together. 



161. The case in which ^(x) is positive. It is natural 
to consider what are the general theorems concerning the con- 
vergence or divergence of the infinite integral (1) and analogous 
to theorems A — D (§ 150 above). That A is true of integrals as 
well as of -series we have already seen (§ 160 (ii)). Corresponding 
to E we obviously have the theorem that the necessary/ and suffi,nent 
condition for the convergence of the integral (1) is that it should he 
possible to find a constant K such that 

r^ (x) dx<K 

for all values of x greater than a. 

Similarly, corresponding to C, we have the theorem : if 
I ^ {x) dx is convergent, and yp- (x) S K^ (x) for all values of x 
greater' than a, then I yjr (x) dx is convergent, and 

r ^{x)dxAK r <^{x)dx. 

We leave it to the reader to formulate the corresponding test for 
divergence. 

We may observe that D'Alembert's test {§ 151, 3), depending 
as it does on the notion of successive terms, has no analogue for 
integrals: and the analogue of Cauchy's test (§ 1-31, 1) is not of 
much importance, and in any case could only be formulated when 
we have investigated in greater detail the theory of the function 
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(p (x) = r*, as we shall do in Ch. IX. And the moat important 
particular tests are the following, which are derived at once by 
comparison with the integral 

(whose convergence or divergence we have investigated in § 158): 
viz. 

If, /or w ^ a, ^ {x) < Kx~^ , where s > 1, tlwn I ij>(a))dx is 

convergent : if on the other hand, for m%a,, ^(x)> Kx'^, where 
s S 1, the integral is divergent. In particular, if Mmaf <)> (x) = I, 
where l>0, the integral is convergent or divergent according as 
s > 1 or s S 1. 

There is OQe exceedingly fundamental and important property of a con- 
v^ergent infinite aeries, the obvious analogue of which is not necesaarily true 
of a convergent infinite integral. If 20(b) is convergent then 0(«)-«-O; but 

it ia «oi always true, even when ij)(if)is always positive, that if I i^(;c)t&is 
convergent then ^(x)-^0. 

Consider for example the function •}>{x) whose graph is indicated by the 
thick line in the figure. Here the height of the peaks corresponding to the 



points :i:=l, 2, 3, ... is in each case unity, and the breadth of tho peak corre- 
sponding to «=)i ia Qj('ii+iy. The area of the peak is l/{« + t)2, and it is 
evident that, for any value of ^, 

and so / 0(.K)tfe ia convei^ent; but it is not true that 0(:i:)-*O. 

Examples LXXV. 1. If / 0(*)(ic is convergent then / >ji{x)cb; is 
convei^nt for any value of A greater than a, and 
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a. The integral [ , . , -d , T . ' i r *^' 

where a and A are positive and a is greater than the greatest root of the 
denominator, is convergent if B>r+\ and otherwise divergent. 
3. Which of the integrals 

^7^' J„^4^' j^^+^' ,L'^+^' jec^^' j„ a + t^ + yx^' 



4. The integrals 

I cos .rtfo;, / ain xd.v, I cos {ax+ff) dx, 
oscillate finitely as |-^4-<o - 

5. The integrals 

j a^QOiccdx, 1 sfisLa.-cdx, \ a^co&{ax^ff)dx 
(where m iaany positive integer) oscillate infinitely as ^-^-I'Xi. 

6. Integrals to - <o . If/ 0(*)(ii! tendstoalimit Zas g-*-cc,we say 
/ <l>(it:)dir IB convergent and equal to I. Such integrids possess properties 
in every respect analogous to those of the integrals discussed in the preceding 
sections: the reader will find no difficidty in formulating them. 

7. Integrals from - a> to + fc , If the integrals 

j''_J(v)dx, iy(x)dx, 
are hoth eonvei'geiit, and have the values i, I respectivelj', we say that 

is convergent and has the value k+l, 

8. Prove that 

/■" dx ^ ['^ dm _, i"" dx , 

9. Prove generally. that 

^'"_J{^)dx = ^jy{x-^)dx, 
provided the integral i ^{a^)dx is convergent. 

10. Prove that if ( »:<p{^)d3: is convergent, then i X'j>{x-')d:c = 0. 
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11. Analogue of Pringsheim's Theorem. If <f>ix) is positive and 
sUadily deereaaes, and j <p{3:)dj: is oonv&'ffent, then x<f>{x)-*-0. Prove this 

(a) hj means of Priogaheim's Theorem and the Integral Test, (S) directly, 
by argiimenta analogous to those of g 156. 

13. If a = a.-o<*i<.Ks<---^ndaT„-*- + o:.,and M„= I ' 0(jf)&;, then the 

convergence of / {x)dx involves that of Sm„. If (a) is always positive 

Jo. 
the converse statement ia also tnie. [That the converse is not true in 
general ia shown by the example in which ^(a;)=cosa:, ^„=B7r.] 

162. Application to infinite integrals of the rules for 
substitution and integration by parts. The rules for the 
ti'ansformation of a definite integral which were discussed in 
§ 145 may be extended so as to apply to infinite integrals. 

(1) Transformation by substitution. Suppose that 

jy(!C)d!0 (1) 

is convergent. Further suppose that, for any value of f greater 
than ffl, we have, as in § 145, 

dt 



where a=/(b), ^=/(t). Finally suppose that the functional 
relation x=f{t) is such that i^+co with x. Then, making J 
and so r tend to + oo in (2) we see that the integral 

/"'('l/Wl/'Wa (3) 

is convergent and has the same value as (1). 

On the other hand it may happen that as f~*+M, t^^c 
or T -3- — CO , In these cases we have the equations 

f <}>{^)d^=j'J <!>{/(t)]f'{t)dt = -j\{f{t)]/'it)dt. 

In the first of these two cases we observe that the method of 
substitution transforms an infinite into a finite integral. There 
are of course corresponding results for the inte 



r <j}{x)dx, j .p(x)dx, 
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which it is not worth while to set out in detail : the reader will 
be able to formulate them for himself. 

Examples LXXVI. l- Show, by means of the substitution ^=1", 
that if ^>1 and „>0 then 

r'x-Hlx^^ rr('-8)-irfi; 

and verify the result by actually calculating the value of each side. 

2. If I ^ (a!)(tc is convergent, it ia equal to one or other of the integrals 

according hs « is positive or n^ative. 

3. If <ji (») ia positive for all positive values of x, and a and 8 are any 
positive numbers, the convei^ence of the series Si^(m) involves and is 
involved by that of the series 2(/)(a)i + 3). 

[It follows at once, on making the substitution x = a.t + fi, that the 
integrals 

converge or divei^e together. Now use the Integral Test.] 



4. Show 



that f"^^ =i,r. [Put^=(«.] 



5. Show, by means of the substitution ,r=i/(l - 1), that if I and )i 
both positive then 



/.'(iS^-"'-/.''-"-"- 



6, Show by means of the substitution x=pt/{p+ 1 - 1), that if a, b, and p 
are positive then 

1. If 4>(x}-<^h as X-*- +a; and <p{x)-^i: as :r* -m , then 

I {4,{3:-a)-<j>{x-b)]dx==-(a^b}{h-l:). 

[For (^ {(j,{a:-a)~'P(a:-b)}dx= (^_ ip(.v-a)dx - (^ <i.{x-b)d3: 

rj-B rt-6 C-l'-6 ("1-6 

= I ^ t^{i)dt- I (j>{t)dt= I ^ <j){t)dt- I ip{i)dl. 

The first of these two integrals may be expressed in the form 
f-C-b 
(a-b)k+ I pdt, 

J -e-a 
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where p-a-O as |'-*. + co, and the modulus of the last integral is less than or 
equal to |k-6|«, where k ia the greatest value of p throughout the interval 

f-i'-b 
(-|'-a, -|'-6). Hence I ^{ii)rf(-»(a-6)i. Similarly for the second 

integral.] 

(2) Integration by parts. The formula for integration by 
parts {§ 145) is 

Suppose now that J^+ oo . Then if any two of the three terms 
in the above equation which involve f tend to limits, so does the 
third, and we obtain the result 

£/ W 4,'{x)d.v -^ Km /(B-KB -/(») -Ku) -/"/'(«) * W d"- 

There are of course similar results for integrals to — « , or 
from — M to + =c . 

Examples LXXVn. 1. Show that r-^-^(;^=i r--^j=i. 
3. If m and i* ai'e positive integers and /m.n= I nX~\mT^' 



, then 
/,«,« = WCm+ra-l}} /,„_!,„. Hence prove that /^,=m!(m-2)I/{)«+«-I)!. 



Show similarly that if i^„= f 



j,a»+i^ 



, (I+a^S)"'- 
Verify the result hy applying the suhstitution X'= fl to the result of Ex. 3. 

163. Other types of infinite Integrals. It was assumed, 
in the definition of the ordinary or finite integral given in 
Ch. VII, that (1) the range of integration was finite, (2) the 
subject of integration was continuous. 

It is possible so to modify this definition that it applies to 
many cases in which these conditions are not satisfied. But this 
can only be done by introducing considerations of a somewhat 
more advanced character than those used in Ch. VII. And as 
a matter of fact, when condition (2) is satisfied, but not condition 
(1), as was the case with the infinite integrals of the preceding 
sections, we found it best not to attempt to give a direct definition 
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on the lines of Ch. VII, bufc to adhere to that definition and, so to 
say, superimpose another on it ; and (as was pointed out in § 160, 
(v)) to define the infinite integral not as a simple hmit hut as a 
repeated limit. 

We shall now suppose that it is the second of the conditions 
(1), (2), that is not satisfied. It is natui-al to try to obtain 
deBnitions which enable us to extend the notion of an integral to 
some such cases. There is only one snch ease which we shall 
consider here. We shall suppose that (x) is continuous throughout 
the range of integration (a, ^) except for a finite number of values 
of X, « = ^1, ^1, ..., but that (f)(x)-^ + co (or ~«o) as a:^-^,. from 
either side. 

It is evident that we need only consider the case in which 
(a, A) contains one such point ^. If there is more than one such 
point we can divide up (a, A) into a finite number of sub-intervals 
each of which contains only one ; and if the value of the integral 
over each of these aab-intervals has been defined we naturally 
define the value of the integral over the whole interval as being 
the sum of the integrals over each sub-interval. Further, we can 
suppose that the one point f in (a, A) comes at one or other of 
the limits a, A. For if it comes between a and A we naturally 

fA 

define I <f>(a:)dx as 

j (j> (x) da) + j («) dx, 

assuming these integrals to have been satisfactorily defined. We 
shall suppose, then, that ^ = a; it is evident that the definitions 
to ivhich we are led will apply, with trifling changes, to the case in 
which ^ = A. 

Let us then suppose (x) to be continuous throughout (a. A) 
except for x = a, while ^(ic) — -|-ao &&x-^a, through values greater 
than a. A typical example of such a function is given by 

or, in particular, if a = 0, by .^ (as) = or" (s > 0). Let us therefore 
consider how we can define 

Tv! ('Xi) m- 
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The integral j H'-^dy is oonvoi'gcnt if .!<! (^ 158) and means 
lim / y'-^dy. But if we make the substitution y=\la;, we obtain 

J if A J iM ^ 

Thus lira I j. it, or, wliat is the same thing lim / ii:~'dx exists 

provided s<l; and it is natural to deflnp the \ ilue of the integral (1) as 
being equal to this limit, bimilar uonsideiations lead us to define 

I («— ffl)~'<^' by the equation 

j^{^-a)-'dx= lim ["* {x-a)-'dx. 

We arc thus led to the following general definition: if the 
integral 

/I, *<"'''''' 

tends to a limit I as e-^ + 0, we shall say that tlie integral 

is convergent, and has the value I. 

Similarly, of course, we should define I ^{x)d(i;, if ^(ic)-«-+co 
.as iB tends to the upper limit A, as being 

lim I ix) dx : 

and then, as explained above, we can extend our definitions to 
cover the case in which the interval {a. A) contains any finite 
number of points near which (a:) -»■ + oo or — oo . 

An integral in which the subject of integration tends to + oo 
or — CO as « tends to some value or values included in the range 
■of integration will be called an infinite integral of the second kind : 
the first kind of infinite integrals being the class discussed in 
g 160 et seq. 

Examples LXXVIII. 1. If ij>{^) i^ continuous except for X'^a, while, 
as x-<-a, ij>(^')^- +=0, the necessary and sufficient condition that I iplj!)dx 
.should be convergent is that we can find a constant K such that 

r rf,{^)dw<K 
for all vahies of t, however small (compare § 161). 
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It is clear that we can choose a number A' between a and J, such that 
^(*) is positive in (a, A'). If ^(^) is positive in the whole interval (a, A) 
we can of course identify A' and A. Then 

f"* <p{x)dis= l'^ i> {x) dx + r iji (j^) rfai. 

The first integral on the right-hand side of the above equation increases 
as e decreases, and therefore tends to a limit or to +<»; and the truth of 
the result stated becomes evident. 

If the condition is not satisfied, I iJj{,i;)(fe* + to . We shall then say 

that the integral I <ii[s)dx diverges to + tc . It is clear that, if i/i (»)-•-+ co 
as x-^a+O, convergence and divergence to +co are the only alternatives for 
the integral. Similarly we may discuss the case in which 0(»')-*-co, 

2. Prove directly £k)m the definition that 

if s<l, while the int^ral is divei^ent if s^I. 

3. If ^(*)-*-l-roaa x*a-i-0 and ^(;K)<ff («-«)-', where s<], then 

I <l>{a)dx is convergent: but if <jt{x)>K{a: — a)~', where s >1, the integral 

is divergent. [This is merely a particular case of a general comparison 
theorem analogous to that stated in g 161.] 

4. Are the integrals 

f^ dx f^ dx l-^ da: !'' dx 

j.JH—dHi-.))' J.(.-»)V(X^»)' j,lA-,)!H—aY 

/^ dx (^ dx ['' dx !^ dx 

.S?^')' i.iHA'-->y J.?^^' J.xici' 

convergent or divergent ? 

5. The intMrals -ii-, \ ^77 r are convergent, and the value of 

6. The integral | , ■ . — -^ is convergent. [The subject of integration 
tends to +C0 as a: tends to either limit: like \j\Jx as a:^-0, and lilce 

i;V(i-») a. <.-,.) 

7. The integral I r—, r-^ is convergent if and only if s < ] . 

8. Theintegi'al / j-. rjcfois convergent if (<s + l. 
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8. The integral I {eosa;)'(aiii.-i')"'ifo!isconvei^eiit if and only ii 1> — 1, 
m>-l. 

10. Such an integral as j — =-— — does not fall directly under any of our 
previous dofinitions, if a < 1. For the range of int^ration is infinite, and the 
subject of integvation teuda to +(o as :e-*- +0. It ia natural to define it as 
equal to the sum 

j, 1+^ +i, 1+^ ' 
provided these two integrab are both convergent. 

The first integral is a convergent infinite integral of the second kind 
if 0<s<l. The second is a convei^nt infinite integral of the first kind if 
B<1. It should be noted that if «>1 the first integral is an ordinary finite 
integral : but then the second is divergent. Thus the integral from to fo is 
convergent if and only if < s < 1. 

11. Prove that I ■■rr^'i^ 'b convergent if and only if 0<«<;. 

12. The integral J -— ^ (?a: is convergent if and only if 0<a< 1, 

< ( < 1, [It ehculd be noticed that the subject of integration is undefined 
for j;=l ; hut (ic'~^ — ^~*}l(l - cc)-»-t- s as «-^l from either aide; so that if 
we agree to regard the subject of integration as being equal to t—» for x^l, 
it becomes a continuous function of 3^, and there is no difficulty as regards its 
behaviour for *=1. 

It often happens that the subject of integration has a discontinuity which 
is du.0 simply to a failure in its definition at a particular point in the range 
of integration, and can be removed by attaching a particular value to it at 
that point. In this case it ia usual to suppose the definition of the subject 
of integration completed in this way. Thus the integrals 



n-sin^, rs-. 

Jo -^■^' Jo ■ 






are ordinary finite integrals, the subjects of integration, being regarded as 
having for 3: — the value m.] 

13. Substitution and integration by parts. The formulae for trans- 
formation by substitution and integration by parts may of course be extended 
to infinite integrals of the second as well as of the first kind. The reader 
should formulate the general theorems for himself, on the lines of § 162. 

14. If s>0, (>1, prove by integration by parts that 
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16. H < . < 1, the. f^ '^'^+f d^.j' '^j . j' ^' . 

(i) by means of the substitution 3!=a-\-{b-a)t\ {ii)by means of the substitu- 
tion (6- j^)/{3;— a) =S, and (iii) by means of the substitution a'=fflcos^ (+6 sin^i. 

19. Ifs>-1, then 

20. EatabEsh the fonnula* 

164. Some care has occasionally to be exercised in applying the rule 
for transformation by substitution. The following example affords a good 
illustration of this. 

Let J=\ {«2-&t;+13)cte. 

By direct integration we find that t7"=48. Now let us apply the substitution 

Since y = B when 3: = ! and y = 20 when ^ = 7, we appear to be led to the result 

■'"/."'§*"**/." jP^'^C*'*"''''"***"'''"']!'"-*' 

which 13 certainly untrue whichever sign we choose. 

The explanation is to be found in a closer consideration of the relation 
between a- and y. The function 3^-6^+13 has a tainimum for «=3, when 
^=4. As m increases from 1 to 3, y decreases from 8 to 4, and (bijdi/ is 
negative, so that 

dx 1 





d,- 


2V(2/-4)- 




i x more; 


(ses from 3 to 7, j incre. 


ases from 4 to 20, and the otho; 


r sign 


chosen. 


Thus 







-[i(s-'i)"''+'it!'-'i)''"]V[j(»-4)»'+4(y-i)"']" 
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Similai'Iy, if we wish to transform, the integral f rf*'=ir by the suh- 
stitution j!=arc sin J, we must observe that (^■/(?y=l/s/(l-)/*) or -1/^(1 — 1/*) 
according as 0<x<iiw or ^3r<x^jt. 

Example. Verify the results of transforming the integrals 

"by the substitutions ij^-a' + Jj^j/, a; = arcain^ respectively. 

165. Series of positive and negative terms. Our delini- 
bions of the sum of an infinite series, and the value of an infinite 
integral, whether of the first or the second kind, apply to aeries 
of terms or integrals of functions whose values may be either 
positive or negative. But the special tests for convergence or 
divergence which we have estabJished in this cliapter, and the 
examples by which we have illustrated them, have had reference 
almost entirely to the case in which all these values are positive. 
Of course the case in which they are all negative is not essentially 
different, as it can be reduced to the former by merely changing 
Un into — ii„ or (x) into — (ai). 

In the case of a series it has always been explicitly or tacitly 
assumed that any conditions imposed upon m„ may be violated for 
a finite number of terms: all that is necessary is that such a 
condition (e.g. that all the terms are positive) should be satisfied 
from some definite term onwards. Similarly in the ease of an 
infinite integral the conditions have been supposed to be satisfied 
for all values of x greater than some definite value or for all values 
of as within some definite interval {a, a + S) which includes the 
value a near which the subject of integration tends to + go . Thus 
our tests apply to such a series as 2(K*—10)/K^ since n"— 10>0 
if n £ 4, and to such integrals as 

since 3«-7> if « >|., and 1 - 2iC> if 0<a;<^. 

But when the changes of sign of u„ persist throughout the 
series, i.e. when the number of both positive and negative terms 
is infinite {as in the series 1 — | + J — ^+..,) — or when <f>{x) 
continually changes sign as x-*-+ cc , as in the integi'al 
f sin a: , 



- da:, 
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or as a; -* a, where a is a point of discontinuity of (x), as in 
the integral 

— the pi'ohlem of discussing convergence or divergence becomes 
more difficult. For now we have to consider the possibility of 
oscillation as well as of convergence or divergence. 

We shall not, in this volume, have to consider the more 
general problem for integrals. But we shall, in the ensuing 
chapters, have to consider certain simple examples of series con- 
taining an infinite number of both positive and negative terms. 

166. Absolutely Convergent Series. Let us then consider 
a series %iin in which any term may be either positive or 
negative. Let 

so that a„ = m„ if m„ is positive and a.^ — — u^ if Un is negative. 
Further let Vn — ii~n or 0, according as u^ is positive or negative, 
and w„ = — K„ or 0, according as m„ is negative or positive ; or, 
what is the same thing, let Vn or «/„ be equal to «„ according 
as M„ is positive or negative, the other being in either case equal 
to zero. Then it is evident that «„ and w„ are always positive, and 

W„ = % — Wn, On = I'll + Wa- 

If, for esample, OTir aeriea is l-(l/2^)+(l/3=)-..., M„=(-a)''/(»-|-I)a and 
a„=l/(« + l)s, -while *>„=l/(«+l)' or according as «. is even or odd, and 
w„= I/(k + 1)2 or according as n is odd or even. 

We can now distinguish two cases. 

A. Suppose that the scries £a„ is convergent. This is the 
case, for instance, in the example above, where 2o„ is 

l+(l/2>) + (l/3')+.... 
Then both 2^^ and 2w« are convergent : for (Ex. sxxii. 18) any 
series selected from the terms of a convergent series of positive 
terms is convergent. And hence (| 70) Sm^ or 2{i'„ — w„) is con- 
vergent and equal to 2% — 2Wn. 

We are thus led to formulate the following definition. 

Defixition. When Son or'%\u^\is convergent the series Xu.a 
is said to be absolutely convergent. 

And what we have proved above amounts to this : if 2m„ is 
' convergent it is convergent: so are the series formed 
21—2 
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hy its positive and negative terms taken separately : and the sum of 
the series is equal to the swm. of the positive terms plus the sum 
of the negaiive terms. 

The reader should carefully guard himaelf gainst supposing that the 
statement ' an absolutely convergent series ia convergent ' is a, mere tautology. 
"When we say that 2m„ is 'absolutely oonvei^nt' we do not directly assert 
the convergence of 2«„; we assert the convergence of another sorios 2|«„|, 
and it is by no means evident a pHoH that oonvei^ence of 2|!*„| and 
oscillation of ^u„ might not go together. 

167. KxtenBion of Dlrlchlejt's Theorem to absolutely 
convergent series. Dirichlet's Theorem (§ 152) shows that the 
terms of a series of positive terms may be rearranged in any way 
without affecting its sum. It is now easy to see that any abso- 
lutely convergent series has the same property. For let 2ii,j be 
so rearranged as to become S-Wn', and let a^, r„', w„' be formed 
from M„' as Un, ^m w« were formed from w„. Then 2a„' is con- 
vergent, as it is a rearrangement of 2a„, and so are Sun'. Sw,,'. 
which are rearrangements of 2«„, Swn. Also, by Dirichlet's 
Theorem, 2^„' = 2)j„ and 2w„'=2Min, and so 

Examples LXXIX. 1. Verify that if 0<)-<l then 

l-r + r^-r^+... = l+}^-r+r* + i^-i^-^-r^ + r'-'>-r^+,.. 
^1+r^+r*-,- ...-r-r^ - .... 
2. If 2(1,1 ia a convergent series of positive terms, and |6„| < /ra„, then 



3. If So,! is a convergent series of positive terms, the series Sa^r' is 
absolutely oonvei^ent for — Ifirgl. 

4. If Sa^ is a convergent series of positive terms, the series SonCOSnd, 
So„sinnfl are absolutely convergent for all values of 6. [Examples are 
afforded by the series 2r"cosjifl, Sr''sian0 of CL IV, g 76.] 

5. Any series selected from the terms of an absolutely convergent series 
is absolutely convergent. [For the series of the moduli of its terms is a 
selection from the series of the moduli of the terms of the original series.] 

6. Prove that if 2|m„| is convergent then 

and that the only case to which the sigo. of equality can apply is that in 
which every term is positive. 

168. Conditionally convergent series. B. We have 
now to consider the second case indicated above, viz. that in 
which the series of moduli 2a,t diverges to -H oo (this being of 
course the only alternative to its convergence, as a„ ia positive). 



y Google 



166-169] CONVERGENCE OF SERIES AND INTEGRALS 325 

DeitinITION. If ^Un is convergent, hut 2 1 j/„ | divergent, the 
original series is said to be conditionally convergent. 

In the first place we note that, if Xu,,, is conditionally con- 
vei^ent, the series Sii^, Sw;„ of 1 166 must both diverge to + x . 
For they obviously cannot both converge, as this would involve 
the convergence of 2(tin + w„) or Sa«. But if one of them, say 
Sw„ were convergent, and 2% divergent, then since 

iV JV A' 

2w„= S%— 2w„ (1), 

the left-baud side would tend to + « with N, which is contrary 
to the hypothesis that Sm^ is convergent. 

Hence Sv^, Sw^ are both divergent. It is clear from equa- 
tion (1) above that the sum of a conditionally convergent series 
is the limit of the difference of two functions each of which tends 
to -h 00 with n. It is obvious too that 2m„ no longer possesses 
the property of convergent series of positive terms (Ex. xxxii. 18) 
and all absolutely convergent series (Ex. lxxix. 5) that any selection 
from the terms itself forms a convergent series. And it seems more 
than likely that the property prescribed by Dirichlet's Theorem 
will not be possessed by conditionally convergent series ; at any 
rate the proof of § 167 fails completely, as it depended essentially 
on the convergence of 2r„ and Sw„ separately. We shall see in a 
moment that this conjecture is well founded, and that the theorem 
is not true for series such as we are now considering. 

169- Tests of convergence for conditionally convergent 
series. It is not to be expected that we should be nble to find 
tests for conditional convergence as simple and general as those 
of ^ 150 et seq. It is naturally a much more difficult matter to 
formulate tests of convergence for series whose convergence, as is 
shown by equation (1) above, depends essentially on the cancelling 
of the positive by the negative terms. In the first instance there 
are no comparison tests for convergence of conditionally convergent 
series. 

For suppose we wished to infer the convergence of %Vn from 
that of Sitft. We have to compare 
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If every u and every v were positive and every v less than the 
corresponding m, we could at once infer that 

Vo-i-V,+ ...+Vn<tti,+ ■■■ + t(n, 

and so the convergence of £ii„. If the us only were positive and 
every v numerically less than the corresponding u, we could infer 
that 

\v,\ + \v,\ + ... + \v„\<u,+ ...+Un, 

and so the absolute convergence of %v,i. But in the general case, 
when the w's and «'s are both unrestricted as to sign, all that we 
can infer is that 

l«.l + l».l + ... + |..l<KI + ... + l«.|. 

This would enable ua to infer the absolute convergence of Sv^ 
from the absolute convergence of Sm^; but if £«„ is only con- 
ditionally convergent we can draw no inference at all, 

Exr^mple. We shall see shortly that the aeries 1— ^ + i — j+." is con> 
vergent. But the series i + J+i + i+." 's divergent, although efu;h of its 
terms is niraierieally leas than the corresponding term of the former series. 

It is therefore only natural that such tests as we can obtain 
should be of a much more special character than those given in 
the early part of this chapter, 

170. Alternating Series. The simplest and most common 
conditionally convergent series are what is known as alt&-nativ.g 
series, series whose terms are alternately positive and negative. 
The convergence of the most important series of this type is 
established by the following theorem. 

If {n) is a, positive function of n which tends steadily to 
zero as m -» co , the series 

0(O)-0(l) + 0(2)-... 
is convergent, and its srnii, lies between (f> (0) and (0) - ^ (1). 
Let us write 0o, 0i, ... for (0), (1); ... and let 
S« = 0o-0i + 02- ...+(-l)"0„. 
Then 

6Wl - S^l = -^s™ - 4'^+! = 0. S,n - S.^2 = - (020-1 - 0^™) S, 0. 
Hence s^, s^, s,, ..., s^, ... is a decreasing sequence, and therefore 
tends to a limit or to -co, and Si,Ss,3s, ...,Sa,+i, ... is an in- 
creasing sequence, and therefore tends to a limit or to + oo . But 
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since lim {ss„+i — Ssn) = lim (— ly'^'tfj^^j — O, it is obvious that both 
sequences must tend to limits, and that the two limits must be 
the same. That is to say, the sequence s^, Sj_, ..., s„, ... tends to 
a limit. Since s^ = 0o. s^ = tpa~ 0i, it is clear that this limit lies 
between i^„ and ^j — t^i. 

Examples LXXX. 1. The seriea 

l-i + i-H-, 1-^2 + ^-74 + -' 
2{-l)-/{n+a), S(-l)-M«+a), 2(-I)"/0+V't), 2{-l)V(V»+V<»)^, 
where a > 0, are conditionally convergent. 

2. The aeries S{-l)"/(K+a)' (a>0) is absolutely eonTergent if s>l, 
conditionally convei^ent if 0<s^l, oscillatory if 8*0. 

3. The sum of the aeries of § 170 lies between s„ and s„+i for all values 
of n ; and the error committed by taking the sum. of the firat n. terms instead 
of the sum of the whole series is numerically not greater than the modulus 
of the(»i+l)th term. 

4. Consider the seriea 2(-I)"/Ww+{-l)''}, which we suppose to begin 
with the term for which » = 2, to avoid any difficulty as to the definitiona of 
the first few terms. This seriea may be written in the form 



^Lw»+(-i)" v~ J* v« J 



The seriea £(- 1)"/^™ "S convei^nt; but Sl/{ji+( — 1)"^/™} '^ divergent, as 
all its terms are positive, and lim «/{«.+( — 1)''V"1=1- Hence the original 
seriea is divei^ent, although it is of the form 0{2)-i^(3)-f-0(4)- ... where 
^(»)-*0. This example shows that the oondition that <ti(n) should tend 
ateadily to zero is essential to the theorem. The reader will easOy verify 
that ^/(2}i+l)— l<V(2m)+I, so that this condition is not satisfied. 

5. If the conditions of § 170 are satisfied esoept that rjt (n) tends steadily 
to a positive limit I, then the series 2(-l)''0(»!.) oacillatea finitely. 

6. Alteration of the sum of a conditionally convergent series by 
rearrangement of the terms. Letsbethesumof theseriesI-^ + J-^+..., 
and s^ tbe sum of its first 2n terms, so that lim3a„=s. 

Now consider the series 

i+i-KK^-i+ (1) 

in which two positive terms are followed by one negative term. And let t^ 
denote tlie sum of the firat 3n terms. Then 

— ^ _ ^ _ 1 _ 
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since the sura of the terms inside the bracket ia clearlj less than 

)i/(2m+l)(2n + 2); and 

,, / I 1 I'n ,,. 1 « 1 - f^dx 

^^"^ (,3;^ + 2;^+- + 4iij = *'""«,!, rTW^) = y I ^ ' 

by I 138. Hence hm ^3^=^+^ f — , and it follows that the sum of the aeriea 

(1) is not s, but the right-hand side of the last equation. Later on (§195) we 
shall give the actual values of the sums of the two series. 

It can indeed be proved that a onnditionally convergent series can always 
be so rearranged as to converge to any sum whatever,' av to diverge to + 00 or 
to - oi . Tor a proof we may refer to Bromwich'a Infinite Series, p. 68. 

7. Theserie.l+^^-i^+i^ + -l-i^+...diverge«to+... [Here 

where S2„=l--T^ + ... — -yg-, which tenda to a limit as n-*ra.'] 

171. Abel's and Diriclilet's Testa of Oonvergenee. A more general 
test, wbich inelndoa the test of 1 170 as a particular test case, is the following. 

Diriclilet's Test. If 4>n satisfies the same conditions as in 1 170, and Sa^ 
is a series -which converges or oscillates finitely, then the series 
(ffl^o + o:j^i-l-aa0a+„. 



The reader will easily verify tbe identity 
ai)rPa + aj'pi + ...-i'Ci„<ji„-^Sc(,<l)o~'i>i)+Si(4j!_-<p2} + ...+s„^i(ip„_i_-^^)+s^(j}^, 

where Sa=ao+ai + .,. + a,„. Now the series (i^--fii) + (<J)i-0s)+... is con- 
vergent, since the sum to n terms ia 00 — 0„ and lim0„=O; and all its 
terms are positive. Also since Sa„, if not actually convei^ent, at any rate 
oacillatea finitely, we can determine a constant K so that \s„\<K for all 
values of v. Hence the series 

is absolutely convergent, and so 

tends to a limit as m-s-tn. Also <}>„, and therefore s^ip^, tends to zero. 
And therefore 

ao^ + ai<j>i + ... + a^<l>„ 
tends to a limit, i.e. the series Sacipv 's convergent. 

The most important case of this theorem is obtained by supposing 
a,^ = cosn6 or sin«,5, in which case 2o„ osoiilates finitely (Exs. xxsiv. I, 3) 
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cscept when 6—0 or a multiple of 2w. It follows that if </i(ii) »> a positive 
function ofmohiek tends steadily to zero as n-t-an, the series 

20{m)coamfl, S^{it)ainn0 
are convergent, except perhaps the first series when fl=0 or a multiple of 2jr. 
In this case the first series reduces to 2(^(tc), which may or may not be con- 
vei^ent: the second series vaniahea identically. If 20{m) is convergent, both 
series are absolutely convergent (Ex. lxsis. 4) for all values of 6, and the 
whole interest of Dirichlet's Test lies in its application to the case in which 
20(ji) ia divergent. And in this case the aeries above written are con- 
ditionally and not absolutely convei^ent, as will be proved in Ex. lxssi. 6 
below. 

If wo put e=iT in the cosine series we are led back to the result of g 170, 

Abel's Test. There is another test, due to Abel, which, though of less 
frequent application than Dirichlet's, is sometimes useful 

Suppose that '^„, as ia Dirichlet's Test, is a positive and decreasing 
function of n, but that its limit as m-^co is not necessarily zero. Thus we 
postulate less about i^, but to make up for this we postulate more about 
2 a„, viz. that it ia corenergent. Then we have the theorem ; if <p^ is a positive 
and deoreadng function, of n, and 2 a„ is convergent, then Sa^tji^tis convergent. 

For <i>„ baa a limit as re-»co, say I: and lim (0„-i)=O, Hence, by 
Dirichlet's Test, 2«„(^— i) is oonvei^ent; and as 2a„ is convot^ent it 
follows that Sita0„ is convergent. 

This theorem may be stated as follows ; a convergent series remains con- 
vergent if vie •m.vltiply its terms hy any sequence of positive and deereadng 



Examples LXXXI. I. Show that a convergent ser 
vei^ent if we multiply the mth term by 0„, where ^, is an increasing 
function of n which tends to a limit I as n-<^<o. [Write i/'n™^— ^„ acd 
consider the series 2a„i|^„.] 

3. Deduce Abel's Test directly from the identity of p. 328, in a manner 
similar to that in which we deduced Dirichlet's Test. 

3. The series 2 (cos nS)/«', 2(smn5)/«'are convei^ent if 5>0, unless (in 
the case of the first series) 6=0 or a multiple of %r. 

4 The series of Ex. 3 are in genera! absolutely convergent if s>l, 
conditionally convergent if 0<3gl, and oscillatory if sgO (finitely if s = 
and infinitely if a < 0). Mention any exceptional cases. 

5. ItSa„n-' is convergent, 2a„i!."' is convergent for t>3. 

6. If ^ is a positive function of n which tends steadily to as m-fcco , 
and 2 >pn is divergent, the series 2 rp„ cos n$, 2 ^„ sin ng are not absolutely con- 
vergent, except the sine-series when 6 — or a multiple of jr. [Ft 
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e.g., that g0„|coa«fl| were convergent. Since cos^ n6^] cos n8\ it follows 
that Sip^cos^nB or 

■42^(1 + oos2m^) 
would be convergent. But thia ia imposaible, since 2i^„ is divergent and 
2^„coa2«tf, by Dirichlet's Teat, convergent, unleBS fl ia a multiple of ir. 
And in thia case it ia obvious that £^„|cosjifl| ia divergent. The reader 
should write out the corresponding atgument for the sine-series, noting 
■where it fails if S ia a multiple of jr.] 

172. Series of complex terms. So far we have confined 
ourselves tc series all of whose terms are real. We shall now 
consider the series 

2m„ ^%ivn + iwn), 

where Vn and w„ are real. The consideration of such series does 
not, of course, introduce anything really novel. The series is 
convergent if, and only if, the series 

are separately convergent. There is however one class of such 
series so important as to require special treatment. Accordingly 
we give the following definition. This definition is an obvious 
extension of that of § 166, 

Definition. The series Si^„, where u„ = Vn + iwn, is said to he 
absolutely convergent 1/ the series %Vn and Sw,,, are absolutely 
convergent (§ 166). 

Theorem. The iiecessary aiid sufficient condition for the absolute 
convergence of%Un is the convergence o/"S]m„| or SVC^'n" + '"'n)- 

For if Sm,i is absolutely convergent, both of the series S ] v„' | , 
2 1 w,i I are convergent, and so 2 j | «« | + | «)« | ) is convergent : but 

V(».-+»,.-)a|«>l + )«'.l 

and therefore S | u^\ is convergent. And conversely, since 

I w„ I S Vl""' + «'»'). I «'» I = \f('>'n + w„=), 
1\Vn\ and S I m;,i I ace convergent if 2 | m„ | is convergent. 

It is obvious that an absolutely convergent series is convergent, 
since its real and imaginary parts converge separately. And 
Dirichlet's Theorem (|^ 152, 167) may obviously be extended to 
absolutely convergent complex series, since it is true of the 
separate series S^„ and 2w,i. 
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173. Power Series. One of the most important parts of 
the theory of the ordinary functions which occur ia elementary 
analysis (such as the sine and cosine, and the logarithm and 
exponential, which will he discussed in the next two chapters) 
is that which is concerned with their expansion in series of the 
form Xan^^. Such a series is called a power series. We have 
already, in Ch, VIT, in connection with Taylor's and Maclaurin's 
series, come across some cases of expansion in series of this kind. 
There, however, we were concerned only with real values of x. 
We shall now consider a few general properties of power aeries 
in x, where x is not restricted to he real, which will he useful 
in Chapters IX and X. 

A. A power series may he convergent for all values of x, for a 
certain region of values, or for no values except ic= 0. 
It is sufficient to give an example of each possibility. 

1. The seri6sS(a:"ln \)is convergent for all values ofx. For iiv,„=sf^jn !, then 

l^.il/K„l = kl/(n+l)*0 
as «,-3-=o, whatevei' value s: may have. Hence, by d'Alembert'a test, 2| Ji„| is 
convergent for all values of «, and the origiual series is absolutely con- 
ve^ent for all valuea of le. We shall see later on that a power series, when 
convergent, is generally absolutely convergent. 

2. The series 2n\x^ is tiot convergent for any isahm of m ewcept ^=0. 
For if M,=TOla^, |%-n|/|M„|=(ra+l)|^|, which tends to +«> with «, unless 
it:=0. Hence (Ess. xss. 1, 2) the modulus of the rath term tends to +co 
with w; and so the series cannot convei^e, except when x=^. It is obvious 
that any power series convei^s for a;=0. 

3. The series ^x" corveergesif\s>\<\,and noi j/|^| >1, by | 76. Thus 
we have an actual example of each of the three possibilities. 

174. B. If a potver series Sa,jic" is convergent for a jmr- 
ticular value of x, say w, = r^ (cos 0^ + i sin di), it is absolutely 
convergent for all values of x suck that |a;|<ri. 

For since Xa^Xi" is convergent, lim ctn^i" = 0, and we can 
certainly find a constant K such that | «„«i" | < -K" for all values 
of n. But, if I ic ] = r <r„ 

and the result follows at once by comparison with the convergent 
geometrical series % (r/r,)^. 
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: at F, it ( 
3 origin than P. 

f the series oscillates 
can find K so that 



In other woi-lIs, xf the series < 
absolutely at all points nearer to the 

ETO/inple Show that the result is true ( 
finitely for a-=-e, [If a„=^+airi + ...+a««i''j 
I i, I < ^ for all Tallies of m. But | UfW^'' | = | ^ — «„ 
the argument can be completed as before.] 

175. The region of convergence of a power series. 
The circle of convergence. Let a^ = r, be any point on the 
positive real axis. If the power series converges when a^ = r^ it 
converges absolutely for all points inside the circle |(c|=ri. In 
particulai' it converges for all real values of x less than r-i. 

Now let us divide the points n of the positive real axis into 
two classes, the class for which the series converges and the class 
for which it does not. The first class must contain at least the 
one point « = 0. The second class, on the other hand, need not 
exist, as the series may converge for all values of x. Suppose 
however that it does exist : and that the first class of points 
does include points besides ic = 0. Then it is clear that every 
point of the first class lies to the left of every point of the second 
class. Hence there is a point A {x = iJ, say) which divides the 
two classes, and may itself belong to either one or the other. 
TK&ii the series is absolutely convergent at all points inside the 
circle \a;] = R. 

For let P be any such point. We can draw a circle, whose 
centre is and whose radius is 
less than R, so as to include P 
inside it. Let this circle cut OA 
in Q. Then the series is con- 
vergent at Q, and therefore, by 
Theorem B, absolutely convergent 
at P. 

On the other hand the series 
cannot converge at any point P' '"' 

outside the circle. For if it converged at P' it would converge 
absolutely at all points nearer to than P : and this is absurd, 
as it does not conveige at an} point between A and Q' (Fig. 66). 

So far we ha\ e excepted the cases in which the power series 
(1) does not con\ei£;H nt m^ point on the positive real axis 
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except fl! = 0, or (2) converges for all points on the positive real 
axis. It is clear that in case (1) the power series converges 
nowhere except for ic = 0, and in case (2) it is everywhere 
absolutely convergent. Thus we obtain the following result; a 
power series either 

(1) converges for x= and for no other valtie of x ; or 

(2) converges absolutely for ail values of m; or 

(3) converges absolutely for all values of x within a certain 
circle of radius H, and does not converge for any value 
of iK outside this circle. 

In case (3) the circle is called the circle of convergence 
and its radius the radius of convergence of the power series. 

It should be observed that this general result gives absolutely 
no information about the behaviour of the series on the circle of 
convergence. The examples which follow show that as a matter 
of fact there are very diverse possibilities as to this. 

Examples LSXSII. 1. The aeries l-^ax+a^x^-^... {«>0) has a. 
radius of convergence equal to 1/a. It does not convei^e anywhere on ita 
circle of convergence, diverging for w=lla and oscillating for all other points 
on the circle. 

2. The series p + ^ + ^ + . . . has its radina of convergence equal to 1 ; 
it converges absolutely at all points on its circle of .convei^ence. 

3. Geaerally if |o„+i|/|a„|— X or |a„|'A'^X aa m— «, the series 
a^-Va^x+a^a?-^ ... haa 1/X aa its radius of convergence. For in the feat case 

lim |a„+i3:"*' I/I ""^ 1=^ 
which is leas or greater than unity according as |a;| is leas or greater than 
1/Jv, so that we can use lyAlembert's Test (g 151. 3). In the second case we 
can use Oauchy's Test {§ 151. 1) simUarly. 

4. The aeries i)-\x^-\-^x^- ... has its radius of convergence equal to 
unity. It divergea for 3!= - 1, but is convergent (though not absolutely) 
for all other points on the circle of convergence, since its real and imaginary 
parte are co85-^coaM+..., sin fl-|sin 25 + .... 

176. UaicLuaness of a power series. If 2a„^ ia a power aeriea whicli 
is convergent for some values of n) at any rate besides a:^0, and/{^) is ita 
sum, it is easy to see that/(a.') can be expressed in the form 

t(o + Ulit; + «S^+...+(«i + £i)^"> 

where %-*0 with m. For if fi is any number less than the radius of con- 
vergence of the series, and | ^r | < /j, we bave 

i/(«)-i.,i-i<i.r+>(i.rtii+i«,+,ip+i»,+sip-+...)<zi«i'+'. 
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where E m & immber independent of x. It follows {cf. Ex. lvii. 15) that if 
2<«„a;"=s6ma^, for all real values of a whose modulus is less than some fixed 
number, then aK«>6n for al! values of «. This result is capable of considerable 
generalisations into which we cannot enter now. It shows that the same 
function f{x) cannot be represented by t-iDo different power series. 

177. Multiplication of Series. We saw in | 153 that if 
Swn and 2w„ are two convergent series of positive terms, then 
Tun X %Vn= 2w„rwhere 

Wn = V^V„ + UjVn-i + . ■ ■ + U„Vo. 

We can now extend this result to all cases in which Xu^ and Si),i 
are absoliiiely convergent; for our proof was merely a simple 
application of Diriehlet's theorem, which we have already ex- 
tended to all absolutely convergent series. 

Examples LXXXHI. 1. If |^| is less than the radius of convergence 
of either of the series Sa„a:", 26„*", then the product of the two series is 
SCsO^, where c„ = ao6s+ai6H_i+... + a„6||- 

2. If the radius of convergonoe of 2<i„af is r, and f{x) is the sum of 
the series when |*|<)', and \3:\ is less than either r or unity, then 
/{a;)/(l-a:)=Ss„«", whore s„=ao+a, + ... + «„. 

3. Provebjaquaringbheaeriesfor 1/(1- a;) that 1/(1 -.w)^=l + 2^+3:i;2^__,_ 
ifl^Kl. 

4. Prove similarly that 1/(1 -a;)^ = l + 3*4-6w^+..., the general term 
being J{m + l)(n+2)^. 

5. The Binomial Theorem for a negative integral exponent. If 
|«|<1 and n. is a positive integer, then 

{i-ccy •+'^+ 1.2 "+...+ i.2...r ^•■• 

[Assume the truth of the theorem for all indices up to n. Then, by Es. 2, 
l/(l-,r)"+'=£Sfa^, where 

nj^iVi) n{n + \)...{n + r-l) {n + l){n + 2)...{n + r) 

1.2 ■^■■■"^ 1.2...f l.2...r 

The last identity ia easily proved by induction. We leave it to the 
reader to supply the details.] 



=1+,.+^^:^:^+...+- 



6. If /(to, ^)-H-[™Ja;+f™jii^+..., prove \ij multiplication of a 
lat, when |a^|<l,/(m, x) f{n, a^)=/(TO+«., x). [This equation forma 
asis of Euler's proof of the Binomial Theorem. The coefficient of a* in 
roduct series is 

0-(T)G!^(")G%)--G">)0-(l)- 
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This la a polvnoimal in m and n. : but when m and n a e i o t e ntege s 

this polynomial must reduce to ( , J , in virtue of the B om al Theniem 

for a positive intci^ial exponent. And it is easy to sec tl it f two ^uch 
polynomiah aie eqiial for all jMDsitive integral value of »n 1 tl y st 
be identically equal.] 

7. lf/(^) = H-A' + fj + ...tlien/(»)/(y)=/(^+*,). [For the series for 

/(m) ia absolutely convergent for all values of w : and if M„=a-"/« !, v„=^''ln 1 
it is easy to see that w„i=-(a;+y)"/re!.] 

8. If Ci^) = l-f^ + ^_-..., S(:v)=a;-f^_+f^_^..., 

then 0(^+^)=C{x)G{^)~S(a^)Si^), S(^+^)=S(^)C{^} + 0(a!)S{ff), 
and {e(^)P + {S(^)p = i. 

9. Failure of tlie Multiplication Theorem. That the theorem ia not 
always true when 2m„ and Sv^ are not ahaolutdy convergent may be seen by 
considering the case in which M„=i!„=(-l)"/^/(re + l). Then 

'""=<"^'"4bV{('-+1)(™+1-'-)}- 
Butv'{('-+l)(™+I-'-)}^i(»»+2), and so |w„[>(2»+2)/(b+2), which shows 
that SWb is not convergent. 

MISOELLANEOUS EXAMPLES ON CHAPTER VIII. 

1. Discuss the convergence of the series in" y{n-\-l) -'i^n^- ^(71-1)), 
where k is real. (Math. Trip. 1890.) 

2. Show that the series 

is oouvc^ent provided x is not a negative integer, 

3. Investigate the convergence or divergence of the aeries 

Ssin?, siein?, 2(-l)''aia^, s(l-cos^), 2 (-l)"«(l-cos?), 
where a is real. 

4. Discuss the convergence of the series 

i\,i 6 11/ n 

where 6 and a are real. {Math. Trip. 1899.) 

5. Show that, if R{n) is any rational function of n, wo can determine 
a polynomial i'(«) and a constant A such that 'S{R{n)- P{n)—{Aln)\ is 
convergent. Consider in partioulai the cases in which B {n) is one of 
the functions Ijian^b), («BS-f2&ii + (;)/(oB= + 2/5» + y). 
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6. If III, "91 "si ■■■ i^ ^ decreasing sequence of positive numbers whoso 
limit is zero, tbe aeriee 

"i-i(™i+t2)+iC«i+^+ws)-"-i «i-3("i+"3)+-^(»i+«3+«e)-... 
are ccnvei'gent. [For if (%+«b+...+Mh)M=i», then v^, V2, v^, ... is also a 
decreasing sequence whose limit is zero (see Ch.. IV, Misc. Ex. 9). This 
shows that the first series ie convergent ; the second we leave to the reader. 
In particular the aeries 

i-i(i+^)+i(i+HJ)--. i-s(i+i)+i(i+KW-- 



7. The aeries 2 cos lid, Ssiniid oscillate fiaitely, the sum of the first 
m terms of either series always lying between — coaec ^ 6 and cosec | $, while 
we can find values of «, as large aa we please, and for which the sum Ees aa 
near as we please to either of these limits, or to any number which lies 
between them. 

If it„ increases or decreasea steadily to a limit whicli is not equal to siero, 
the series Sa^ cos nfl, Sa„ sin n6 also oscillate finitely. 

8. Find the sums of the series 

1+^ 14-a^ l+iT* 1-3^^1-xi^l-X^^'" 

(in wliiuh all the indices are powers of 2), whenever they are convei^ent. 
[The first series convolves only if | ;r | <1, its sum then being a:/(l -x) ; the 
second aeriea converges to y!l(l—x) if |a^|<I and to 1/(1— *■) if |a:|>l.] 

9. Find the sum of the series £ m„, where 

""" (^»+;r-")(a;''+'+3;-~-') "^ x^ \^+x-'' ~ ^+"i"+^"~V ' 
for all real values of x for wMch the series is convergent. (Math. Trip. 1901.) 
[If |a;| ia not equal to unity, the series has the sum;i;/{(a'-l)(:e2+l)}. If 
3^=1, then H„=0 and the sum is 0. If a^=-l, then K„=i(-l)"-'i and 
the series oscillates finitely.] 

10. If ao+Mi + «2 + ... is a divergent series of positive and decreasing 
terms, then 

(«<i+«s+-- + "a.)/(«i+"3 + -" + ''a« + i)-*l- 

11. If |«„|£l for all values of », and l+tiia;+aga;2+... is a finite series, 
or an infinite aeries convei^nt for 1;k|<I, the equation 0=l+aiie+«a^+... 
cannot have a root whose modulus is leas than ^, and the only case in which 
it can have a root whose modulus is equal to ^ is that in which «„= - Cis (n6), 
when ie=^ Cis { - tf) is a root. 

12. Prove that, if a>0, then Hm 2 j^XSi^"''^" 

13. Prove that lim a2 ■ = 1. [Use the inequalities of || 157-8 to 

show that the sum of the aeries lies between 1/a and (l + o)/o. 
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14. Recurring Series. A power series 2a„iE" is said to be a recwrHng 
aeries if its coefficienta satisfy a relation of the type 

(i„+yia„-i+y2<i^-a + ...+i>ta„_t=0 (1), 

where n'>k anApx^p^, ..., jJt ire independent of n. Any recurring series is 
the expansion of a rational function of x. To prove this we observe in the 
first place that the aeries is certainly convergeufc for sufficiently small values 
of X. For let G be the greater of the two numbers 
1. \pi\ + \p^\ + - + \Pi.\- 
Then ifc follows from the ec[iiation (1) that lonlsffan, where On is the 
modulus of the numerically greatest of the preceding coeffldeots ; and from 
this that \a^\<KO'^, where Km independent of n. Thus the recurring aeries 
is certainly convergent for values of*' numerically less than l/(?. 

But if we multiply the series /{a^)=2«„ie" by^,a;, pjj.-', ... p^x^, and add 
the results, we obtain a new series in which all the coefficients after the 
(A— l)th vanish in virtue of the relation (1), so that 

where PoiAi ..-li**-] are constants. The polynomial \-i-piX+p2^^'^-'-'^Pt^ 
is called the 3cale of relation of the series. 

Conversely, it follows from the known results as to the expression of any 
rational function as the sum of a polynomial and certain partial fractions of 
the type Aj{x-a)'', and from the Binomial Theorem for a negative integral 
exponent, that any rational function whose denominator is not divisible by a; 
can be expanded in a power series convergent for sufficiently small values of :c, 
in iact for |a:|<p, where p is the least of the moduli of the roots of the 
denominator (cf Oh. IV, Misc. Exs. 19 et seq.). And it is easy to see, by 
reversing the ai^ument above, that the series is a recurring series. Thus 
the necessary and sv.fficient wndilion that a power aeries should be a recurring 
«enes is that it should be the eii^pansion of suck a rational futustion of se. 

15. Solution of Difference-Equations. A relation of the type of (I) 
in Ex. 14 is called a linear difference-equation in a^ ifith constaM coe^ents. 
Such equations may be solved by a method which will be sufficiently ex- 
plained by an example. Let the equation be 

'tn-a«-i-8(»„-2-t-12ii„-s=0. 
Oonsider the recurring power series ^a^X". We find, as in Ej:. 14, that its. 

0(1 + (ox - Oq) ic -(-(as - % — Sap) x^ _ A-, A^ B 

where Jj, A^, B are numbers easily expressible in terms of at,, (Ui, and a^. 
Expanding each fraction separately we see that the coefficient of ^ is 

o«=2"{Ji+(ji+l)4s} + (-3)''B. 
The vahies of A\, A^, B depend upon the first three coefficients ai,, ai, n^, 
which may of course be chosen arbitrarily. 
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16. The solution of the difference-equation ?(„ — 2cosflM„_, + w„_2 = ia 
u^^Acoand+BainnS, where A and B Ave arbitrary constants. 

17. If M„ ia a polynomial in n of degree r, 2 M„a^ is a recurring series 
whoae scale of relation is (l-xf*'. (Math. Trip, 1904) 

18. If /(m) is the coefE.deiit of ^ in the expansion of xjil+x-i-a^) in 
powers of «, prove that 

(1) f(n)+f{n-l)+f(n-2) = 0, (2) /(») = (»3"-«>s^)/(»s-'03^), 
where 013 {Oh. Ill, § 41) is a complex cube root of unity. Deduce that 
/(m)=Oor I or -1 according as « is of the form at or 3/: + 1 or 3i;+2, and 
verify this by means of the identity a;/(l+^+a^)=;t(l-it;)/(l-a^). 

19. A player toesiog a coin ia to score one point for every head he turns 
up and two for every tail, and is to play on until his score reaches or passes 
a total w. Show that his chance of making exactly the total n is J(2 + { — i)"}. 

{MalL Trip. 1898.) 
[If p„ is the probability, j)„ = ^(p„_i+^„_9) : alsopo = l, ^i = iO 

20. If j'„=(-1)"-'(mi+M2+...-1-m„) and s^=Vi+«.i+... + i!,„ then 

lim (ai+S3+ — +»n)/«=4 ('^ - '^9+1^,, - — ), 
whenever the series is convergent. 
[It is easy to verify that 

Sai-i = Mi+% + — + "a..-i. s^=-iii-n- — -y^, 

»2v-l+V = ''|-M2 + M3— M4+...-|-?iat_i — «a^, 

SO that S2„_i+a2t-*M, where u is the sum of the series on the right-hand side 
when continued to infinity. Hence (Ch. IV, Misc. Ex. 38) 

lim{(»i-|-S2) + (ia-|-S4) + ...-t-(*2„„, + 3j„)}/l.= M, 

which proves the result when 5i->-to through even values. Also, sinue MiH"*0, 
SjJm-^O, and so the result ia true when n-^ai in any way,] 

21. Prove that 

if m is a positive integer and a is not one of the numbers ~1, -2, ..., -b. 
[This follows from splitting up each term on the right-hand aide into partial 
fractions. If a > — 1 it may be proved very simply from the equation 

JVi^i. IV-^^ril-Cl-*)-) f 

by expanding (l—3)")j(l—x) and l-(I-.j:)'' in powers of x and integrating 
each term separately. The result, being merely an algebraical identity, must 
be true for all values of a save —1, —2,..., -m.] 



22, Prove by multiplication of si 



{'44-' 
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[The coefficient of a^ will be fouud to be 

How Ube Ex. 21, putting a = 0.] 

23. UA^^A andB„— iJasM^fo, then 

(^iB„+-l3B„_i+...+A5i)/n-*^iJ. 
[Let j1^ = j1 +*«■ Then the espreasion given is equal to 



The first tenn tends to AB (Ch, IV, Misc. Ex. 28). The modulus of 
the seuond is leas than ^{|ei| + ] t2| + ... + |E„|}/«, where j3 is any number 
greater than the greatest Talue of | B„ | : and the laat expression tends to zero.] 

24. If c„ = ai6„ + 026m„i4-...+«K6i and 

-l„=«i + a2+. .. + «,„ B^ = b, + b^ + ... + K, C„ = ci + ca+...+c,„ 
proyo that 

C„ = aiS„ + «a-^«_i + ... + «„B, = SijJ„ + 6s^„_j + ..,+6„/li 
and Oj+02+... + C^=A,B^+A'^B„., + ...+A„Bi. 

Heuee prove that if the series 2a„, Sb„ are convergent and have the sums 
A, B, so that A^-^A, B^-^B, then 

{0, + C'^+... + C^)/^i^AlS. 
Deduce that ifSc^ is convergent, its sum is AB. This result is known as 
Abel's Theorem on the multiplication of Series. We have already seen 
that we can multiply the series Sa„, Sb^ in this way if both series are 
absolutely convergent : Abel's Theorem shows that we caji do so even if 
one or both are not absolutely cocvei^ent, provided only the product series is 
eonvergent. 

25. Prove that 

[Use Ex. 6 to establish the convergence of the series.] 

36. For what values of m, and n has the integral I (aiii;e}"'(I— co3a;)"t^.« 
a meaning? [It has a meaning if nt + I and m + 2» + l are positive.] 



27. Prove that, if « > 1, then 

n d.^ 



■)V(i"*^) V(»'-i)" 
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28. Establish the formulae 

where .Pis auch a function that tho integrals have a meaning. In ; 
prove that if «. > I then 

[First put ,r=siithi[ and then e"=^.] 

39. Show that if 2y=ax~ (hjx), where a and b are positive, j ii 
steadily from - qo to + to as a: incresises from to + co . Hence show tliat 

-|//W(y'+»'))*- 

30. Show that if 2!/^ax+ (bjx), where a and J> are positive, two values 
of X correspond to any value of y greater than ^(ab). Denoting the greater 
of these by a:, and the less by x^, show that, as y increases from kj{ab) 
towards CO, Xj increases from tJibja) towards cd, and x^ decrease from 
^/(6/a) to 0. Hence show that 

and that 

/ denoting any function such that these integrals have a meaning in ac- 
cordance with the definitions of ^§ 160 et seq. 

31. Prove the formula 

^0 J(sma;) Jq ^(mns:) 

32. If a and b are positive, then 

/" da _ ^ r " x^d.v _ w 

a {^+a^}iaf' + b^)~'iab{a. + b)' jo (^M^^)^+6^)^ 2 (« + 6)- 
Deduce that if o, ft and y are positive, and jS^^ay, then 

/" dm „ "" /" si^dx _ JT 

« ax* + 2§^ + -Y~ 2 y/(2yA)' Jo ax* +2^.1^ + y ~ 2V"('2^ ' 
where A=0+^(ay). Also deduce the last result from Es. 29, hy putting 
/(y)-=l/(e2+y^). The last two results remain true when ^< ay, but their 
proof is then not quite so simple. 
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CHAPTER IX. 

THE LOGARITHMIC AND EXPONENTIAL rUNCTIOKS 
OF A EEAL VARIABLE, 

178. The number of essentially different types of functions 
with which we have been concerned in the foregoing chapters 
is not very large. Among those which have occurred the moat 
important for ordinary purposes are polynomials, rational functions, 
algebraical functions, explicit or implicit, and trigonometrical 
functions, direct or inverse. 

We are however far from having exhausted the list of functions 
which are important in mathematics. As the range of mathematical 
knowledge has widened so have new classes of functions, one after 
another, been introduced and defined, and their properties in- 
vestigated. These new functions have generally been introduced 
because it appeared that some problem which was occupying the 
attention of mathematicians was incapable of solution by means of 
the functions already known. The process may fairly be compared 
with that by which the irrational and complex numbers were first 
introduced, when it was found that certain algebraical equations 
could not be solved by means of the numbers already recognised. 
One of the most fruitful sources of new functions has been the 
problem of integration. Attempts have been made to integrate 
some function y(ic) in terms of functions already known. These 
attempts have failed; and after a certain number of failures it 
has begun to appear probable that the problem is insoluble. 
Sometimes it has been proved that this is so ; but as a rule such 
a strict proof has nob been forthcoming until later on. Generally 
it has happened that mathematicians have taken the impossibility 
for granted as soon as they have become reasonably convinced 
of it, and have introduced a new function F(a;) defined by its 
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possessing the required property, viz. that F'(w)=f(x). The 
properties of Fix) have been investigated by starting from 
this definition, and it has then appeared that -?(«) has properties 
which no finite combination of the functions previously known 
could possibly have ; and thus the correctness of the assumption 
that the original problem could not possibly be solved has been 
established. One such case has occurred in the preceding pages, 
when in Ch. VI we defined the function log x by means of the 
equation 

, [dx 

log.-J-. 

Let us consider what grounds we have for supposing log^ to be a really 
new function. We have already eeen (Ei, XLiv. 5) that it cannot he a rational 
ftiDction, since the derivative of a rational function is itself a rational function, 
whose denominator contains only repeated factors. The question whether it 
can be an algebraical or trigonometrical function is more difBcult. But it ia 
very easy to become convinced by a few experiments that differentiation will 
never get rid of algebraical irrationalities. For example if we differentiate 
^(1 +a?) any number of times the derivative is always the product of J{1 +*■) 
by a rational function. And so generally— the reader should test the 
correctness of the statement by experimenting with a number of examples, 
such as J{x-^-^x\ {l-^x)j{l+^x). Similarly with the trigonometrical 
functions; if we differentiate a function which involves siniE, or cosic, one 
or other of these functions persists in the result ; while differentiation of 
a function which involves arc sin a: or arc tan a: always leads to a function 
involving ^{l — d^) or 1+a* in a form impossible to eliminate. 

We have therefore, not indeed a strict proof that loga^ is a new function — 
that wo do not profess to give*— but a reasonable presumption that it is. We 
shall therefore treat it as such, and we shall find on examination that its 
properties are quite unlike those of any function which we have come across 
hitherto. 

179. Definition of log x. We define log x, the logarithm of x, 
by the equation 

log*.=J^-. 

Here X is positive : if ic is negative the integral has no meaning 
(Ex. LSXVUL 2), We might have chosen a lower limit other 
than 1 ; but 1 proves to be the most convenient. With this 
definition log 1=0. 

We shall now consider how log x bchavoa as x varies from 
• For Bueh a proof see p. 35 of the autiior's tract quoted on p. 225. 
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towards co . It follows at once from the definition that iogx is a 
continuous function of a: which increases steadily with iv and has 
a derivative 

Moreover (§ 158) logic tends to + oo with x. 

If at is positive but less than 1, log x is negative. For 
* dt 



p dt p dt 



0. 



Moreover, if we make the substitution t = 1/m in the integral, 
we obtain 

loga^^J^ - = -J^ - = -log(l/^). 

Thus as a> varies from 1 downwards towards 0, logic tends steadily 



The general form of the graph of the logarithmic function is 
shown in Fig. 67. Since the derivative of logic is 1/iC, the slope of 



the curve is very gentle when x is very large, and very steep 
when x is very small. 

Examples LXXXIV. 1. Pruve from the definition that if k> then 

[Forlog(l+w)=r-~, and tlie subject of integration lies between land 

2. Prove that, if m > 0, log (I + «) lies between m -^u^ and u - {^^^/(l + «.)}. 
[Use the fact that log(I + w) = «- /""/+-,■] 

3. If 0<M<1 thenM<-log(l-M)<M/(l-u). 
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[Use Ex. I.] 

180. The functional equation eatlsfled by logic. The 
fwnction log x is a solution of the functional equation 

f{xy)=f{x)+f(y) (1). 

For, making the substitution t = yu,we see that 

, , f^ dt p du P du n'^du 
log(^)/)=J^ -=j^^^-=j^ — -J^ - 

= log a; - log (-) = log a: + log y, 

which proves the theorem. 

ExaJnples LXXXV. 1. It can be shown that there is no solution of the 
equat'o (I) fmiamintalJy distinct from loga:. For, if wc suppose /(a') to be 
a f net on ■which has a d lierential ooefficieat (and other functions may be 
neglected as of i o pra t ctJ importance) we obtain by differentiating the 
fun t o al equat on fli^t w th respect to *■, and then with respect to !/, the 
two equat ons 

If ('))-/'(•), <(!?)-/■(?); 

aniao el minat ng / (r ) 3-f'{x)=yf'{y). But if this if true for every pair 
of aues f nd !/ we must have «/'(«) = C, or/'{it;) = (?/j:,whcro isa 
const t He e 

Thus there is no solution fundam.entally distinct fi-om log« — except the 
trivial solution /(a;) =0, given by taking (7=0. 

2. Show in the same way that there is no solution of the equation 

fundamentally distinct from arctan^. 

181. The manner In which log x tends to + co with x. 

It will be remembered that in Cli. V we defined functions of x 
which tead to + co with x in certain different ways, distinguishing 
between those which, when x is large, are of the first, second, 
third, ... orders of greatness. A function f{x) was said to be of 
the Ath order of greatness when fix)jx^ tenths to a limit different 
from zero as a: tends to + oc . 

It is easy to define a whole series of functions which tend to 
+ M with X, hut whose order of greatness is smaller than the first. 
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Thus Vic, ^/cc, y*', ... are such functions. We may say generally 
that ie", where a is any positive rational number, is of the ath 
order of greatness when x is large. We may suppose a as small 
as we please, e.g. less than "0000001. And it might be thought 
that by giving a all possible values we should exhaust the 
possible ' orders of infinity ' of f(x). At any mte it might be 
supposed that if fix) tends to +oo with x, however slowly, we 
could always find a value of a so small that «' would tend to 
+ C0 more slowly still: and conversely that if /(a;) tends to +oo 
with X, however rapidly, we could always find a value of a so 
great that xf^ would tend to + oc more rapidly still. 

Perhaps the most interesting feature of the function logic is its 
behaviour as x tends to + co . It shows that the presupposition 
stated above, which seems so natural, is unfounded. The logarithm 
of X tends to +<x) with x, hut more slowly than any positive power 
of X, integral or fractional. In other words log ic -* + c» but 
(logai)/ic°-'-0 for all positive values of a. 

This fact is sometimes loosely expressed by saying that ' the 
order of infinity of log x is infinitely small '—but to say that 
anything is ' infinitely small ' is, strictly speaking, just as meaning- 
less as to say that anything is ' infinitely great,' or that « = co , 
and we therefore advise the reader to avoid such modes of ex- 
pression. 

182. Proof that (log x)lx'- -* as a; ^ + « . Let /3 be any 
positive number. Then if (> 1, Ijt < ljt^~^, and so 

p dt f dt 

or \o^x<{!r,»-l)l^<x^l8. 

Now if a is any positive number (e.g. "Ol) we can choose a smaller 

positive value of ^ (e.g. -OOl). And then 

0<(loga^)/«''<a:P-"/;3 («> 1). 
But since a > ,3, x^~°-j^ -j- as ic -* + cc , and therefore 
(logi.)/aj"-0. 

183. Since (log x)jx''' = - 3/" log i/ if a^ = Ijy, it follows from the 
tlieorem proved above that 

lim y°- log 2/ = - lim (log ic)/a;" = 0. 



Iog« 



yGoosle 



346 THE LOGARITHMIC AND EXPONENTIAL FUNCTIONS [iX 

Thus logic tends to -co and log{l/a;) = -loga: to + <x> ss a: tends 
to zero by positive values, but log(l/ic) tends to + co more slowly 
than any positive power of !/«, integral or fractional. 

184, Scales of infinity. The logarithmic scale. Let us consider once 
more the series of functions 

», v«, ?* v«, ..., 

which possesses the property that, if /(.c) and <p(^) are any two of the 
functions contained in it, /{a') and ^(^'j hoth tend to +oa with x, while 
f{x)l^(ji:) tends to or to +go accordingas/(jr)occur8 to the right or the left 
of ^(j;) in the aeries. We can now continue this series by the insertion of 
new terms to the right of all those already written down. We can begin 
with loga;, which tends to infinity more slowly than any of the old terms. 
Then ^/■(log a;) tends to +=o morealowly than log jr,4'Clogx) than ^/(loga^), and 
so on. Thus we obtain a series 

X, sjx, ^x, ..., ^a:,... log*-, V(log*'). 'S'(l"g^). '^(^ag.v), ... 

formed of two simply infinite series arranged one after the other. But this 
is not all. Consider the fiinction loglogx, the logarithm of log^K. Since 
(l<^a^)/a^-*-0, for all positive values of «, it follows on putting x'^\o%y that 
(log log j)/(log y]' = (log a:)lai<' -s-O. 
Thus loglog^ tends to +co with y, but more slowly than any power of 
logy. Hence we may continue our series in the form 

ai,^/*>,^.c,...log^,V(log^). i!().og3:),...\(,glog3), ^{\r,g\<i%3)),... S!(lo%logx),...; 
and it will by now be obvious that by introducing the ftmctions l<^lc^lc^a^, 
log log log logic, ... we caji prolong the series to any extent we like. By 
putting x^ljy we obtain a similar scale of infinity for functions of y whicli 
tend to 4-oc as y tends to by positive values. 

Examples LXXXVI. 1, Between any two terms /{x), F{x] of the series 
we can insert a new term ^(a^) such that ipix) tends to + co more slowly than 
f{^) and more rapidly than -f (*■). [Thus between ^ic and ^,v we could insert 
a^"' : between ^(1<^^) and sf(}ogx) we could insert (log^)^i*. And, generally, 
<j>{a:)=yf{f{x) F(x)] satisfies the conditions stated,] 

2. Find a function which tends to +co more slowly than tjx, but more 
rapidly than x% where a is any rational number less than 1/2. [^;i;/(Iogif) is 
such a function ; or s/xl([og3!)^, where (3 is any positive rational number,] 

3. Find a function which tends to +co more slowly than ^Jx, but more 
rapidly than V^/(logiE)", where o is any rational number. [Such a function 
is V^'/C^^g ^"^ ^)- ^^ "^^ ^^ gathered from these examples that mconiphteiMSS 
is an inherent characteristic of the logarithmic scale of infinity.] 

i. How does the function 

/(ic) = [^'^ [log iK)"' (log log :^r}l{fc? (log ^y (log log x)n 
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behave as s; tends to 4- to ? [If a+3 the behaviour of 

f{3:) = x^-ff (log s:)"'-^- (log log ^)""-fl" 
is dominated by that of a^'-fl. If a=^ the power of x disappears and the 
behaviour of f{^) is dominated by that of (loga^)"'— 0', unlesB a'=ff, when 
it is dojninated by that of (loglog;*^)""-^". Thus f{3:)-^-\-i> if a>P, or 
a=^, a'>,3', or a = &, a' = j3', a">/3", and/{^)*0 if a<^, or « = ft a'O', or 

5. Arrange the functions ;c/V(loga;), x J(\agx}j\o%\Qgw., xloglogxjiJiXogai), 
(j:loglogloga:)/^(loglog^) according to the rapidity with which they tend to 

+ aj with X. 

6. Arrange 

loglog«^/(^log^), (Iog^)/;E, a-loglog:r/V(:^3 + l), {V(^- + l)}M[log:<;)2 
according to the rapidity with which they tend to zero as m tends to +ro , 

7. Arrange 

ilogiog(i;i), vwtios(iW)1 V{«»n«ios(i«), (I-oo.«)los(i;«:) 

according to the rapidity with which they tend to aero as x-*- +0. 

8. Show that 

Z)^loglog«=I/(^log.B), Z)^logloglog«=I/(*log«logloga;), 

9. Show that 

A(l(^«^)-=«/{^(log;c)i-''}, iJ.(logloga:)'=a/{i'log^{loglogx)=-"}, 



186. The number e. We shall now introduce a number, 
usually denoted by e, which is of immense importance in higher 
mathematics. It is, hke tt, one of the fundamental constants 
which perpetually occur in analysis. 

We define e as the number whose logarithm is 1. In other 
words e is defined by the equation 

■^ dt 



_ I'dt 



Since log x continually increases with x, it can only pass once 
through the value 1. Hence our definition does in fact define 
one definite number. 

Prove that 2<e<3. [In the first place it is evident that 
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aQdso2<e. Also 

/:?=(r-/:-/>/:.--/:.)? 

sothat e<3.] 

Now log {xy) — log X + log y and in particular 

Ioga:^ = 21ogic, log 3^ = 3 log a:, ..., log«"= wloga,', 
where n is any positive integer. Hence 

log e" = )i log e = TO. 
Again, if p and ^ are any positive integers, and e*"* denotes the 
positive yth-root of e^, we have 

p = log e^ = log {e^i'iy' = q log e*"' 
so that \og{e^''i)—pjq. Thus if y has any positive rational value 
and e^ denotes the positive yth-power of e, we have 

loge^'-y (1), 

and log e~y = — log e" = — J/. Hence the equation (1) is true for 
all rational values of y, positive or negative. In other words the 
equations 

y^lagx. w^ev (2) 

are consequences of one another so long a& y in rational and e^ 
has its positive value. At present we have not given any definition 
of a power such as e" in which the indox is irrational, aud the 
function e" is defined for rational values of y only. 

186. The exponential ftinction e^. We now define the 
exponential function e" for all real values of y as the inverse of 
the logarithmic function. In other words, if y = log as, we write 

We saw that, as x varies from towards +00 ,y increases steadily 
(in the stricter sense) from — 00 towards + 00 . To one value of x 
corresponds one value of y and conversely. Also y is a continuous 
function of x, and it follows from § 88 that x is likewise a con- 
tinuous function of y. 

A direct proof of the oontiuuity of tlie esponoiitial function is easily 
given. For it^K^e" and w + i=e''*», it ia clear that 



-/: 
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Thus 1 1, 1 ia greater than 5/(^+|) if ^ > 0, aod than \i\lxit §<0; and if ij is 
very small ^ must also be very small. 

Thus e" is a continuous function of y which increases steadily 
from towards + <» as y increases fi'om — co towards + co . More- 
over, by the results of § 185, e" is the positive i/th-power of the 
number e, according to the elementary definitions, whenever y is 
a rational number. In particular e" = 1 when y = 0. The general 
form of the graph of e^ is therefore as shown in Fig. 68. It is to 
be observed that e^ is positive for all values of y. 




187. The principal properties of e". (1) If x — e", so 

that y = logx, we have dyjdx^ljx and 

dxjdy = 3! = e". 
Thus the derivative of the exponential function is equal to the 
ftmction itself. In other words the exponential function is a 
function whose rate of increase is always equal to its own value. 
More generally, H y — e'^ then dy/dx = ae'^. 

(2) The exponential fwmtion satisfies the functional equation 
/(», + S)./M/(y). 

This is evident if x and y are rational, by the ordinary rules 
of indices. If x or y, or both, are irrational we can choose two 
series of rational numbers x,, x^, ..., x^, ■■■ ; yi, y^i, ■■•, y^^ ■■■> 
such that lim ic„ = x, lim y„ — y. Then, since the exponential 
function is continuous, 

e* X e» = lim /" x lim e*" = lim /"+^" = 6^+''. 
In particular e" x e""^ = e» = 1, or e'-" = 1/e*. 

Or we may deduce the functional equation satisfied by e^ from 
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that satisfied by logic. For if yi = \ogXi, ^j = loga!j, so that 
Xi = e"', x^ = ^'', we have i/, + y^ = log Xj + log a;^ = log (w-iW^) and 
6!',+!'. = e ''«<*i'^) = XjXi = e«' X e^K 
Examplea LXXXVII, 1. If dxjdy=i: then s:m=Key, wliere ^ is a 
constant. 

2. There is no solution of the equation /(^+j)=/(jr;)/(y) fundamentally 
distinct from f{^) = eK [For, differentiating the equation with respect to x 
and y in tiirn, we obtain 

/'k+y)=/'(^)/(y), f(=<'+l/)=f{^)f(j/) 
and so /' {x)lf{a:) =/' (y)//(2'), and therefore ea«h ia constant Thus if s =/{y), 
dzjdy^gjA, or 

j/^4l"^ = ^Iog« + B, 
.d and B being constauta; ao that 3=eli'--W^.] 

3. Prove that (e™~l)/a;-»a as a^.^0. [Applying the Mean Value 
Theorem, we obtain a™— l=o!e^ where 0<^<^.] 

188. (3) The function &' tends to + o) with y more rapidly 
than any -power ofy, or 

lim yje^ = lira e""^" = 
as ^-^+ <X) ,/or all val-aes of a, however great. 

We saw that (log x)jx^ -*■ as ;c -* + qo , for any positive value 
of ^, however small Hence, if a = 1//3, (log wYJai ^ for any 
value of a, however lai'ge. The result follows by putting a; = ^. 

From thia result it follows that we can construct a 'scale of infinity' 
similar to that constructed in g 184, but extended in the opposite direction — 
i.e. a scale of functions which tend to + co with ic more and more rapidly. 
Thia scale ia 

where of courae ^\ .... e^, ... denote el=^l, ..., 4^ 

The reader should try to apply the remarks made in § 184 and Exs. lxxsvi, 
about the logarithmic scale, to this 'eiponential scale' alao. The two acalea 
may of course (if the order of one is reversed) be combined into one scale 
... loglog.^:, .„ loga^, ... a:, ... ^, ... e'^, ... 

189. The general power a*. The function a?' has been 
defined only for rational values of x, except in the particular case 
when a = e. When a is rational and positive, the positive value 
of the power a" is given by the equations 

oP = {e'i'>i«Y = ^'^<^. 
We take this as our definition of a" when x is irrational. Thus 
10'>'^= e«'^-'°8". It is to be observed that a", when w is irrational, 
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is defined only for positive values of a, and is itself essentially 
positive, The reader will find no difSculty in verifying the 
following statements. 

(1) Whatever value a may have, a^xa?' = «.*+" and (a'")" = O^. 
In other words the laws of indices hold for irrational no less than 
for rational indices. 

(2) If ra>l, a* = e* '"s " = e*", where a is positive. The graph 
of a' is in this case similar to that of (f, and a''^~+ x> with a>, 
more rapidly than any power of iv. For if a > and a» = ^, 
then ic™e~^ = {yjay^e^ -* as a; and y tend to + «o , 

If a < 1, a* = &'' '"s " = e^'^ where a is positive. The graph of 
a" is then similar in shape to that of e*, but reversed as regards 
right and left, and «* * as ic ^- + co , more rapidly than any 
power of \jx. 

(3) a" is a continuous function of w, and D^a' = a* log a. 

(4) a" is also a continuous function of a, and DaOi'^xa'^^K 

(5) (a" — 1)1 X -^ log a as jc -»■ 0. This of course is a mere 
corollary from the fact that B^a" = a" log a, but the particular 
form of the result is often useful ; it is of course equivalent to the 
result (Ex. lxxxvil 3) that (e'" — l)/x --<~ a as sc ^ 0. 

Id the course of the preceding cliaptera a great many results involving 
the function a" have beeu stated with the limitation that x is rational The 
defiuition which we have now given, and the theorems proved above, enable 
us to remove this restriction. 

190. The representation of e" as a limit. In Ch. IV", 
§ 67, wo proved that [l + (l/n)]^ tends, as w -* co , to a limit 
which we provisionally denoted by e. We shall now identify this 
limit with the number e of the preceding sections. We can 
however establish a more general result, viz. that expressed by 
the equations 

lim (l+|r=lim ^-|r" = e^ (1). 

As the result is of very great importance, we shall indicate alter- 
native lines of proof 

(1) Since B^ log {1 + yx) = yj{l + yw), it follows that 
lim {log (1 + yh)]jh = y, 
as A -»- ; or, putting h = 1/f, 

\imi^\og[l + {yim-y 
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as ^ -* + X or I -^ — CO . Since the exponential function is con- 
tinuous it follows that 

as|-*- + oo or ^-4.— ai; i.e. that 

^Um^ll + &/£))•= J Umjl + (j/SF - "'■ 

If WO suppose that ^-a-+ oo or — oo through integral values 
only, we obtain the result expressed by the equations (1), 
(2) If n is any positive integer, however large, and a; > 1, wq have 

or «(l-a!-'>)<loga!<w(a^>'-l) (2), 

from which we doduec 

(l + f)"<.<(lj)"' (3) 

ity — \og3!>0. It is easy to prove, as in §6T, that the first of these two 
functions of y is an increasing and the second a decreasing function of n, and 
therefore that each tends to a limit as m-^co ; and the two limits must be 
equal For if H-(y/n)='ji and l/{l-0'/»)}=i?s, we have (Ex. xxxvi. 8), at 
any rate for sufficiently large values of n, 

'Ja"-'!i''<n'Js''~'('!2-'Ji)=/'Ja"/« 
which evidently tends to aa re -•-co. 

191. The representation of lagio as a limit. We can also prove (cf. 
§ 68) that 

lim n (!-:(;-''») =liiQ n {x^l^ - l) = log x. 

For j!,(ic""-l)-«(l-a^-'^)=w{a^>'-l)(l-.'B-'/*) 

which tends to zero as ii-^m, since n.(a^-l) tends to a limit (§ 68) and 
.jr"" to 1 (Ex. XXX. 10). The result follows from the inequalities (2) of g 190(2). 

Examples LXXXVIII. 1. Prove, hy taking w=6 in the inequalities (3) 
of §190, that2.5<e<2.9. 

2. Prove that, if Ol, (i'"'-/-i'")/(i-;-i)<l/n, and so that, if .e> 1, 

[■■' dt [' d( I f'^/ V\dt I / 1 A 

Hence deduce the results of § 190, 

3. If g„ ia a function of n such that n^„~^l as n^oo , then (I +|«)''-5-e'. 
[Writing n log [1 +g„) in the form 

and using Ex. Lxxxiv. 4, we see that nlog(l + $„)-<~l.'} 

4. If«^„^+fo then(l + ^,.)" — + a>,andif)i|„^-a3 then (1 + ^J"^0. 
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192. Common logaxithms. The reader is probably familiar 
with the idea of a logarithm and its use in numerical calculation. 
He will remember that in elementary algebra loga a? (the logarithm 
of ic to the base re) is defined by the equations 
a^ = 0^, y = log„ x. 

Tfaia definition of course, at the stage of Icnowledge when it is usually 
given, can be regained as applying only to rational values of y, though this 
point is often passed over in silence. 

Our logarithms are therefore logarithms to the base e. For 
numerical work logarithms to the base 10 are used. If 

y = log X = \oge X, Z= login *> 

then x — e^ and also a; = lO' = e^ "^^ '", so that 
log,.«-(log.a,)/(log,10). 
Thus it is easy to pass from one system to the other when once 
loge 10 has been calculated. 

It is no part of our purpose in this book to go into details 
concerning the practical uses of logarithms. If the reader is 
not femiliar with them he should consult some text-book on 
Elementary Algebra or Trigonometry*. 

Examples LXXXIX. 1. Show that 

2. Show that 

I)^e'"'coBhx=re'^aQs{hx-^ff), i>^e'™ain6:c=»-e^sin(6a'4-fl) 
where r=^{d^-^b'^), iMti6=air, sni6 = hlr. Hence determine the «.th deriva- 
tives of the functions <(^QOsbx, e"svahx, and show in particular that 

3. Uy = g"^u, D^y=e'"{D„u+au), iuid 

[Proceed by induction.] 

4. Integrals containing the exponential function. Prove that 

/■ , , ([cosfo-)-6sini.i; ( ■ , , asmbw-booebx ,, 

J a^ + b' J a^ + b^ 



* See for example Chrjetal's Algebra, vol. i., ch. xx(. The value of log^ 10 ii 
2-302... and that of Its reciprocal '434... . 
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[Denoting the two integrals by /, J, and integrating bj parts, we obtain 
a/=e"i=cos6,E + &^, a/=e'"^siii&.r-6/. 
Solve these equations for /and J.] 

5. Prove that, if «>0, then 

|^e-«coatetfe = ^jJ^, j^e-^ainterf^^^-j-p. 

6. If I^=\e'^^dx then it/n=e™a^ — m/„_j. [Integrate by parts. It 
follows that /„ can be calculated for all positive int^ral values of )s.] 

7. Prove that, if n is a positive integer, then 

and \ e-'xr'd3:=n\. 

8. Show how to find the integral of any rational function of e*. [Put 
^=logM, e^r^u, dxldu~\ju, and the integral is traiiaformed into that of a 
rational function of a.] 

9. Prove that we can integrate anyfunctionof the form P(;c, e"",^, ...), 
where i' denotes a polynomial. [This follows from the fact that F can be 
expressed as the sum of a number of terms of the type A£^ef^, where ra is a 
positive integer.] 

10. Integrate e'i^(a^)-l-^'(«)}, a;"- V(«4-«), and e'(l+siii«)/(l + cnsi^), 

11. Prove that f e-''''R{x]da:, where X>0 and a. is greater than the 
greatest root of the denominator of R (it), is convergent. [This follows from 
the fact that e'*-" + to more rapidly than any power of w.'\ 

12. Prove that / e-As'+Ma d^ is convergent, if A>0, for all values of ji, 

and that the same is true of i e-As'+ns; ^ dx, where n is any positive 
int^er. 

13. Draw the graphs of e*', e-^, x^, xe-", xe'^, xer^^ and a^log:e, deter- 
mining any maxima and minima of the functions and any points of infiesion 
on their graphs. 

14. Show that the equation e™=6^, where a and 6 are positive, has two 
real roots, one, or none, according as h>ae, h—ae, or b<,ae. [The tai^ent 
to the curve y=e°* at the point (f, e''i) is 

which passes through the origin if a^=l, so that the Vin^y^^aex touches the 
curve at the point (I/a, e). The result now becomes obvious on drawing the 
\\-a,ay=hx. The reader should discuss the cases in which a or 6 or both are 
ntgative.] 

15. Discuss in a similar maaner the equation hx^ = \. [Put ,«= —J.] 
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16. Show that the equation ^=l+x has no real root eieept x=0, and 
that ^•••1 + n+^ie^ has three real roots. 

17. Draw the graphs of the functions 



Determine roughly the positions of the real roots of the equation 

_24-a'_ 

"10000' 



log{^+^{a^+l)}=—, ^- = ^sin^=7, «^sin^=10000. 



19. The hyperbolic functions. The hyperbolic fiinctioas coah x*, 
aintic, etc. are defined by the equations 

cosha'=-4(e*+e-"^), sinha;=^{e^-e-^), 
taiih:!;=(8inhar)/(cosh;r), coth3;=(coaha;)/(sinh*), 
sech x= l/(co3h x), coaech j:^ = l/(sinliic). 
Draw the graphs of these functions. 

20. Establish the formulae 

cosh(-ii;)=co3ha', sinh(-«)= — sinhiP, taiib,{— ^)= — tanh«, 

coah'a;-sinh2a; = l, sech*a; + taiih'a; = l, cothSj;-cOHech*j;=l, 

cosh3«=cOBh*;P+sinh^;K, sinh2a;=2sinha:ooah;i^, 

co8h('3r4-y)=co9h;»coshy+sinhj!;sjnh^, 

ainli(*+y) = sinhj:coahy + cosh:E8inhy. 

21. Verify that these formulae may he deduced from the oorreapoadiDg 
formiilae in cos^i; and sin a:, by writing cosh.r for cosa^ and iainh^for sinx. 

[It follows that the same is true of all the formuke involving cosna' and 
sin n^ which are deduced from the corresponding elementary properties of 
C0S.3; and sinic. The reason of this analogy wil! api«ar in Oh. X.] 

33. Prove that 
i)jCosha! = sinha:, I)xsin\i3! = coshx, iJa^tauha;— sech^«, i)j,coth«=-coaeoh^a;, 
D^fiechx= -sechaitanh*, i)j;Cosecha'=— cosechj;cotha;, 
2)„lt^coBha'=taiihip, i)a:logsinh*=cothj;, 
B^ (2 aru tan e'j = sech^c, J)^ log tanh ^^ = cosech x. 
[All these formulae may of course be transformed into formulae in inte- 
gration.] 

23. Prove that cosh ;c>l and ~l<tanli^<I. 

24, Ify=oo3ha!,,r=log{ji±»/{y^-l)). Ifji=3iDha!,a:=log{ji+V(2/^-l)}. 
If y=taaha!, a'=ilog{(l+3')/(l-y)}. Account for the ambiguity of sign in 
the first case. 

* ' Hyperbolic cosine ' : for an explanation of thia phrase see HobHon'a THgo- 
jiometry, ch. xyt. 



y Google 



356 THE LOOARITHMIC AND EXPONENTIAL FUNCTIONS [iX 

25, We shall denote the functions inverse to coshar, sinh.-s, tanh« bj 
argcoaha'*, argainh^, argtanli^. Show that argcosha: is defined only for 
a;£l, and is two-valued, while ai^ainh^K is defined for all real values of x, 
and ai^tanha; for -K3X1, and both of the two latter functions are one- 
valued. Sketch tlie graphs of the functions. 

26. Show that if -^jr<;i:<^ir and 3/ is positive, and coaa:coshy = l, then 

)/ = log(sec;K+tan^), i)„i/=aeca-, i)„a;=sech^. 



27. 



Prove that, if a>0, then l-rr-s sr=argsinh(ic/(i), and 



h 



28. Prove that, if a > 0, then 

j"^^=~(l/»)argtanhW<t), (l/«) argcoth W«), 

according as a' is numerically leas or greater than a. [The results of Exa. 27 
and 28 furnish us with an alternative method of writing a good many of the 
formulae of Ch. VI.] 

29. Solve the equation acoshii;-)-6sinha!B=c, where c>0, showing that, it 
has no real roots if 6^ + c^ - a^ < 0, while if &2 4. ^s - a^ > it tas two, one, or 
no real roots according as a + 6 and a—h are both positive, of opposite signs, 
or both negative. Discuss the case in which 6'+c^— a^>-0. 

30. Solve the simultaneous equations cosh a^ cosh y = a, sinhiEsinh)/=&. 

31. As a;-* + a>, x'l'-<'l. [For ^l^ = e»'>s')l'', and (\agx)lx-^Q. Cf. Ex. 
XXX. 11.] 

32. Asa;*4-0, a;"^-*!. 

33. If{/(« + l)}/{/{«.)}.*^,^vhere^>0,as»t*cc,then^.'{/(B}}*^. [Eor 
log/(n+l)-!og/(m)*log;,andso(l/(i)log/(«)*logJ(Ch.IV, Misc.Ei.29).] 

34. ;^(»!)/«*l/eas«*=c. 

[If /{™)=^-™! then {/(«+l)}/{/{»)}»{l+(lM}-".] 

35. S/|(2«)!/(«I)=}*4as«,^=o. 

36. Discuss the approximate solution of the equation e>:=j-ii'i»iXH), 

[It is easy to see by general graphical considerations that the equation 
has two positive roots, one a little greater than 1 and one very lai^e, and one 
negative root a little greater (algebraically) than - 1. To detei'mine roughly 
the size of the large positive root we may proceed as follows. If ^ :•=#«"»«' 

^=10«loga', ]oga;=13-82+i<^logx, loglog«=S-63+log('l+^-!^^V 

roughlyj since approximate values of log 10» and log log 10" are 13'S2 and 2'63 

respectively. It is easy to see from those equations that the ratios log j;:13'82 

and l<^Ioga^ : 2'63 are not very far from ratios of equality, and that 

a;=10«(I3-82-)-loglog»') = 108(13-82 + 2'63) = 16450000 

* ' The argumeat whose hyperbolic cosine is x.' 
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givea a tolerable approximation to the root, the error involved hoing roughly 
measured by 10"(logIog3r — 2-63), which is not very far from being iu a ratio 
of equality with (10=Ioglog;i;)/13-8 or (lO«x2-63)/13-8, which is loss than 
200,000. The approsimations are of course very rough, but suffice to give us 
a good idea of the scale of magoitude of the root.] 

37. Discuss similarly the equations ^ = 1000000 a;""^««", ^ = ^octooomio, 

193. Iiogarittamlc tests of convergence for series and 
Integrals. We showed in Ch. VIII (§§ 158 et seq.) that 
"da! 



2 1 ['"das I „, 



are convergent if s > 1 aod divergent if s S 1. Thus 2 (l/w) is 
divergent, but 2(l/n'''"") is convergent, if a is any positive number, 
however small. 

We saw however in § 184 that with the aid of logarithms we 
can construct functions which tend to zero, as « -»- oc , more 
rapidly than 1/n, yet less rapidly than l/w^+", however small a 
maybe (provided of course it is positive). For example l/(mlog?i) 
is such a function, and the question ae to whether the series 
2(l/jilog7i) is convergent or divergent cannot be settled by 
comparison with any series of the type 2(l/n''). 

The same is true of such series as 

S ll/« (log«)-l, X {(log log »)/»V(l»g «)). 
It is a question of some interest to find testa which shall enable 
ua to decide whether series such as these are convergent or di- 
vergent: and such tests are easily deduced from the Integral 
Test of § 157. 

For since 
I)^(\<igxf-' = {\- s)\x{\Q^x'f, i>^logIoga,' = l/«^loga;, 
we have 

f. _jfa^„ (l°gf)---(log< -_ f J^.l„gl„gf-l„gl„g„, 
Ja«{loga!)' 1-s 'J„ielogiC « 66 S S . 

if '« > 1. The first integral tends to the limit - (log (t)'-'/(l — s) 
as ^ -* + 50 , if ,s > 1, and to + co if s < 1. The second integral 
tends to + 00 . Hence the series and integral 



„, n (log ny' J a IB (log a:)' 



III 
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where n^ and a are greater than unity, are convergent if s> 1, 
divergent ifs&l. 

It foliowa, of course, that 2^ (n) is eonvei'gent if <j) (n) is 
positive and less than l{j[n{iogny}, where s> 1, for all values of n 
greater than some definite value, and divergent if (n) is positive 
and greater than Kj(n logji) for all values of n greater than some 
definite value. And there is a corresponding theorem for integrals 
which we may leave it to the reader to formulate. 

Examples XO. 1. The aeries 

are convei^ent. [The convergence of the first Beries is a direct consequence 
of the theorem of the preceding section. That of the second follows from 
the fact that (log«)'™ is less than n^ for sufficiently large values of n, 
however small /3 may he (provided it is positive). And so, taking ,8= 1/200, 
{logJi)'^'"'n.~i'";ic« ia leas than n"^''^™ for sufficiently large values of n. The 
convergence of the third aeries follows from the comparison test at the end 
of the last section.] 

2. The series 

^ n(\ogrif'P' ^)i""'''i"(Iogn)i™' ^(JTbg^^+l 
are divei^ent. 

3. The series 

5 {^'^'^y sM^^'-^sMzO! 5 ( logiogw)" 

Jii + » ' n' + ' ' n(log«)' + " 

where s > 0, are convergent for all values of p and 5 ; similarly the series 

. 1 , i_ __ _ . 1 

«i-(log«)i' '»i-'(log«)>(loglog«)i' '»(log»)>-'(loglog«)» 
are divergent. 

4. The question of the eonvetgence or divergence of such series as 

g 1 _ J log Ic ^ log n 

n log n log logn' n log n ^'(log log «) 
cannot be settled by the theorem of § 193, since in each case the function 
under the sign of summation tends to aero more rapidly than I/(nlogn.) yet 
less rapidly than I/{m(logm)'"^"}, where a is any positive number, however 
small. Por such series we need a still more delicate test. The reader should 
be able, starting from the equations 

A (logt .^)-' = (I - s)/{^ log ^ log, * . . . log^_ 1 ^i^ (log, :c)'} , 
.Oilogt + i.i; = l/(^log.Klog2a^...logfc_j^logt.i^), 
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where logs «= log log .c, Iog3;c = loglogloga;, ..., to prove the following 
theorem; the series and integral 

I \ r.^ '^ ^ 

„, nlognlog4Ji...logi_iJi(logi)i)»' } ^ a:Iog«l<^a«...!(^_ia:(Iogia^)' 

a/re convergent if a>l, divergent if s£l, %, and a being any numbers 
sufficiently great to ensure that logiW and logi^j- are positive for Ji£% 
or a;>a. [These values of % and a increase very rapidly as k increases; 
thus logj;>0 requires ^>1, logaiOO requires «>e, loglog«f>0 requires 
«>«=, and so ou ; and it is easy to see that e«>10, e«°>ei(i> 20,000, 
eee^>gao,ooo>ios(wo_ xhe reader should observe the extreme rapidity with 
which the higher exponential functions, such as e^'' and e^, increase 
with X. The same remark of course applies to such functions as a" and 
a""^, where a has any value greater than unity. It has been computed that 
99^ has 369,693,100 figures, while 10l<>'° has of course 10,000,000,000. 

Conversely, the rate of increase of the higher l<^arithmic functions is 
extremely slow. Thus to make lc^logloglog«>l we have to suppose u: a 
number with over 8000 figures.] 

5. Prove that the integral I - Jlogf-jj- dx, where 0<(t<I, is eon- 
vei^eut if a< — I, divet^nt if s^ — 1. [Consider the beiiaviour of 

as f — + 0. This result also may be refined upon by the introduction of 
higher logarithmic factors.] 

6. Prove that / - jlog f -H dx has no meaning for any value of s, 
[The last example showa that s< - 1 is a necessary condition for convergence 
at the lower limit; but, if s<0, {!og(I/:e)}' tends to + to as a;-* 1-0, like 
(1— «)", and so the integral divorgea at the upper limit if s< — 1.] 

7. The necessary and sufficient conditions for the convergence of 
I ^-1 llog ( -)l dx are a>0, s> - 1. 

Examples XCI. l- Euler's limit. Show that 

tends to a limit as » -• os . [For 

*(„+l)-*W-l-log("-±i).l_J_"*>„. 

Hence <t> («) is an increasing function. But 

or O<0(«,)<l-(l/m)<l. Hence ^(ji)*; where 0<;^i. The value of I 
is in fact -577..., and I is usually called Euler's constant.] 
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2. Show aimilarly that if a and b are positive then 

teads to a lirait as k-*(o. 

3. Show similarly that if 0<s<l then 

0(^)=l + 2-' + 3-' + ...+{™-i)-'-K-»/(I-s)} 
tends to a limit as m -* co . 

4. Show that the series 

l + 3"(T+i)"*"30Ti + i)"^- 
is divergent. [Compare with S(l/«log5i.)-] Show also that tKe seriea derived 
from S (1/m'), in the same way that the above series is derived from S (1/m), is 
convei^ent if s>l and otherwise divergent. 

5. Prove generally that if 2m„ is a aeries of positive terms, and 

»K = '<t + M2 + ---+«iil 

then S («Jsn> is convergent or divergent according as Su„ is convei^ent or 
divergent. [If Sm„ is convergent, s„ tenda to a positive limit I, and so 
2 ("«„/»«) is convergent. If 2m„ is divergent, s„ -* + oo , and 

«,J»„>log {I + Ws„)) =log (s.*i/««) 
(Ex. LXXXIV. i) ; and it is evident that 

log (3sM)+l(^ («3W + ...+Iog (3„ti/s,J=log (s„nM) 
tends to +co as m-^=o .] 

6. Sum the series I - J + ^ - . . . . [We have 

by Ex. I, y denoting Euler's constant, and e„, <„' being numbers which tend 
to zero as n-»- oo . Subtracting and making k -* co we see that the sum of 
the given series is log 2. See also § 195.] 

194. Series connected with the exponential and log:- 
arlthm. Expansion of e"^ by Taylor's Theorem. Since 
all the derivatives of the exponential function are equal to the 
function itself, we have 

where < ^ < 1. But x'^/nl -^0 as n—~io, whatever be the value 
of a; (Ex. XXX. 12); ande*^<e*. Hence, making ra tend to co, we have 
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The series on the rightrhand side of this equation is known as 
the exponential series. In particular we have 

«=l + l+i+...+i+ (2); 



(i + i + ^r 



rj,-. 



...(3) 



a result known as the exponential theorem. Also, if a > 0, 



The reader will observe that the eiponeatial aeries has the property of 
reproducing itself when every term is differentiated, and that no other series 
of powers of » would possess this property (for some further remarks in this 
connection see Appendix II). 

The power aeries for e^ is ao important that it is worth while to establish 
it by an alternative method which doea not depend upon Taylor's Theorem. 
Let 

and suppose that ^>0. Then 

which is leas than E^{x). And, provided re>:c, we have also, by the binomial 
theorem for a negative integral exponent, 



Thus 



(n-g"<£^„(;^)<(i-^) ' 



But (g 190) the first and last functions tend to the limits^ as Ji-fcco, and 
therefore E^ {x) muat do the same. From this the equation (1) follows when 
iB ia poaitive; its truth when x is negative follows from the fact that the 
exponential series, as was shown in Ex. lxxxiii, 7, aatiafiea the functional 
equation /W/(y)-/(:>^+y), ao that/(,i-)/(-a^)=/(0)^l. 

Examples ZCII. L Calculate e, e^, 1/e, 1/e^ to sis placea of decimals by 
means of the exponential series. 

2. Show that ooshar=H-^ + -- + .,., sinha; = a: + 5-i + jr^ + .... 

3. If X is positive, the greatest term in the exponential series is the 
(M + I)-th, unleaa x\& an integer, when the preceding term ia equal to it. 

4 Show that m ! >(«./e)". [For )!"/« I is one term in the aeries for e».] 



y Google 



362 THE LOGARITHMIC AND EXPONENTIAL FUNCTIONS [iS 

5. Show that e is not a rational number. [If e=p/q, v/herap and q are 
integers, wc must have 

« 1 I 1 

f-l + 2-, + 8, + - + j^+- 
or, multipljing up by ^ ! , 

and this is absurd, since the loft-hand side is integral, and the tight-band 
aide leas than {1/(^+1)} -l-(l/{5 + l)P+... =1/3.] 

6. Sum the series 2 P, («) — , where P^ (n) is a polynomial of d^ree r 
in n. [We can eipreas P, (n) in the form 

A„+Ain+Ain{n-l)+...+A,.n{n-Vj...(n-,- + l), 

7. Show that 

and that if 5„=13-H23 + ...-|-n' tben 

In particular the last series is equal to zero when x— -% (Maih. Trip. 1904.) 

8. Prove that S(m/m!)-e, S{m7ra!) = 2e, S(mS/»j!) = 5«, and that 2(»i*/jit), 
where k any positive integer, is a positive integral multiple of e. 

9. Prove that 2 f''J'l^\ = ((a;^ _ 3^ + 3) p- + ^.^a _ 3}/^. 

[Multiply numerator and denominator by w+1, and proceed aa in Ex. 6.] 

10. Determine a, 6, e so that {{3!-Va)^+(hs)-^c)}!^^ tends to a limit as 
X -a- 0, evaluate the limit, and draw the graph of the function e^ H — -— . 

11. Draw the graphs of 1+a:, \-^x-\-\x\ \+x+\a?+\^, and compare 
them with that of e\ 

12. Prove that e-»:-l-|-.f-^-i-...-(-l)''^ is positive 
according as n is odd or even. Deduce the exponential theorem. 

13. If 

tben dZyjda:=Zy_i. Hence prove that if OO then 

Zi(t)=j Z^dx<.te\ .2j(0=| Zi<ix<j X6^clx<e* j wdx = ^^e\ 
and generally Zy{t)<t"e'lv\. Deduce the exponential theorem. 
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195. The logarithmic series. Another very important 
expansion in powers of x is that of log (1 + x). Since 



^<^-)=/:i?-. 



and 1/(1 +()=1 -* + (=- ... if (is numerically less than unity, it 
is natural to espect* that log(l+«), when — 1<3:<1, will be 
equal to the series obtained by integrating each term of the 
aeries between and x, i.e. to the series x — ^^^^ + ^a? — .... And 
this is in fact the casa Foi' 

i/(i + () = i-*+*^-..- + (~i)'"-'f'^' + K-i)"'*"'/(i + 01 

and so, if «> — 1, 

where iJ„ 

We require to show that the limit of R^, when vi tends to oo , is 
zero. This is almost obvious when ai is positive and less than or 
equal to unity ; for then R^ is positive and less than 

aod therefore less than Ijim + 1). 

If — 1 <«< we put ( = — M and x = — ^, so that 

riwdu 



ffdt 



E,.(-l).\lfp^. 



0<|-H«)<, — i u-du = 



which shows that Rm has the sign of (— l)*". Also, since the 
greatest value of 1/(1 — u) in the range of integration is 1/(1 — ^), 
we have 

1 I' ^, f 1 

-1-fJ." ""-(».+ l)(I-f)*(m + l)(l -I)' 
and so lira iJ,„ = 0. Hence 

log(l +x) = x — ^a?+ \x^~ ■■■, 
provided —1 <iBS 1. If a; lies outside these limits the series is 
not convergent. H x=l we obtain 

log2 = l-i + J-..., 
a result already proved otherwise (Ex. xci. 6). 

" See Appendix II for some further remarks on this subject. 
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196. The series for the inverse tangent. It is easy to 
prove in a precisely similar manner that 






arctsn«= .j— 7, = I (l-t' + t*- ...)dt 



provided — 1 ^ a; S 1. The only difference is that the proof is a 
little simpler : for since arc tan w is an odd function of w we need 
only consider positive values of x. And the series is convergent 
fora; = — 1 as well as for x = + l. We leave the discussion to the 
reader. The value of arc tan x which is represented by the series 
is of course that which, when —ISaSl, lies between — Jtt and 
+ -J7r, itnd which we saw in Ch. VII (Ex, LSV, 3) to be the value 
represented by the integral. 

If IB = 1 we obtain the formula 

Examples XCm. 1. log{ll{l-3:)]=x+^i^+i3,^ + ... if -l£«<l. 

3. Obtain thn series for log(l + a^) and arctana: by means of Taylor's 
theorem, 

[Since I)snog{l + x} = I>J'-^ {1/(1+0:)), the coefficients in the first series 
are easily calculated. A difficulty presents itself in the diseuHsion of the 
remainder when x is negative, if L^range's form fi„«o( — l)"~i^/{m(l+fl.»)"S 
is used ; Cauchy'a form, viz. 

should be used (of. the corresponding discussion for the Binomial Series, 
Ex. Lvni. 2 and g 147). 

In the ease of the second series we have 
i);," arc tan x-D^^'-i {1/(1 +^)} 

=(-l)-H«-l)!(^+l)-»/^sin{««rctan(lM, 
(Ek. XLVIL 14)whichreduces to (-1)"-^ («-!)! sin Jrair for :e=0. In this case 
there is no difficulty about the remainder, which, is obviously not greater in 
absolute value than 1/k.] 

4. Ify>Othen 

[Use the identity y=fl+^^Vn-^—j]. This series may be used 
to calculate log 2, a purpose for which the series 1 — |^ + J^ ~ . . . , owing to the 
slowness of its convergence, is practically useless. Put j/=2 and find log 2 
to 3 places of decimals.] 
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5. Find log 10 to 3 places of decimals from the formula 

loglO = 31og2 + log(I+J). 
Deduce the values of logice, logi(j2. 

6. Show that 

^log2=7£H-56+3c, iH3=llit+86+5c, ^log5=!e«+126+7o, 
where a=argtanh (1/31), 6 = ai^Unh (1/49), c = ai^tanh(l/161). 

[These formula* enable us to find log 2, log 3, and log 5 rapidly and with 
any degree of accuracy.] 

7. Show that 

iB-=arctan(l/2)+arotan(l/3)=4arotan(1./5) -arc tan (1/239), 
and calculate ir to 6 places of decimals. 

a Showthat j^log('j-^^-^+(l+^)A-=+(l+i+J)«'+-.- 
if - 1 <x< 1. [Use Ex. Lsxxin. 2.] 

9. Showthat {' ,^=);-^^\x^-...\i -lA^&l. 

Deduce that l-i + i!-- = 47^ ('r+2iog(V2 + l)}. {Math.THf.U^ei,.) 
[Proceed aa in g IDS and tise the result of Ex. li, 7.] 

10. Prove similarly that 

1 1. Prove generally that if a, and b are pasitive integers then 

i_j_ ]__ ^ f ^ r-'rf< 

a «+6^o + 26 """ jn I + i* ' 
and so that the sum of the series can he found. Calculate in this way the 
sumsof l-i+|-,.. and J-^^-...- 

13. Verify the inequalities of Es. lxxxiv. 2, viz. 

u-^^^<loz{l+u)<^-{^^lil + u)], 
with the help of the logarithmic series, assuming 0<u<:l, 

197. The Binomial Series. We have already investigated 
the Binomial Theorem 

assuming — 1 < a; < 1 and m rational. When m is irrational 
(l+tc)™ = e'"'<«i'+'^i, 
D^ (1 + oir = im/(l + x)] e™"« ''+'■1 = m (1 + xr-\ 
90 that the rule for the differentiation of (1 + a;)'" remains the 
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same, and the proof of the theorem given in § 147 retains its 
validity. We shall not discuss the question of the convergence 
of the series when a; = 1 or -- 1 * 

Examples XCIV. 1. Prove tliat if -1<«<1 tlie:i 

^/(i + *^)^' 2^ + 2.4^ ■■■' Va-*-')" 2^+2,4'' +■■■■ 

2. Approxima,tion to quadratic and other surds. Let .JN be a 
quadratic surd whoae numerical value is required. Choose the nearest square 
to M (above or below N), say M^ : and let JV=if5+cJ or M^—d, d being 
positive, Since d cannot be greater than M, dlM^ is comparatively small, 
and the surd J N ^M J\\.±_{d\M^)\ ean be expressed in a series 

which is at any rate fairly rapidly convergent, and may be very rapidly so. 
Thus, e.g., 

Ve7.V(e4+8).8{i+l (I) -i^ (1,)"+...}. 

Let QS consider the error committed in taking 8^ (the value given by 
the first two terms) as an approsimate value. After the secoad term the 
terms alternate in sign and decrease. Hence the error is one of excess, and 
is numerically less than 3^/(8. 642)< 0003. 

3. If a; be small compared with N * then 

the error being of the order n^lJV^. Apply the process to V997, ^1031. 
[Expanding by the binomial theorem 

the error being less thau the numerical value of the nest term, viz. 
5^/128iV"'. Also 



2 (2jVS+a:) ~ iJ^X '^21^/ 



the error being less than a^jS^N''. The result follows. No difference in 
method is needed for surds other than quadratic] 

4. If p differs from jV ^ by less than I per cent, of either then SJp diflera 
from |iV+(ip/A'2) by less than jf/90000. {Math. Trip. 1882.) 

5. li p=N*+3;, and «is small compared with N, a good approaimatLon 
for Up is 

"*^ 56 ^56A'a^l4(7p + 5jVi)' 
Show that when N= 10, :c= 1 this approximation is accurate to 16 places 
of decimals. {Math. Trip. 1886.) 

* See Bromwich, Infiniis Series, pp. 130 et seq. 
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6. Show how to sum the series 

f *'<"'©'"' 

where <j>r (") '^ ^ polynomial of degree r ia n. 

[Express •j>,{n)m th&iovia Aa + Ai'a+Aiii(n-1) + ... as in Ex. KCii. 6,] 

7. Sum the series Smj la:", 2re^( jO^ and prove that 

198. An alternative method of development of the theory of the 
exponential and logarithmic functions. Wo ahall now give aa outline of 
a method of investigation of the properties of <^ and log.?; entirely different 
in logical order frota that followed in the preceding pages. Thia method 

starts from the exponential series 1 +x+ ■^ + ..., which we know to he con- 
vergent for all values of x. We may therefore define the function eip« by 
the equation 

exp^=l+^+^+ (1). 

We then prove as in Ex. txxsiii, 7, that 

ei;pa:.expy=exp(a^+2') (2)- 

Again (exp/^-I)/A = l + A+|^ + ... = l + p^, 

where pk is numerically less than 

[ih\ + \hh\^ + \ik\^+... = {i/i\/{l-\ih\), 
so that pft-ip-0 with h. And so 

{exp(^+A)-expii:j/A=expa;{(expA— l)/Aj-^expa' 

i>a,eipiC=eKp« (3). 

Incidentally we have, of course, proved that exp a; is a continuous function. 

We have now a choice of procedure. Writing ^=exp.« and observing 
that exp 0=1, we have 



= ("- 
~Ji f 



and if we deiine the logarithmic function as the function inverse to the 
exponential function we are brought back to the point of view adopted in 
this chapter. 

But we may proceed differently. From. (2) it follows that if « is a positive 
integer then 

(eKpa^)'' = expn:K, (exp l)"=expM. 

If ;K is a positive rational fraction mjn 

{exp {m/m)}" = exp m = (exp 1)", 
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and so esp {mjn} is equal to the positive value of (exp I)"^. By means of 
the equation exp «,exp(-j;) = l this result is extended to negative rational 
values of x, and so we have 

expa:=(esp lY=e', 

say, where e=ej;pl = l+l+g-| + s7+---i 

for all rational values of a;. Finally we define e^, when a is irrational, as 
being equal to expji;. The logarithm is then defined as the function inverse 
to expa;or e'^. 

Example. Develop the theory of the Binomial Series 

where — l<a'<l, in a similar manner, starting from the equation 
(Es. Lxsxiii. 6). 

MISCELLANEOUS EXAMPLES ON CHAPTER IX*. 

1. Given that Iogioe='4343 and that 2">, 3^"^ are nciirly equal to powers 
of 10, calculate logm 2, logm 3 to four places of decimals. {Math, Trip. 1906.) 

2. Determine which of {^e)''^, (%/3) is the greater. [Take logarithms 
andobsorve that V3/(V3+i'r)<aj3<-6929<%2.] 

3. Show that logio«. cannot be a rational number, if n is any positive 
integer not a power of 10. [If n is not divisible hj 10, and logi(i'*="p/2> we 
have 10''=^m«, which is impossible, since IC ends with and w' does noL 
If «.=10"JV, where N in not divisible by 10, logmJVand therefore 

logiom=tt+logii|# 
cannot be rational.] 

4. For what values of cc are the functions \<ygic, log log a:, log log log ar, ... 
(a) equal to 0, (6) equal to 1, (c) not defined^ Consider also the same 
question for the functions Ix, llx, lllx, . . ,, whore S« = log | a; | . 

5. Show that 

log*-(")log(.i;+l)+g)log(:^+2)-...+(--l)-!og(:^+^) 

is negative and increases steadily towards as a; increases from towards + co . 
[The derivative of the function is 

;'-"'(:) 4- .(.+ir.'.(.^-.) ' 

as is easily seen by splitting up the right-hand aide into partial fractions. 
This expression is positive, and the function itself tends to zero as ^* + co , 

\agi3: + r) = \ogx + t^, 

where «j-i-0, and I -[""] + ("j- ...=0,] 

* A oonaiderable number of these examples are taken from Brorawich'a Infinite Series. 
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6. If:c>-1 thcna:2>(14-^>{log{l+^)f. {Math. Trip. 1906.) 
[Put l+ie=e*, and use the fact that sinh|>^ if g>0.] 

7. Show that {Jog (1 + j;)}/.^ and ^/{(l+:c)log(l+*')} both decrease 
steadilj as x increases from towards + co . 

8. Show that , — 7= — »-- as ^-s-0. [TJse Exs. lsxxiv or the 

!og(l+a') a^ 3 •- 

logarithmic series.] 

9. Show that , -^ — decreases steadily from 1 to as iC increases 

log(l + .t7) X 
from — 1 towards + ro . [The function is undefined for x=Q, but if we attri- 
bute to it tlie value i for a'=0 it becomes continuous there. Use Ex. 6 to 
show that the derivative is negative.] 

10. Show that e^>J/*^, where M and N are large positive numbers, if' 
a; is greater than the greater of 2 log .3/" and IGN^. 

[Since log«<2V^, the inequality given is certainly satisfied if 

and therefore certainly satiafled if ^^>logJf, ^x>^N^a:.'\ 

11. If/(^)iiiidi^(a;)inci«asesteadOyaa;K* + =o,and/'(.c)/0'(^)^+cc, 
then / {x)l4, (a^) -* + to . [Use the result of Oh. TI, Miac. Ex. 29.] By taking 
f(x)=x^, (^(.);) = l<^a;, prove that (log ;K)/;r'-fcO for all positive values of a. 

12. If j3 and 5 are positive integers then 



qn *> \p) 



^Ji + 1 "pn + 2 
as ji*(c . [Cf. ExB. LXVL 5, 6.] 

13. Prove that if se is positive tlien »i]og{J(H-«>^)}^ — \\q%x as 
»-*oD. [We have 

jilog{^(l+^'/»)}=»dog{l-J(l-a^>')}=4«(l-^"»)Mz:^) 
where v,=\ (1 -x^^). i^ow use g 191 and Ex. lxxxiv. 4.] 

14. Prove that, if a and 6 are positive, then 

[Take logarithms and use Ex, 13.] 

15. Show that 

l-l-^4-^-l-...+3^^^-^=|log>H-log2 + ^y+E„, 
where y is Euler's constant (Ex. xci. 1) and t„-*-0 as «-*.so. 

16. Show that 

the series being formed from the series \-\-V\— ... by continually taking 
two positive terms and then one negative. [The sum of the first 3n. terms is 



i»-l~2 V 



1 + 5 + -+^ 



= |log(2»i)-|-log2+iv + f„-J(logn+y-l-f,0, 
where t™ and t/ tend to asn-*-co.] 

H. A. 24 
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17. ShowthatI-J-.J-l-i-i-i+i-i^-...=Jlog2. 

18. Prove that 

where iS„=H-x+... + -, 2„=l+s+"-+^ r. Hence prove that the sum 

of the series when continued to infinity is 

-3+|log3 + 21og2. (Matk. Tnp. 1905.) 

19. Show fctat 

W. Prove tliat the aums of the four series 

s -J- i '-^-'— i ^ i (-1)"^' 

,in^-V 7 4^3-1' t(2'H-l)^-l' T(2»+l)2-l 

are ^, iw-^, ^, ^1(^2-^ respectively. 

21, Prove that n\(aln)''~fO or +o3 accordicg as a<e or «>b. [For 
«(„^i/M„=(({H-(l/m)}""*»/e. It can be showc that the function tends to 
4- CO when a = e: for a proof, which is rather beyond the scope of the theorems 
X>f this chapter, see Bromwich'a Infinite Series, pp. 461 et aej.] 

22. Find the limit as a^-*+a) of 

/ op+aia.-+...+a,.a y\ '>.+Aia' 

distinguishing the different caaes which may arise. {Math. Trip. 1986.) 
id j3so that the series l,{^''~a—-\ ia oonvei^nt. 

24. If a, ft ... are different numbers, no equation of the type 

where A, B, ... are polyoomiale, can hold for all values of jr. [If a is the 
algebraically greatest of a, /3, ..., the term Ae"^ outweighs all the rest as 

25. Show that the sequence 

a,=e, as=es\ as=e^^, ... 
t«nds to infinity more rapidly than any member of the exponential scala 
[Let ei{te) = 6% ei{x) = e'A'\ and so on. Then, if e^is:) is any member of the 
eiponential scale, a„ > ei, (m) if m > k.'\ 

26. Prove that 

where a is to be put equal to •^{x) and j3 to ^{x) after differentiation. 
Establish a similar rule for the differentiation of (j:)[l''' (■»)i'^''''j. 
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27. Prove that if i>^"e"'"°=«-^^„(j,-) then (i) <j>^(,v) is a polynomial of 
degree n, (ii) ^ + i= -^x<ti„ + ij>„', and (iii) all the roots of i^^^O are real and 
distinct, and separated by those of <^„_i=0. [To prove (iii) assume the 
truth of the result for ii=l, 2, ... u, and consider the signs of 0,,, for tte 
ji values of x for which ^,=0 and for large (positive or negative) values of x.] 

28. Show that the most geueral fuDction <j) {n), such that ^" — cfii^ = for 
all values of n, is Ae'^+Be'"', where A and B are constants (cf. Ch. VI, 
Mise. Ex. 43). [Let i^=i^-'"; then Vf"-2c[^'=0 or ^"/il^'^S*. If i/r'X) 
it follows that log^'=2«ii;+C, where C ia a constant, or ^'=ife^™, where D 
is a positive constant If i/»'<0 we obtain (-^")/( — i^') = 2a, or 

or ^'=3 —B(?^. Hence we may write generally i/.'= Je^"*, where A in any 
constant, positive or negative. Thus 

f =J«*"^+5, i,=Af!'--'-\- Be- '•■■'. 
An equivalent form of aolutiou is G'coshoj' + .fl'Binha;!;, where tf andflare 
constants. On the other hand the form icosh(aa'— n) is not sufficiently 
general, fur it is equivalent to A(f'^-\-Be~'"', where A=\Ls-'', B=\Le% so 
that A and B have the same sign, instead of being perfectly arbitrary. 
The readei' should also attempt to solve the equation (^"—a^(^=0 as in Ch. VI, 
Miac, Es. 43, viz. by multiplication by 2^'.] 

29. lt^"-a^^ = G for all values of a-, and 0(O) = X, 0'(O) = f(, then 

= X cosh ax+ (it/a) sinh ax. 

30. The general solution oi f{,^)=f(.x)f{y), where/is a difierentiable 
function, is a^, where a is a constant : and that of 

/(^+y)+/(^-3/)=2/W/(y) 

is cosboj; oreosoa:, according as/"(0) is positive or negative, [In proving 
the second result assume that / has derivatives of the first three orders. 
Then 

2/(^)+2^M/"W + '.}=2/W[/(0)+y/'(O) + iyM/"(O) + «»'}], 
where e, and fy' tend to zero with y. It follows that /(0)=1, /'(0)=0, 
y"W=/"(0)/(^), ao that «=V{/"(0)} or V{-/"(0)}.] 

31. How do the functions ^'"OW, .^"'""^>, ^«™«!('M behaveas .^^^.+0 f 
33, Trace the curves yie. tana: e**"*, )/=sin«logtan|;*;. 

33. Sketch the forms of the graphs of the functions 

^-^ e-< 3;e-<^1'>, (l/^)e-(*"*M. 

34. The equation e'' = tu: + 6 has one real root if o<0 or a = 0, 6>0. If 
(i>0 it has two real roots or none according as a log ag 6 - a. 

35. Show by graphical considerations that the equation e^=iM^+2!u?-(-e 
has one, two, or three real roots if a>0, none, one, or two if a<0 ; and show 
how to distinguish between the different cases. 
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36. Trace the uurve !/= - log i — — 1 , stowing that the point (0, ^) is 

a centre of symmetry, and that aa ^ increases from -co to + =c , y steadily 
increases from to 1. Deduce that the equation 

has no real I'oot unless 0<<(<:l, and then one, whose sign is the same as 
that of a -i- [In the first place 

is clearly an odd function of a;. Also 

The function inside the lat^e bracket tends to zero as x-*'0 ; and its 
derivative is 

which has the sign of ^. Hence -^ >0 for all values of «.] 

37. Trace the curve i/=e'"'^(ii:^+2a!), and show that the equation 

has no realrootsif n is n^ative, one negative rootif 0<a<oi=e^''^V(2+V2), 
and two positive roots and one negative if a>a. 

38. Show that the equation f^(x) = l+w+—^+...^ — ^=0 has one real 
root if m is odd and none if « is even. 

[Assume this proved for n=l, S, ... at. Then/a+i(*')=0 has at least 
one real root, since its degree is odd, and it cannot have more since, if it 
had,/'sj; + i(a')=/2jt(a:) would have to vanish once at least. Henoe/at^.i(jT)=0 
has just one root, and so/ffl+a(a^)— camiot have more than two. If it has 
two, say a and j3, f'si.tt{^)^fst + i(^) must vanish once at least between a 
and ^, say at y. And 

Snt f^i.i{!c) is also positive when sc is large (positively or negatively), and a 
glance at a figure will show that these results are contradictory. Hence 
/si:+2{^)=0 hss no roots.] 

39. If a and 6 are positive and nearly equal, prove that 



-?=i<-)e-i). 



approximately, the error being about ^{(ii-6)/a}'. [Use the logarithmic 
series. This formula is interesting historically as having been employed by 
Napier for the numerical calculation of logarithms.] 
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40. Show by means of the exponential series that s^e~''-.-0 as :c-*4- so, 
for,all values of k, and that (loga;)/;iw-s-0 for all positive values of a. [Uae 
the fa<;t that ^>a!*lnl for all positive values of x and all positive integral 
values ofn: then put a;=lc^y,] 

41. Prove by multiplication of series that if — 1< j:<l then 

-ilog(l+*)log(l-«)=i*-'+Hl-i + i)'t^+*(I--i + i-^ + i)^+"-- 
^(arc tan .■E)2=jA-5-i(l+i)^+i(l + J+i) :.=-..., 

iarctan;rlog(^i±|) = i^^ + i(I-i + i)^+T^(l-U*-HJ)^^''+-> 

42. Prove that \og{l+is] = 3:(l - x) +^^^(1 - a:'^} +ix^{l-x^)'i-..., if 



Prove that if -i!r<5<Jjr then 




tan>'d-^tan*5 + itanifl-...=8in2e + ^si 


a*0+},siu«6+. 


Prove that 




(l+<'^')'/' = e"{l-ia%+Ji(8+3a)o 


-'-^Mi+a, 



44. Pr. 
where tg-^t-O with 



45. The first «+3 terms in the expansion of logl H-*'+^+...H — ; ) ii 
powers of x are 



* k! i>.+ I i:(n + S)"^2!(« + 3) -'^^ ■'^"n!{2>j + l)r 

(itfaiA. Tnp. 1899.) 

[Let i+a.+|! + ...+|^=,„{^), «-=a„(^)+,-„(^),and/{;r)=logs„{*>). Then 
/'(.)^J^logK-.„(.)}^l+^^log{l-.-V„(.)}=l-5^-^^^-j 

where p (a:) is of the (»4-l)th order of Bmallneaa when ^ is small. This 
equation gives the first «+2 terms of the Taylor's Series for/'(;c), and we 
can at once deduce those of the expansion oif{x). For we must have 
/'(0) = 1, /"(0)=/"'(0) = ...=/W(0) = 0, 
/('.*i)(0)=-l, /(" + =) (0) = «+ 1, /(''*=l(0)=-i(» + l)(«+2),- 

and clearly /(0)=0. The same argument enables us to prove generally that 
if the Tayliir'a Series for/(a') is a„ + aia;+ai^ + ... then the Taylor's Series 
for f'(ai} is a, + 2as!>:+Zasa^ + ..., the series obtained by difierentiating 
separately each of the terms of the former series; and conversely.] 
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46. Show that, if -!<«<!, then 



Ll^'a-rf-^ ■ '"'+°) , 



>'^+i^>-^+ 



9(l-;c)"s' 



provided a and 6 are positive. Deduce, and verify iodependently, tliat each 



3^+3.6+3.6.9 ^'^ 27(l-a^r'= ' 

[Uee the method of Ex. xciv. 6 : or start from the equation 

+3 +3.6^ + 3.6.9^+-~(l-:c)"/3' 
and differentiate each side aa explained above; then multiply the resulting 
equation by x and differentiate again; and so on,] 

«. Prevethat /." ^^^.^j, -^, log g). 

/."(rt<.')t+S)'-(^- {"'■"! (?)-'-"}• 
/. (,+»Kl-+W)-(TOir* {4"-"°« it)}- 

j, (»+a)(yj-Ml-SiXM (5'» + "l°B f 

of the functions 

a-l-log«, oIoga-a+1, jTrn-loga, J,r+ologffl 
ia positive for all positive values of a. 

48. Prove that if a, jii, y are all positive and ^>ay, then 

r ^ ' _i„ p+''(g->n . 

J, M7-+2(b+j J03>-,,)'°») Vay J' 
while if a is positive and uy>j3^ the value of the integral is 
' ai-ctan K'-T'OTl 

that value of the inverse tangent heing chosen which lies between an 
Are there any other really different cases in which the integral is converg 

49. Prove that, if a>-l, then 

("" a^ _ _ f ■" rfi _„ f" _ du 

Ji (* + «W(a^-l)~jo coah l + a~ J , iJ+2au + l 
and deduce that the value of the integral is 

if a>l. Discuss the case in which a = l. 
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50. Transform the integral I . ■ • •■. • >/> - i - r l' where a>0, in the samt 
ways, showing that its value is 

51. Prove that I arctan.t;(;a = Jw-^log2. 

52. IfO<a<l, 0</3<l, then 

I"' ^^ ^ 1 . 1 + x/W 

53. Prove that, if a>6>0, then. 

_/ _ „ (t cosh I? + b alnh fl " 7C«^ - S^) ' 

54. Prove that 

jol+^^ J 1 1+^ ' J n 1+^ 

and deduce that, if it>0, then 

[Use the substitutions a.-=l/( and ^=au.'] 

55. Provethat I log f 1+-^} tie-=ira if <i>0. [Integrate by parts.] 
Prove that the successive areas bounded by the 



where a and b are positive, and tbe positive half of the axis of x, form a 
geometrical progression, and that their sum is 
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CHAPTER X. 

THE GENERAL THEORY OF THE LOGARITHMIC, EXPONENTIAL, 
AND OIROULAR rONOTIONS. 

199. Functions of a complex variable. In Cli. Ill we 
defined the complex variable 

z = aj + yi, 
and we considered a few simple properties of some classes of 
expressions involving z, such as the polynomial P{z). It is 
natural to describe such expressions as flinctlonB of z, and in 
fact we did describe the quotient P{z)jQ{z), where P{z) and Q{z) 
are polynomials,- as a 'rational function.' We have however given 
no general definition of what is meant by a function of s. 

It might seem natural to define a function of z in the same 
way as that in which we defined a function of the real variable 
X ; i.e. to say that 2 is a function of s if any relation subsists 
between s and Z in virtue of which a value or values of Z corre- 
sponds to some or all values of z. But it will be found, on closer 



examination, that this definiti 
can be derived. For if z is gi 
to assign a value of s is preci 



on is not one from which any profit 
ven, so are x and y, and conversely : 
:sely the same thing as to assign a 
pair of values of x and y. Thus the ' function of s,' according to 
the definition suggested, is precisely the same thing as a complex 



of the two real variables x and y. For example 

X — yi, a>y, \z\ — \f{x^ + 'if), &xaz — arc tan {yjx) 
are 'functions of s.' The definition, although perfectly legitimate, 
is futile because it does not really define a new idea at all. It is 
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therefore more convenient to viae the expression ' function of the 
complex variable ^ ' in a more restricted sense : in other words 
to pick out, from the general class of complex functions of the 
two real variables m and y, a special class to which the expression 
shall be restricted. But if we were to attempt to explain how 
this selection is made, and what are the characteristic properties 
of the special class of functions selected, we should be led far 
beyond the limits of this book. We shall therefore not attempt 
to give any general definitions, but shall confine ourselves entirely 
to special functions defined directly. 

200. We have already defined polynomials in z (| 34), 
rational functions of 2 (§ 37), and roots of s (§ 40). There is 
no difficulty in extending to the complex variable the definitions 
of algebraical functions, explicit and implicit, which we gave 
(§§ 16, 17) in the case of the real variable x. In ail these cases 
we shall call the complex number s, the argument (§ 35) of the 
point z, the argument of the function /(s) under consideration. 
The question which will occupy us in this chapter is that of defining, 
and determining the principal properties of, the logarithmic, ex- 
ponential, and trigonometrical or circular functions of s. These 
functions are of course so far defined for real values only, the 
logarithm indeed for positive values only. 

We shall begin with the logarithmic function. It is natural 
to attempt to define it by means of some extension of the definition 



log 






and in order to do this we shall find it necessary to consider 
briefly some extensions of the notion of an integral. 

201. Integrals along a curve. Let AB be an arc C of a 

curve defined by the equations 

and suppose that as ( varies from t^ to (i the point {x, y) moves 
along the curve, in the same direction, from A to B. 
Then we define the curvilinear integral 



f lj(«,y)i + ;.(«>,y)rfyl (1), 

J C 
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as being equivalent to the ordinary integral obtained by effecting 
the formal substitutions x=^{t), y = '^(t), i-e. to 

In giving this definition we tacitly assume that all the functions 
involved satisfy the restrictions of §§ 137 et seq. — viz. that they are 
continuous and have only a finite number of maxima and minima. 
We call G the path of integration. 

The functions tf>, ijr are of course, essentially real. But wo 
may suppose g and h complex, if we please, the integral of a 
complex function of a real variable t being naturally defined by 
the equation 

p{G(t) + iff(t)]dt=f'G(t)dt + ij'H(t)dt. 
We now define 

/^./(»)rf^ <M 

where s = « + ii/, f(z) ^u + iv, as being equivalent to 

(u + iv)(dx + idif), 
J c 
which is itself defined as being equivalent to 

( {udj:-vdy) + ii (vdw+udy), 

J c Jo 

each of these latter integi-als being defined as above. 

202. It will not be necessary for ua to consider in any detail tlie 
properties of curvilinear integrals io general or of those of the type (2) in 
particular. If we were to attempt to do so we should be led beyond the 
range of this volume into what is known as the Theory of Functions of a 
Complex Variable. But there are one or two simple properties of such 
integrals which we shall have occasion to use. 

Ill the first place, it F{t) = &{t)-i'iJi {t) is a complex function of the real 
variable t, and t^<ti, we have 



I C'F{t)dt\ g j'\F{t)\di. 



For the left-hand side is the limit (§ 139) of a sum of the type 

and the right-hand side is the limit of 

and the second sum is at least as great as the moduhis of the first {§ 36, (6)). 
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7e can now prose a relation of inequality aatisfied by the modulus of 
integral (2). For 

I j^ f{z)dz 1 = 11'' {u^iv){^-^i^')di I g J^ V{(l^= + «=) {^'^^^ir-^)] dt 



-"^/N 



where ^ is the maaimiira oi\f\=,J{u^+v^) for all points on the jiath of inte- 
gration. But the length of the path of integration is given by the integral 

/\/{'+(l)>-p(*''+«''' 

taken between the appropriate limita, and so the modulus of the integral (2) 
is certainly not greater than Ml, where I ia the length of the path. 



We shall also require the value of the integral 



li^'^di, ' 



positive integer, taken along any path in the plane of 2. In order to de- 
termine this we observe first that if <(i and -^ are real functions of the real 
variable (, then 

|(0 + >»™ = m(* + *>y''->(,^' + .y) (1); 

or in other words that the formulae 

I (/(<»--« l/(')l" /' ('), / 1/ (<))-/' (!) •!' -J'iJXi^ 

still hold when f{t) is a complex function of t. For suppose that (1) holds 
for »i=], 2, ...,h. We know already (§ 95) that the rule for the differentiation 
of a product {§ 94) still holds when the functions involved are complex. 
Thus 

A {0+tf )'»-n= A {(*+it) (i^+i>/')"'}=(ni-l-l) (0+j^)»'{<^'+i>^') ; 
and so (1), which certainly holds for m = and m = l, is established by 
induction. Hence 



j'^^*=||'(^+;V)"'(*'+'';'')'^'=P^^^Y~]*' = 



m+1 ' 

where z^, and z, are the arguments of the ends of the path 0. The formula is 
the same as whea the path is resJ, and it can be shown that all the ordinary 
formulae of integration are capable of similar extension : hut this need not 
concern us at present. 

Finally we shall have occasion to use the equatioi 



[ f{s)dz=[ f(Z-<ra)dZ, 



where a is any complex number and Ci is the path in the plane of Z obtained 
by copying the path C iu the plane of z and then giving it the displacement 
represented by the complex number —a. The truth of this cqiiation followa 
immediately from the definitions. In particular 



n-Hdz^ Ci 



l+Z' 
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the, paths of integration being the straight lines from i to 14-f and ft'om 
to f respectively. 

203. The definition of Log ^. Now let ^=^ + ii) he any 
complex number. We define Leg ^, the general logarithm of if, 
by the equation 

the path of integration being any curve x=<p{t'), y=^{t) in the 
plane {x, y), subject only to the restrictions (i) that it doea not 
pass through the origin, (ii) that and ^ satisfy the conditions of 
§§ 137 ei seq. The first condition is of course required because of the 
discontinuity of 1/s for 2 = 0. Thus (Fig. 69) the paths (ct), {h), (c) 




are paths such as are contemplated in the definition. The value 
of Log s is thus defined when the particular path of integration 
has been chosen. But at present it is not cleai' how far the value 
of Log? resulting from the definition depends upon what path is 
chosen. Suppose for example that f is real and positive, say 
equal to ^. Then one possible path of integration is the straight 
line from 1 to ^, a path which we may suppose to be defined by 
the equations x = t, y=^0. In this case and with this particular 
choice of the path of integration 

i.e. Log^=log^, the ordinary arithmetical logarithm of ^ defined 
in the last chapter, Thus one value at any rate of Log f , when ^ 
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is real and positive, is log ^. But in this case, as in the general 
case, there is an infinite variety of possible choice of the path of 
integration. There is nothing to show that every value of Log|^ 
is equal to hg^; and in point of fact we shall see that this is not 
the case. This is why we have adopted the notation Log f, Log ^ 
instead of log f, log ^. Log ^ is (possibly at any rate) a many 
valued function, and log ^ is only one of its values. 

To return to the general ease : so far as we can see at present, 
three alternatives are equally possible : — 

(1) we may always get the same value of Log ^, by whatever 

path we go from 1 to i^; 

(2) we may get a different value corresponding to every 

different path ; 

(3) we may get a number of different values each of which 

corresponds to a whole class of paths :■ — 
and the truth or falsehood of any one of these alternatives is in 
no way implied by our definition. 

204. The values of Log ^. Let us suppose that the polar 
coordinates of the point s = iT are {p, <^), so that 

^= p {cos ij> + ism tp). 
We suppose for the present that - tt < < tt, while p may have 
any positive value. Thus ^ may have any value other than real 
negative values. 

Further, we suppose the coordinates («, y) of any point on the 
path expressed as in | 23 in terms of (. Then r and 8, the 
polar coordinates of (x, y), may also be expressed in terms of (, by 
such equations as r =f{t), 6 = F(t). Now 

ii ^ Ju'^ + ^yxdi dt/ 
hy the definition. But if ic = )'cos^, y = rsin 6, we have 

dx .dy I „dr . „dO\ .1 . „dr ^dO\ 

= (cos ^ + isin^)[- 



.dt ^ " dtj ' 

and so Log C = --ndt + t l -jrdi- 

^ Jt,rdt Jt,dt 
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Since i -~^ dt = Ioe; r, 

Jrdt » 

(r being positive), we obtain 

Log r= [log r] +>■[»], 

where [log j-] and [d] denote the differences between the final and 
initial values of log r and respectively. 

It is clear that 

[log r] = log p - log 1 = log /) ; 
but the value of [0] requires a little more consideration. Let ua 
suppose first that the path of integration is the straight line from 
1 to f The initial value of is the amplitude of 1, or rather 
one of the amplitudes of 1 (viz. and ^kir, where k is any 
integer). Let us suppose that 
initially $ = 2kTr. It is evident 
from the figure that as ( moves 
along the line $ increases from 
2k7r to 2Aw + ^ Thus 

[0] = (2&7r + 0) - Utt = 0, 
and, whea the path of integration 
is a straight line, Log ^=\ogp + ■i<p- ^"*- ^"^ 

We shall denote this particular value of Log J' the principal 
Talue. When f is real and positive, 5'=p and <j> = 0, so that the 
principal value of Log ^ is the ordinary logarithm log f Hence it 
will be convenient in general to denote the principal value of 
Log ^ by log ^. Thus 

Iogf=logp+*0. 

Next let us consider any path (such as those shown in Fig. TI) 
such that the area or areas included 
between the path and the straight 
line from 1 to f does not include 
the origin. 

It is easy to see that [0] is 
still equal to 0. Along the thick 
curve shown in the figure, for 
example, 0, initially equal to 2^, 
first decreases to the value 

2k'7r - Xdp Fig. 71. 
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and then increases again, being equal to 2for at Q, and finally 
to 2lc-!r + 0, The dotted curve shows a similar but shghtly more 
complicated case in which the straight line and the curve bound 
two areas, neither of which includes the origin. 

Thus if the path of integratimi is such that the closed curve 
formed by it and the line from, 1 (o f does not include the origin, then 
Logf=logt=logp + i0. 

On the other hand it is easy 
to construct paths of integration 
such that [0] is not equal to 0. 
Consider, for example, the thick 
curve shown in Fig. 72. 

If d ia initially equal to ^Ictt, 
it will evidently have increased 
by 27r when we get to P and 
by iir when we get to Q: its 
final value will be 2kir + 4'n- + </), 
and so [6] = 4-n- + and F™- ^a. 

Logf=logp + i:(47r + 0). 

In this case the path of integration winds twice round the 
origin in the positive sense. If we had taken a path winding 
m times round the origin we should have found, in a precisely 
similar way, that [0] — 2mTr + <j> and 

Log f = log p + ),' (2m7r + 0). 
Here m is positive. By making the path wind round the origin 
in the opposite direction (as shown in the dotted path iit Fig. 72), 
we obtain a similar series of values in which m is negative. 
Since | £'|=p, and the different angles Im-ir + tf) are the different 
values of am?, we conclude that every value of log[f l+iamfis 
a value of Log? : and it is clear from the preceding discussion 
that every value of Log f must be of this form. 

We may summarise our conclusions as follows : t!ie general 
value of Log ? is 

log I £■ I + i am ?= log p + i (Stott + 0), 
where m is any positive or negative integer. The value of m is 
determined by the path of integration chosen. If this patfi is a 
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straight Uiiem = 0,and Log£f=log/3 + i0. This particular value 
of' Log f, which we denote by logi^, is called the pi-inctpal value; 
it is characterised by the fact that its imaginary part lies between 
— TT and + w. 

In what precedes we have used f to denote the argument of 
the i'unction Log f, and (|, rj) or (p, ip) for the coordinates of ^, and 
£, («, 1/), (r, d) for an arbitrary point on the path of integration 
and its coordinates. There is however no reason now why we 
should not revert to the natural notation in which z is used as 
the argument of the function Log^, and this we shall do in 
the following examples. 

Examples XCV. 1. We supposed above that —ir<6<7r, and ko 
excluded the case in which 2 is real and negative. In this case the straight 
line from 1 to £ passes through 0, and is therefore not admissible as a path of 
integration. Both n- and -■ n- are values of am s, and tf is equal to one or 
other of them : also r= — £. The valiiea of Log s are still the values of 
log\s\-\-is.ms,viz. 

log(-e)+(2m+l),ri 
where Ml is am integer. The values log( — 3) + iri correspond to paths from 
1 to s lying respectively entirely above and below the real axis. Either of 
them may be taken as the principal value of Log s, as convenience dictates. 
We shall choose the value l<^(—s)+7rj corresponding to the first patlL 

2. Any value of Log s is a continuous function of both x and y, except 
fora;=0,y = 0. 

3. The functional eauation satisfied by Logs. The function Logs 
satisfies the eqiiatioa 

Log(2iSa) = Logs, + LogS2 (1), 

that is to say eveij value of either side of this equation is one of the values 
of the other side. This follows at once by putting 

B,=i-^ {cob di + i sine,), S2 = »'2{cosfl2 + isinS2), 
and applying the formula of § 204. It is not however true that 

l0g(Zl!2) = log3i+l0g£2 (2) 

in all circumstances. If, e.g., 

sj = s,=^(_l + jV3)=cos^,r + 8sin|^, 
then logai"^logj2 = |''ii and Iog2i + logS2=^7rs, which is one of the values of 
Log(3i3z), but not the principal value. In fact log(SiS2)= —^iri. 

An equation such as (1), in which every value of either side is a value 
of the other, we shall call a complete equation, or an equation which is 

4. The equation Log 3™=j« Logs, where m. is an integer, is not completely 
true : every value of the right-hand side is a value of the left-hand side, but 
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5. The equation Log{l/2)'" -Logs is completely true. It ia also true 
that log(l/i!)= —logs, except when i is real and negative. 

6. Show that the equation (S) of Ex. 3 ia true unless the line joining the 
points » = «,, 2 = 2a cuts the negative half of the real asis. 

7. The equation 

lfg(^)=log(^-")-l"g(^-'') 

ia true if z lies outside the region bounded by the Hne joining the points s=ei, 
3 = 6, and lines through these points parallel bo OX and extending to infinity 
in the negative direction. 

8. The equation 

is true if s lies outside the triangle formed by tlie three points 0, a, b. 

9. The function of the real variable x defined by 

(where 1 (m), as usual, denotes the imaginary part of w) is equal to p when .c 
is positive and to q when ^ is negative. 

10. The function of ic defined hy 

,r/{^)=^ + (?-i.)/{log(^-I)) + (r-?)/(log^) 
is equal top (Ka;), to 5 (0<;b<1), and to r {x:<0). 

11. Draw the graph of the function /(Loga;)of thereal variable a:. [The 
graph consists of the positive halves of the lines y=2iir and the negative 
halves of the lines ^={at+l) jr.] 

12. For what values of g is (i) logs (ii) any value of Logs (a) real or 
(6) purely im^nary 1 

13. If i=a;+jy thenLogLog2=log.S+(e + 2F7r)i, where 

.S^-(logr)a+(fl+2ijr)^ 
and e is the least positive angle determined by the equations 

cose : sine : 1 :; log?' : e + S&n : Jl(iogrf + (0 + 2&w'f}. 
Plot roughly the doubly infinite set of values of Log Log (l + i^S), indicating 
which of thorn are values of log Log (I+i^3) and which of Loglog(l + jV3). 
205. Note on the logarithm of a real negative number. According to 
the definitions adopted in this chapter a negative number x has no real 
logarithm, but an infinite number of coiaples ones, whose values may be 
expressed in any one of the equivalent forms 

!og(-^) + (2i+l)iri, log|-K! + (2i + I)ir^ ^log3fi+{U+l) wi, 
where k is an integer. The question remains as to how this is to be reconciled 
with the definition which we gave in Ch. VI. We there defined logic, or 
rather loga;+C, where C is an arbitrary constant, as the function whose 
derivative is l/«. 
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It foUowa from gg 137 et seq. that when x ia positive ( 7" '^'' 1 7 ' 
where a ia any positive number, is such a, function. This function ia, in 
virtue of the definition of log a; given in Ch. IX, equal to logic -log a and so 
included in the form loga;+C. If 3; \s n^ative the integral ceases to have 

any meaning, but the int^ral ( — , where 6 ia any negative number, has a 

} I, i 
meaning, and its derivative is 1/a'. Now, making the substitution (= — jt, 



/:m:: 



■* l„g(-,)-l„5(-l), 



which ia included in the form, log (-;r) + C. We therefore conclude that the 
most general real fwnotion 'whom derivative is \jx in 

logx+C (*>0), log(-^) + C (^<0) ; 
and we may write genertilly 

tlie last two forma applying equally to positive or negative values of re, while 
iu the flret that sign ia to be choaen which makes ±x positive. 

In other words log^', as defined in Oh. VI, is really log |jc| or ^logic^ as 
defined in Ch. IX. The results of tbis chapter show that when x is negative 
log a- differs from log I ic I or ^ log a;^ by an im gi nst t d th tw 

definitiona are equivalent ao far as the dete m n t ft 1 ftm t 
concerned. In order, however, to preserve hit * 7 betwee 

the notation of Oh. VI and that of these It b pt a, h Id modify 

some of the formulae of Oh. VI by the intrid t f b n 

of the aign of the absolute value, before th ir m t f th 1 g tbm 
involved. Thus we should write 

/?-l<.E(±-), /i|^-il«S(±("+»)), 

J ^^,-^ log {±(1=1)}, j".80iii,.log{±(«(!i+tai,»)), 

/coaec«(&);=log(±tan^ar), jlog{±x}d3:=xlog{±x)-x, 

the ambiguoua aign being in each case chosen ao aa to make the contents of 
the bracket positive: or, instead of Iog(+^), log {±(aa^+6)}, etc. we may 
write log |jfi, log |£t»+6|, etc, or ^logsi^, i\ag(ax+b)\ etc. In g 118 we did 
actually adopt this course (see equations (3) et seq. on pp. 328-9). 

206. The exponential flinclion. In Ch. IX we deiined 
a function e" of the real variable y as the inverse of the function 
y = log X. It is naturally suggested that we should define a 
function which is the inverse of the function Logs. 
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Deitnition. If any value of hog z is equal to f, we shall call 
3 the exporiential of f and wi-ite 

z = exp ?. 

Thus z = exp £■ if ^ = Log z. It is certain that to any given 
value of z correspond infinitely many different values of f It 
would not be unnatural to suppose that, conversely, to any given 
value of if correspond infinitely many values of z, or in other words 
that exp f is an infinitely many-valued function of f This is 
however not the case, as is proved by the following theorem. 

Theorem. The exponential function exp ^ is a one-valued 
function of f. 

For suppose that z^ = exp ^ and z.^ = exp ^. Then 

?=LogSj = Log^,. 
If Zi = r, (cos 0^ + i sin di) and z^ = r^ (cos O^-i-i sin d^) we deduce 
log)-, + {2m.ir+d,}i-= iogn + (S'wr + e,)i, 
where in and n are integers. This involves 

log ri = log 7-2, 2»C7r + ^i = 2mr + 8^. 
Thus ri = J'a and 6^ and 6^ differ by a multiple of 2iv. Hence 

CoROLLABY. When f is real exp f — e^, the real exponential 
function of ^defined in Ch. IX. 

For if 3 = e^, log 3 = f, i.e. one of the values of Log z is ^. 
Hence z = exp f. 

207. The value of exp ^. Let ^=^ + i'r! and 
z = exp f = r (cos ^ + i sin 6). 
Then |^ + Vi; = Log z = log r + {B + ^m-n-) i, 

where m is an integer. Hence f — log r, )j = ^ + Smw, or 

)■ = e*, ^ = 17 — 2mm3- ; 
and accordingly 

exp (f + ?.'?;) = fif (cos 17 + I sin j;). 
If 9; = 0, exp ^ = fif, as we have already inferred (| 206), It is 
clear that exp(|-|-i)j) is a continuous function of f and t/ for all 
values of ^ and 17. 

25—2 
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208. The functional equation satisfied by exp ^. Let 

f, = ^, + •('»,„ i, = ^, + iri,. Then 

exp ^i X exp fa = efi (cos i]i + i sin ij,) x e^' (cos T/g + * sin ij^) 

= e^'+^' (co3 (-j^j + 1J2) + * sin {vi + Vn)} 

= exp(5 + ?.). 
The exponential function therefore aatisfiea the functional relation 
/(^i+ ?e) = /(W/(Q. as we have already seen (Ch. IX, § 187) to 
be the case for real values of ^^ and ^2- 

209. The general power a^. It might seem natural, as 
exp ^=-e^ when f is real, to adopt the same notation when ^ is 
complex and to drop the notation exp ^ altogether. We shall not 
follow this course because we shall have to give a more general 
definition of the meaning of the symbol e^: we shall find then 
that fif represents a function with infinitely many values of which 
exp f is only one. 

We have already defined the meaning of the symbol a^ in a 
considerable variety of cases. It is defined in elementary Algebra 
in the case in which a is real and positive and ^ rational, or a real 
and negative and ^ a rational fraction whose denominator is odd. 
According to the definitions there given a^ has at moat two values. 
In Ch. Ill we extended our definitions to cover the case in which 
a is any real or complex number and f any rational number p/q : 
according to the new definition ai had in all cases (unless a = 0) 
exactly q values, and we showed that this definition is consistent 
with and includes the previous definition. In Ch. IX we gave a 
new definition, expressed by the equation 

which applies whenever f is real and a real and positive. 

Thus we have, in one way or another, attached a meaning to 
such expressions as 

3'"^, (- 1)"», {^'6 + ^i)-"\ (3■125y+''^ 
but we have as yet given no definitions which enable us to attach 
one to such expressions as 

(1 + i)-^, i\ (3 + %r+'K 

We shall now give a general definition of a^ which applies to 
all values of a and £; real or complex, with the one limitation that 
a must not be equal to 0. 
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Definition, The function a^ is defined by the equation 
(tf = 6sp(fLogct) 
where Logct is any value of the logarithm of a. 

We must first satisfy ourselves that this definition is consistent 
with the previous definitions and includes them all as particular 
cases. 

(1) If a is positive and f real one value of JfLogra, viz. flog a, 
is real: and exp(£;' log«) = e^"«'', which agrees with the definition 
adopted in Gh. IS. The definition of Ch. IX was, as we then saw, 
consistent with the definition given in elementary Algebra; and 
so our new definition is so too. 

(2) If a = e" (cos A + 1 sin A), then 

Log a^a + {A + ^mir) i, 
exp {(pjq) Log a] = e*^'* Cis {(pjq) {A + 2m7r)|, 
where m may have any integral value. It is easy to see that, if 
m assumes all possible integral values, this expression assumes q 
and only q different values, which are precisely the values of a^'^ 
found in Ch. Ill, § 41. Hence our new definition is consistent 
also with that of Ch. III. 

210. The general value of ai Let 

i — ^ + iv, a, = p (cos A -h isinA) 
where —■77<ASv, so that, ill the notation of § 20y, p—^ or 
a. = log p. 
Then 

i;Loga = (|^ + M)) (log/) + (J. + 2mTr)i} =L+iM, 
where 

i = |logp-'f)(jl + 2m7r), ^/ = jj log p + |(^ + 2m7r) ; 
and a^= exp (£■ Log a) ~ e^ (cos if + j sin M). 

Thus the general value of a^ is 

gllogp-^ {A+im.) ["cos j^ log p + ^(^ + 2m7r)} 

+ i sin {jj log p + |(^ + SwiTT-)}]. 
In general a< is an infinitely many-valued function. For 

has a different value for every value of »i unless ti-O. If t; = 0, 
on the other hand, the moduli of all the different values of a'^ are 
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the same, Bnt any two values differ unless their amplitudes also 
are the same. This requires that ^(A + 2m-n-) and ^iA + imr), 
where m and n are different integers, shall differ, if at all, by a 
multiple of 2ir. But if 

^(A + 2m7r) - ^ (^ + 2mr) = 2kTr, 
it is clear that ^ = kj(in~n) is rational. We conclude that a^ is 
infinitely many-valued unless Jf is real and rational. If i| is 
complex the values have all different moduli : if f is real and 
irrational there are infinitely many values, all of which have the 
same modulus, so that their representative points lie on a circle. 
On the other baud we have already seen that when i^ is real and 
rational a^ has but a finite number of values. 

The pJTHCi/W value of ffi^=esp(f Lc^a) is obtained by giving Loga its 
priocipal value, i.e. by supposing W'=0 in the general formula. Thus the 
principal value of a' ia 

^ftoeo-.-i{(,o3(,iogp+^^)+iain(,logp + |-i)). 

Two particular cases are of especial interest : (i) if a is real and 
positive and f real, tben p = d, J. = 0, f = f , >j = 0, and the principal value of a^ 
is e^^", whicli is the value defined in tiie last chapter: (ii) if |a| = l and f 
is real, then p = l, £ = f, ij — O, and the principal value of (cos^ + isin j/ is 
cosfii-fj'sinf^. This is a further generalisation of De Moivre's Theorem 
(Ch. Ill, §1 36, 42). 

Examples XCVI. 1. Find all the values of k*. [By definition 
t* = esp(iLogt), 
But i = eosijr+isin^7r, Logi=(2t7r + ^7r) t 

where k is any integer. Hence 

I'-esp {- (3i+i) ,r} =e-<^*+iJ'. 
All the values of i\ therefore, are real and positive,} 

2. Find all the values of (I+i)*, in-', (l+i)i+*. 

3. The values of a\ when plotted in the Ai^and diagram, are the 
vertices of an equiangular polygon inscribed ia an equiangular spiral whose 
angle ia independent of a. {Math. Trip. 1899.) 

[If af=r (coatf+isinS) we find 

and all the points lie on the spiral r=p(P+i')/f e"'^'^.] 

4. The function e^. If we write e for a in the general formula, so tliat 
logp^l, A^O, we obtain 

/=,f-2.«-.{eoa(,+2«i^|)+Vsi„(,, + 2„,„g)} 
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The principal valuo of e^ is e^ {oos ij -1- »' sin ij), which is the same as 
expf (*; 207). In particular, iff is real, so that '?=0, we obtain 

fts the general and e^ as the principal value, e^ denoting here the positive 
value of the exponential defined in Ch. IX. 

6. Show that Loge' = (l + 2m.n-i)f + 2)i7ri, m, and n being any integers, 
and that in general Log a° has a double infinity of values. 

e. The equation \ja^=u~^ is completely true (Ex. xcv. 3) ; it is also true 
of the principal values. 

7. The equation a^xb^=(ab)^ is completely true but not always true of 
the principal values. 

8. The equation a xa'=a' ' in not completely true, hut is true of the 
principal values. [Every value of the right-haod side is a value of the left- 
hand aide, but the general value of a^x a*, viz. 

is not as a rule a value of o''*'^ unless )?2=».] 

9. Wbat are the corresponding results as regards the equations 

Loga^=Chcysa, (a^j^ =(*^)f =i*^? 

10. For what values of f is (a) any value (&) the principal value of e' 
(i) real (ii) purely imaginary (iii) of unit modulus ? 

11. The necessary and auffioient conditions that all the vaiucsof a^should 
be I'eal are that 

I, {,log|«n-£»B.<.);., 

should both be integral. What are the corresponding conditions that all the 
values should be of unit modulus 1 

12. The general value of |a^+«"'|, where ^>0, is 

g-(M-»)»^|-2{cosh2(m + )t)n-+cos(2log .«)}]■ 

13. Explain the fallacy in the followit^ argument : since e^"""=e*'"=l, 
where m and n. are any integers, therefore, raising each side to the power i, 
we obtain e-^'«'' = e-^. 

14. In what circumstances are any of the values of «", whore x is real, 
themselves real? [If .c>0 then 

of = exp (x Log jc) = eip (le log a;) Cia 2m, jr^c, 
the first fector bring real. The principal value, for which m=0, is always 

If ;K is a rational fraction p/(2j+l), or is irrational, there is no other real 
value. But if .j; is of the form ^/3j there is one other value, viz. -e3p((Blogic), 
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li 3^= - ^<0 then 

^=esp{-|Log(-^)} = exp(-|Iog|)Ci8{-(2m + l)^a. 
The only case in which any value is real ia that in which |=p/(23+l), when 
m,=q gives the real value 

oip(-5iosf)o»(-,»)-(-i)»r» 

The cases of reality are illustrated by the esamplea 

(i)* = W3, (i)^= + l/V2, (-§)"^ = W|)^ (-4)"^=-^3.] 

15. Logarithms to any base. We may define C=Log„£ in two different 
ways: (i) we may say that f=Log„2 if the pri»cipaf value of d^ is equal to s ; 
(ii) we may say that f=Lc^uj M om,y value of a' is equal to 2. 

Thus if a=e, then f=LogjB, according to the first definition, if the 

principal value of e^ is equal to £, or if exp^^s; and so Lc^^z is identical 

with Logs. But, according to the second definition, f=TjOge2 if 

ef=exp(fLoge) = i, fLoge=Logs, 

ov f=(Log2)/{Log«), any values of the logarithms being taken. Thus 

log|^i + (ama + 2>wr)^: 
f-.U.g,s i+2«W ' 

80 that f ia a doubly infinitely many valued function of s. And generally, 
according to this definition, Log„£=(Logj)/(Log<i). 

16. Log,l = 3mffi7(l+2m,ri), Log,(^l)=(2m+l)n-i/(l+a«7ri), whore m 
and ih are any integers. 

17. We know that, as f-*0, f being real, (liJ8(l + 0!/C-*l- Tliis result 
may be extended to complex values of f. For 

i»g(i+f)-/;"t 

the path of integration being the straight line from I to 1 + f. This line 
may be represented by the equations 

^ = I + !peos^, y^ipsm^, (0<(Sl), 
where p is the modulus and <j> the amplitude of f. Thus 

iogCi+f)=J^/:^y-Ci-^, 

and _iog(i + f,=j^^_— ^^.i,pj^5_-^j-^. 

The modulus of the last term is less than 

/"i tdt p tdt p [' _ p 

'';ov'(l+2ipcos,^ + (V)'^''/or^'^r^Jo"'*"2(l-p)' 
which tends to zero with p, and so {log(l + f))/f*l' 

jff f =5+»''J> ftid ^ and ij are each made to tend to Kero, then f approaches 
the origin along a path, the nature of which depends on the way in which 
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^ and 1) tend to zero, or on tte relations which hold betwuen them in the 
■courae of this process. Thus if ^ were always equal to ij this path would be 
a straight line bisecting the angle between the ases. If a function /(f) has 
the property of tendit^ to a limit I aa §-^0 and 7-*-0, whatever these 
relations may be (cf, g 90) or along whatever path f approaches the origin, 
we shall say that lim/(0=i or /{O^l as f -*0. Thus {log (1 +f))/f *1 aa 
i-^O. Similarly we define the meaning of 7(0*^ as C^C'. 

18. Generalisation of the exponential limit. In Ch. IX we proved 



^H-|y = es 



lim (1 + -) =exp 



when 3 is real. We shall now prove that the result remains true for complei 
values of a. For, by the last example, {l'>g(l + 0}/f"*"l ^ f-*0. If we put 
t=ili'-< whore » is a positive integer, we see that, as m-»co, mlogf IH — j-*2 ; 

(l+^y =exp|»Iog(^l+|j|^esps, 
since exp?, where z=x-^iy, is a continuous function otso and )/. 

19. More generally, if Z^ is a function of s, such that jiZ„-*-3 as »-^=o , 
then (1 + ^'^j-'^exp j, [For 

,.og(I+^„,.(./.)fi^-!).,.J 

20. Pro7e that if (is real then i)(log{l+is)=3/(l+(3), for aU values of 
3 real or oomples. [This is of course the same formula as is given by Th. (8) 
of g 94 when z is real. In the general case we have 

|log(l+B).limi,..6(l + j^,)-ji;^l™{ilog(.+.)}, 

where «=As/(I+(s), and the result follows from Es. 17.] 

21. Show that the formula i)(log^(i;) = 0'(I)/</i(O holds generally when 
^ is a complex function of the real variable t. [Write 

* = '/' + % log(^ = ilog(f5+/)+iarctan{;i;/i/^) 
and differentiate according to the ordinary rules.] 

32. Prove the formula i),esp^ (t)=^'(0 exp 0(<). [Write 
•i>=-^+h' exp0=espf {cos;(+isinx) 
and differentiate according to the ordinary rules.] 

23. Prove that A (l+'2)'"='"^ (! + '')'""'. where ( is real, z and m, have 
any values, and the principal value of each side is taken. [Write 

(l+«)'" = exp{mlog(l + <^)} 
and apply the results of Exs. 20 and 22.] 
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211. The exponential values of the sine and cosine. 

From the formula 

exp (^ + it)) = exp f (cos rj + ism rj), 
we can deduce a number of extremely important subsidiary 
formulae. Taking | = 0.we obtain exp (iij) = cos 17 4- 1 sin ij ; and 
changing the sign of ij, exp (— it}) = cos i} - isin*;. Hence 
cos 17= ^ {exp(iij) + exf{—iT})], 
sin T? = - ^i jexp (Vij) - exp (- ir/)]. 
We can of course deduce expressions for any of the trigonometrical 
ratios of jj in terms of exp (irj). 

212. Definition of sin ^ and cos ^ for all values of ^. 

We saw in the last section that, when ^ is real, 

cos?= i {expR) + exp(-t01] 

sinir=-i);{exp(*0-exp(-if)j) 

The left-hand sides of these equations are defined, by the ordinary 
geometi-ical definitions adopted in elementaiy Trigonometry, only 
for real values of ^. The right-hand sides have, on the other 
hand, been defined for all values of f, real or complex. We are 
therefore naturally led to adopt the formulae (1) as the dejmitw-ns 
of cos ^ and ain f for all values of ^. These definitions agree, in 
virtue of the results of § 211, with the elementary definitions for 
real values of f. 

Having defined cosJ^ and sin if we define the other trigono- 
metrical ratios by the equations 

urn ?" cn'i f 1 1 

tanf='^, cot?=^^. secr=-— »,, cosec ^=-^-^...(2). 
' cos^ ' smi; " cost;' ' siiig 

It is evident that cos if and sec if are even functions of if, and 
sin if, tan if. cot £'. *iid cosec if odd functions. Also, if exp (iif) = t, 
we have 

cosif=i{i-Ki/()}, sin r--4qi- (1/01, 

cos^if-Hsin'^=Hii + (i/*)p-{«-(l/On = l (3). 

Moreover we can express the trigonometrical functions of 
^+ if' in terms of those of if and if' by precisely the same formulae 
as those which hold in elementary trigonometry. For if exp (if) = t, 
exp (iifO = (', we have 
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= cos f cos 5'- sin J^sin f (4); 

and similarly we can prove that 

sin(f+n = sin?cosf' + eosf8in^' (5), 

In particular 

cos (f + ^7r) = - Bin ?, sin (f+ Jtt) = cos ^. (6). 

All the ordinary formulae of elementary trigonometry are 
algebraical corollaries of the equations (2) — (6) ; and so all such 
relations hold also for the generalised trigonometrical functions 
defined in this section. 

213. The generalised hyperbolic fiinctionB. In Ch, IX, Ex. lsxxix. 19, 
we defined cosh. ( and sinh. f, for real values of f, by the equations 

coshf=i!expf+exp(^f)j, ainhf=Hexpf-eKp(-0} (1). 

We can now extend this definition to complex values of the variable ; 
i.e. we can agree that the equations (1) are to define cosh f and sinh f for all 
values of C ""eal or complex. The reader will easily verify the following 
relations ; 

cosif=co8hf, sinif =»ainhf, coshif = cosf, sinh if =isinf. 

We have seen that any elementary trigonometrical formula, such as 
the formula cos2f=eos^f — ain^f, remains true when f is allowed to assume 
complex values. It remains true therefore if we write cos tf for cos f , sin if 
for sin f and cos Sif for cos 2f ; or, in other words, if we write cosh f for cos f, 
cosh 2f for cosSf, and i sinh f for sinf". Hence 

cosh 3f = coah= f + einh^ ^. 

The same process of transformation taayhe applied to any trigonometrical 
identity. It is of course this fact which explains the florrespondence noted 
in Bs. Lxxxis. 31 between the formulae for the hyperbolic aed those for the 
ordinary trigonometrical functions. 

214. Formulae for cos(^+j'ij), sin(^+iij), etc. It follows from the 
addition formulae that 

cos (| + tij) = coa ^ cos iij-sin | sint,j = cos ^ cosh i; -isin ^ sinh i;, 
sin(g + ii)) = sin|Gostr( + ooa|siniij = Hingcoalii; + icoa|sinhij. 
These formulae are true for all values of $ and ij. The interesting case ia 
that in which ^ and ij are real. They then give expressions for the real and 
imaginary parts of the cosine and sine of a complex number. 

Examples XCVII. 1. Determine the values of f for which cosf and sin f 
are (i) real, (ii) purely imaginaiy. [For example cosf ia real when jj=0 or 
when ^ is any multiple of tt.] 
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2, |ooB(i + .-,)|-V(™>"i + s>lll>'l)-Vft(«»ll8» + o««SS)>, 

l«i^l(S+.■,)|-,'(•in•{^-«iIlh",)-^/(S(<»■l>%-«««el• 

[Use the equ«tion |oo«(f +>,)|-^'{ooii(|+.,)oc«(f-.i,)).] 

,, ., sin2|+iainh2n ^,, , ., 8iii2$-i8inh2i) 

[For ommple 

'•°« + '''-oo,(f + .-,)».(i-i,)-c«!S + «8.V 
which leads at once to the result given.] 

/> , ■ , coa^ooah^ + jain^sinhy; 

"■ ■"«+■''- i(,..h2,+«,.ai) ' 



sin I cosh ij - icos I sinh ij 

5. If |eoa(5 + t-))|='l then sin'g = siiih2^, and if |sin(^+jr,)| = l then 

6. If |oos(g+i7)| = l, then 

sin{amcos(^ + j,)j=±8in2|=±ainy,. 

7. Prove that Logcos(J + tij)=-i + tS, where 

^=^losii(coah2,+cos2a} 
and B is any angle such that 

cGsg _ ^ sing ^ I 

co8|co8hi) ~ aingsinhij ■/{H'^^sh 3i; + ccs2|)}' 
Find a similar formula for Log sin {| + iij). 

8. Solution of the equation coa^a, where o is real. Putting 
f =j+;jj, and equating real and imaginary parts, we obtain 

eos^coah j; = a, ain^sitihi) = 0. 
Hence either jj=0 or ^ is a multiple of ir. If (i) ij=0 then cos^=q, which is 
impossible unless - l^o^l. This hypothesis leads to the solution 

f-2Ajr + arccoSa, 
where arc cos a lies between and n. If (ii) ^=TO7r then coshtj=(-l)™a, so 
that either a> land m is even, or o£ - 1 and m is odd. If a= ±1 then^=0, 
and we are led back to our first case. If ] o | > 1 then cosh ij~ \ a |, and we 
are led to the solutions 

f= 1tk^±i\og{ o + ^V-D) (a>l), 

f=(2i + l)7r±jiog{-a + V(««-l)} («<-!). 

For example, the general solution of cosf= — § is f=(2^+l) 7r+ilog3. 
9. SoJve sin f = a, where a is real. 

10. Solution of cosf=a+!S, where j34=0. We may suppose (3>0, 
since the results wlienj3<0 may he deduced by merely changing the sign of i. 
In this case 

cos ^ cosh ;j=a, sin|siiihij= — ;8 (1), 

and (ii/cosh 7)^+(j3/sinh 7)^=1. 
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If we put eosh^ 7=« we find that 
or a: = (^i + <lj)^, where 

Suppose a>0. Then Ai>A2>0 and coah ij = Ji +^2- Aiso 

COS^ = a/(coshi;) = jli + J.a, 
and since cosh .; > tos ^ we must take 

The general solutions of these equations are 

| = atw + arccosi?, ,,= +log {i + V(i^- 1)} (2), 

where Z=^, +^2, M=Ai-Ai, and arc cos if lies between and Jjt. 

The values of i; and ^ thus found above indude, however, the solutious of 
the equations 

cosgcoahij=«, sin|ainhi|=3 (3), 

as well as those of the equations (1), aince we have only used the second of 
the latter equations after squaring it. To distinguish the two sets of 
solutions we observe that the sign of sin g is the same as the ambiguous sign 
in the flpst of the equations (2), and the sign of sinh 7 is the aame as the 
ambiguous sign in the second. Since (3 > these two signs must be different. 
Hence tlie general solution required is 

i-=Si«-+[arcco8jr-ilog{i+V(i'~l)}]- 

11. Work out tho cases in which a<0 and a=0 in the same way. 

12. li 13=0, Z = l\<. + l\ + i\a-l], M=^\a + -i\-i\a-l]. Verify that 
the results thus obtained agree with those of Ex. 8. 

13. Show that, if a and 8 are positive, the general solution of 
sinf=a + i^is 

f=fe,r + (-l)'[aTcsiniy-+jlog{i + V(i^-l)}], 
where are siu.Jf lies between and ^jr. Obtain the solution in the other 
possible cases. 

14. Solve tanf=((, where a is real. [All the roots are real] 

15. Show that the general solution of tanf=a+Jj3, where + 0, is 

where is the numerically least angle such that 

cosi9;sin#:l ■.:!■- a^-^:2a:s/{{l-a^-0'f + 4a^}. 

16. If s=| esp (i?ri), where g is real, and is also real, then the modulus 

v'[J{l+cos4,rc + oos(2,rf^2) + cosh{2«-g^/2) 

- 4 cos 2wc cos (7f^x/2} cosh (jrgv'a)}]- 
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1 7. Prove that | exp esp (^ + jij) | = exp (exp ^ coa ij), 

ii {coe cos (f -f ti))} = cos (cos I cosh Tj) coab {sin ^ ainh jj), 
i'{smsm(|+iij)5=cos(sin gcoahij)sinh(cos^sinhjj). 

18. Provethat |expf I tends to + o5 if f moves away towards infinity along 
any straiglit line tbrougli the origin making an angle leas than ^ir with OX, 
and to if f moves away along a similar line making an angle greater than 
Jff with OX. 

19. Prove that jcosfl and |ainf] tend to +a> if f moves away towards 
infinity along a«y line through the origin other than either half of the real 

20. Prove that taiif-a-+i, according as the line lies above or below OX. 
215. The connection between tbe logarithmic and the inverse 

trigonometrical functions. We found in Ch. VI that the integral of a 
rational or algebraical function (*■, a, % ...), where a, ft ... arc constants, 
often assumes different forms according to the values of a, ft ... ; sometimes 
it can be expressed by means of logarithms, and sometimes by means of 
inverse trigonometrical functions. Thus 

according as (i>0 or (i<0, and 

according aa «>0 or a<0. These facts suggest the existeooe of some 
functional connection between the logarithmic and the inverse circular 
functions. That there is such a connection may also be inferred from the 
fects that we have expressed the circular functions of f in terms of exp jf, 
and that the logarithm is the inverse of the exponential function. 
Let us consider more particularly the equation 



...(1), 






which holds when a is real and {m- a)l{x+a) is positive. If we could write 
ia instead of a in this equation we should be led to the formula 



4'-(S) 



+const (3)j 

and the question is suggested whether, now that we have defined the logarithm 
of a complex number, this equation will not be found to be actually true. 
Now (§ 204) 

Log (^ ± to) = i log {^rH ««) ± (0 + 2-t JT ) !, 

where k is an integer and ^ is the numerically least angle such that 
oos^=a^/V(a-^+a=) and mn4,=al^(x^+a% Thus 



i^KSfa) = -<*+''^'' 



1 integer, and this does in fact differ by a constant from any 
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The standard formula connecting the logarithmic and inverse circular 
functions is 



s^t 



m <* 



where w is real. It is most easily verified by putting iE= tan ^, when the right- 
hand aide reduces to 



/coajMit 



jjLog(exp2j3')=3/ + A7r, 



2i \cosy— J 

A being any integer, so that the equation (4) is 'completely 'true. The reader 
should also verify the formulae 

atxieo3^=-jLog{:«±»Va-^')}, arcain:i.= -iLogOV+V(l-^))..-(6). 
where -1 ^a;*!, each of which is also 'completely' true. 

Exam^. Solving the equation 

c=oos^=i{y+(l/y)}, 
where y=C!:p(iB), with respect toy, we obtainy— c±j',/{l---''^)' Thus 

^=^tLogy tLog{.±W(l-^)}, 

which is equivalent to the first of the equations (5). Obtain the remaining 
equations (4), (5) by similar reasoning. 

216. The power series for expif*. We saw in Ch. IX, 

§ 194, that when a is real 

exp^ = l4-^ + |^,+ (1), 

Moreover we saw in Ch. VIII, 1 173, that the series on the right- 
hand side remains convergent (indeed absolutely convergent) when 
z is complex. It is naturally suggested that the equation (1) 
remains true, and we shall now prove that this is the case. 

Let the series (1) be denoted by F(s). The series being 
absolutely convergent, it follows by direct multiplication (as in 
Ex. LXXXIii. 7) that F(z) satisfies the functional equation 

F{z)F(/) = F(z + /) (2), 

Now let z = -iy, where y is real, and F (2) =f{y)- Then 

f{y)f(y')=f{y + y'); 
and so /(3/ + yO-/W^^^,)pir.J| 

* It will be oonvenient now to use z instead of f as the argument of the 
exponential function. 
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But -«s>ii..-[i+*i;+(i2+...}; 

and so, if iy'|< 1, 



Hence {/{y') — l]/y'~»-i aa y'~^0, and 



yi 9i + ^+-'-r=l^"(''-2)- 



9'-0 2/ 

Incidentally we have proved that _/■(?/) is a continuous function 
of y. Now 

l/{s) I - 1 -f (•» I - ^ir(is)i'{-is)] - ^'(*■(o)l - 1, 

and therefore 

fiy) = ''OS F + 1 sin F 
where Y is an angle depending on y. Since /(y) is continuous 
and has a differential coefficient, its real and imaginary parts 
must satisfy the same conditions ; and so Y must satisfy them. 

Hence /' (y) = ( ~ sin F + i cos 7) D^Y. 

But we have already seen that 

Hence -D,F=I, ¥ = y + C, 

where ia a constant, and 

f (y) ^ ms (y + C) + i Bin iy+G). 
But when y = 0, /(O) = 1 ; hence (7 is a multiple of Stt and 
/(y) = aoBy + isiny. Thus F(iy) — cosy + ism2/ for all real 
values of y. And if a; also is real 
F(iv + iy) = F(x)F(iy) = expo: (cosy + t siny) — exp{x + ty), 

or exp^ = 1 +e+ ^1 + ..., 

for ail values of e. 

217. Tlie po'wer series for cos z and ain z. From the 
result of the last section and the equations (1) of § 212 it follows 
at once that 
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for all values of z. These results were proved for real values of s 
in Ex. LViii, 1. This is of course by far the most interesting case. 



Examples XCVin. 1. Calculate oosi, ain(l+i'), and 8m(w-l-i) to 
two places of deciraaia by meana of the power aeries for cos z and sin z. 

2. Prove that |cosjj « coah j« |aud] sina] ^Hinh|s|. 

3. Provethatif [j|<l then |coS2|<2and |siu«|<^|2|. 

4. Since ain2z=2am3C03e we have 

„_M,e>!....=.(.-|!,....)(.„-,...). 

Prove by multiplying the two aeries on the right-hand aide (g 177) and 
equating coefficients (g 176) that 

Verify the result by means of the binomial theorem. Derive similar identities 
from tbe equations 

oos22-)-siiiS3=l, cos2s=2cos23-l = l-asin^2. 

5. Show that exp {(1 +i) 5}=S 2*" exp (JjiTrj) ^ . 

6. Espand cosacosbs in powers of z. [We have 
coascosh3^isiiiesinhs-eos(H-j)s-i[esp{(I+04+esp{-(l+'»] 

= iS2i» {!+(-!)"! esp(i™«')^;, 
and aimilarlj cosECOshs + jain^ siiili2 = cos (1 -i)2 

= ^2 2*''{l + (-l)''}exp(-iftrt)|-f. 



7. .Expand sin z sinh js, cos z sinh z, and sin z cosh z in powers of ; 

8. Expand ain^z and ain^z in povmrs of s. [Use the formulae 

sin5z-i(l-cos2z), -ain3z=J(3sinz-Biii3s), .... 
It is clear that the same method may be used to espand coa''^ a 
where m is any integer.] 

9. Sum the series 

cos i COS 25 cos 3^ „ sin s sin 2s sin 3b 
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[H.,0 C+iS.l+?2^ +525i)+...-»p{=.p(«)! 

.oip(«>M){oo.(«n.)+,mn(.m.)), 
and aimilarly 

0-i5 = exp{exp(-i^)}=exp(cos^){cos(am^)-zsm(m^)}. 
Hence G= eip (cos z) cos (sin z), 8= exp (cos i) sin (sin f).] 



and tke corresponding si 
la. Show that 



=^{cos(cos3)cosli(sin^)+cos(sin^)c( 



13. Show that the expansions of cos(;»+A) and sin(*+A) in powers of A 
(Ex. Lviii. 1) are valid for all values of x and k, real or complex. 

218. The logarithmic series. We found that when z is 
real and numericaUy less than unity 

log(l + ^)-^-i^-+l^-- (1). 

The series on the right-hand side is convergent (indeed 
absolutely convergent) when z has any complex value whose 
modulus is less than unity. It is naturally suggested that the 
equation (1) remains true for such complex values of s. 

That this, is in fact true may be proved by an easy modifi- 
cation of the argument of § 195. It will be remembered that 
log (1 + z) is the principal value of Log (1 + z), and that 
-" dt (' du 



?a+^)^ 



(''■+' dt_ f" du 



the paths of integration in the planes of t and u being the straight 
lines from 1 to 1+z and from to ^ respectively. But, as in 
§ 195, we havo 



and from this (using tile resuits of § 202) we deduce 



(l+z) = s - ii- + iis' ~ ... + '^-^!f' +B^, 
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Now 1 1 + M I, which is equal to the length of the line drawn 
from the point z = — l to the 
position of u, is, as a refer- 
ence to Fig. 73 shows, always 
greater than or, the perpen- 
dicular from A on to the line 
OP. Hence,if ^ = rCiB^and 
u = p Cis ^, we have, by § 202, 

1 fr ,*«+l 



Hence -Rm-.-0 
therefore 



1)«' 




j2' + i- 



.(2). 



If j 2 1 = 1 the real and imaginary parts of the logarithmic series 
are each conditionally convergent (unless if = — 1). The proof 
given above is applicable in this case also. Thus the equation (2) 
holds for all points inside or on the circle | s | = 1, except s = — l. 

Changing s: into —a we obtain 



<^> 



-log(l-^) = 



219. Now let z=r(cose+isia.e) where Oir^ 1. Then 
log (l + e) = log 1(1 + r cos ^) + ir sin 0] 

-^log(l-|-2rcos(? + r'') + iarctan [j^^^^j. 

That value of the inverse tangent must be taken which lies 
between — -^tt and ^tt. For since 1 -I- s is the vector represented 
by the line irom ~ 1 to s, the principal value of am (1 + s) always 
lies between these limits when z lies within the unit circle. 



Since sf^ — r™{cQBmd + ism 
real and imaginary parts in (2), 
^log (1 + 2r cos ^ + r^) — r cos 
rsin^ \ 



mB) we obtain, on equating the 

d-^r^ cos2^+ir^co3 3^-..., 
d-^r' sin 2<9 + Jr» sin 30 - . . . . 



These eqiiations hold ibr ^ ^ S 1 and all values of 6, except that, 
when ?■ = 1, ^ must not be equal to an odd multiple of tt. It is 
easy to see that they also hold for — 1 ^ r ^ and all values of d, 

26—2 



/ rsm 
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except that, when r = — l,d musfe not be equal to an even multiple 

of TT. 

A particularly interesting case is that in which r = \. In 
this case, if -7r<0<7r, we have 
log (1 + ::) = log (1 + Cis ^) = ^ log (2 + 2 cos 6) + i arc 

= ^log(4cos^i^) + ii^, 
and so 






-^cos2i3 + Jcos3^-...=ilog{4cos=i^) 
sin^-isin2^ + ^sin3fl-... = i^. 
The sums of the series, for other values of 9, are easily found from 
the consideration that they are periodic functions of 6 with the 
period 2-jt. Thus the sum of the cosine series is ^log (4 cos" ^ 0) for 
all values of 6 save odd multiples of tt (for which the series is 
divergent), while the sum of the sine series is ^(^ — 2Jfc7r) if 
(2&— l)7r< ^<(2fc+l)'n-, and zero if 9 is an odd multiple of tt. 
The graph of the function represented by the sine series is shown 
in Fig. 74. It is discontinuous for 6 = {2k + 1) tt. 




Fio. 7'J. 
If we write ±is for s in (2) we obtain 

\og(l±i£)^ ±iz-^z''+ii^-^l^±\i^- .... 
Hence -li{\ag{\4-iz)-log{\-ie)]=s-\^-\-\^- .... 

If z is real and numerically less than unity we are led, by the results of 
S 315, to tlie formula 

already proved in a different manner in § 196. 

Examples XCIX. 1. Prove that, in any triangle for which a>h, 
logc=log«^^cosC-|J,cosa(7-.... 

8<\u then 

nverae tangent lying between — ^jr and ^ir, 
s for all other valuea of 6. 



[Use the formula l(^c=|log(n=+62-3a& 
S. Prove that if -l<r<l and -Jsr- 



Determine the si 
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3. Prove, by considering the expansions of log (1 +13) and log (I —is) in 
powers of js, that if —'l<r<l then 



n5-^5^8in3e+... = ilO) 



ir^sin4e + ... = wctan(j^^^^, 
VI -2' 



l + 2?-Binfl + H \ 
nS + W' 

^co8e-ir3co3 3^ + ... = iarctan(^{4^), 
tlie inverse tangents lying betwsea -^jt and ^t*. 
4. Prove that 

cos e cos e-^cos 2d cos8tf+Jcoa3flcos3e-...^|log (1+3 008^5), 
Sinesin5-^sin2flsm^fl+^sin35sin'5-... = arccot(l+cotd + oot25), 
tlie inverse cotangent lying between - ^n and ^w ; and find similar ex- 
pressions for the sums of tlie series 

008(3 sin e-Jeos2Ssin254-..., ainflcosS- Jsin2Scos2fl + .... 

220. The general form of the Binomial Theorem. We 

have already proved (§ 197) that the sum of the series 



KT)-(I 



is (1 + ^)"' = exp (m log (1 + ^)), for all real values of m and all real 
values of z between — 1 and + 1. If a^ is the coefficient of 2" then 

whether m is real or complex. Hence (Ex. Lxxxii. 3) the series 
is always convergent if the modulus of s is less than unity, and we 
shall now prove that its sum is still exp{mlog(l +a)}, i.e. the 
principal value of (I + a)™. 

For (Ex. xcvi. 23) we know that if t is real then 
Di (1 + fes)™ = m? (1 + tz)"^', 
z and m having any real or complex values and each side having 
its principal value. Hence, if {t) = (1 + tz')™, we have 
^M(*) = m(m-l)...(m-~« + l)3''(l+(if)"^. 



This 



formula still holds if * = 0, so that ^'"i (0)/)i! = ^'"'^s". 



* Some eiamples of the eases in which r = ± 1 will lie lound in the MiBOBlIaneona 
Examplea at the end of the chapter. 
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Now 

.t(l) = *(0) + f<0) + q?> + ...+*^-® + j!,., 



where 



^"-(sil)!/l<l-'>""'*"<"*' 



for (§ 146) this formula holds for either the real or the imaginary 
parts of <ji(t), and therefore, by addition, for <p{t) itself But, if 
z = r Cis d, we have 

1 1 + is I = ^(1 + 2(r cos 8 + Pr^) S (1 - tr), 
aud therefore 

l^l<| («-i)i r J„(T:rfor-<^^ 

where 0<^<1; and it follows, exactly as in § 147, that R^-^O 
as n^fXi . 

Hence we arrive at the following theorem : 

Theorem. The sum of the binomial series 

is exp (m log (1 + z)\, where the loga/rtthm lias its principal value, 
for all values of m, real or complex, and all values of z such that 

A more complete discussion of the binomial series, including 
a discussion of the more difficult case in which |3| = 1, will be 
found on pp. 225 et seq. of Mr Bromwich's Infinite Series. 

Examples C. 1, Suppose m real. Then since 

\l+rcnsy/ 
we obtain 

= (l+2;-cosff+rS)*'"OisLarctan('^45^')|, 
\ \L+rcos0Ji 
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all the inverse tangents lying between -^tt and Jir. In particular, if we 
suppose S=JiT, z=ir, and equate the real and imaginary parte, we olitain 

'-©''+(")'*-■■■-''+'■'>'" °°'''"""°''' 
(T)-{"3>+0"--<'+'''""-""""°'""- 

3. Verify the formulae of Ex, 1 wlienm = l, 3, 3. [Of course when to ia 
a positive integer the aeries is fioite.] 

3. Prove that if - 1 <r< 1 then 

2.4 ^2.4.6.8 V \ 2(l + r3) /' 

1 , 1.3. 5 -, 1,3.5.7.9 ,_ ^ / f^/(l +r')-l ) 
2*' 2.4.6' 2.4.6.8.10'' "■ V 1 2(:+i-«) J* 
[Take wi= -^ in the last two formulae of Es. 1.] 

4. Prove that if — ^jr< S < Jjt then 

cosOT5=cos"'fl|l-^'^''']tan^fl+r^~)tani5-...|, 

sinmfl = c03™fl|('™^tanfl~['g^tan3|9+...|, 

for all real values of m. [These results follow at once from the equations 
cosm^+jainmS=(cosfl+isinff)'"=coB^(9(l + itatii9)™.] 

5. We proved fEs. Lssxni. 6), by direct multiplication of series, that 
/(»i,«) = SJ }£" (where |2|<1) satiafles the functional equation 

/(~,.)/(m',.)-/(m + rf,4 
Deduce, by an argument similar to that of § 198, and without assuming the 
general result of g 230, that if m is real and rational then 
/K=)-exp{mlog(l+=)}. 

6. If s and fi are real, and -l<2<l,then 

2 (^^ ." = cos {^.log(l + ^)} +;sin frlog(I+^>}. 

MISCELLANEOUS EXAMPLES ON CHAPTER X. 

1. Show that the real part of t'^^l'+'l is 

e"***''"^^''^cos{^(4^+l)7rlog2}, 
where Jc is any integer. Find a general formula for the real part of i . 
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a. XiaGOs6 + bsia8 + e — 0, where «, b, o are real and e^>n;= + 6^, then 

wliere -m is any odd or any even integer, according as c is positive or negative, 
and a is the least angle whose cosine and sine are aj^ia^+h"^ and bjjla'^-^ff). 
3. Prove that if fl is real and sin^ sini^ = l then 

where h is any even or any odd integer, according as sin & is positive or 

4 Show that Hx is real then 

^exp{(a+t6)a:}=(a+*)6C+*l% |exp{(ci+V6)4rfa;=^-^^^tlM. 
IX. 4. 
/ esp{—(« + j6)a;}(ij;=-—;r, and deduce the 



Deduce the resulte of Ex. ixxsi 

5. Show that if a > then 
results of Ex. lsxxik. S. 

6. Show that if x is real then 

^oo.fa.if;|».^g)<#-.S.+(»)»"6'-...}, 
where there are J(n+1) or ^(w4-2) terms in the brackets. Find a similar 

7. If (a'/ii)'+(y/6)'=l is tte equation of an ellipse, aiid/(;K, y) denotes 
the terms of highest degree in the equation of any other algebraic curve, 
show that the sum of the eccentric angles of the points of intersection of the 
ellipse and the curve differs by a multiple of 2»r from 

-i{log/(a,.'6)-!og/(a, -j6)}. 
[The eccentric angles are given by/(iicosa, &sina) + ,.,=0 or hy 



/|i.(.+l), -i.l(.-l))+....o, 



if K = e!:pio; and 2a is equal to one of the values of — i Log P, where P is the 
product of tlie roots of this equation.] 

8. Determine the number and approximate positions of the roots of the 
equation tans=a2, where a is real, 

[We know already (Ex. xviii. 5) that the equation has infinitely many real 
roots. Now let z=ic+iy, and equate real and imaginary parts. "We obtain 

sin 2/t:/(cos2«+ cosh 2y)=aa!, sinli2y/(cos2iK+cosh2y)=ay, 
so that, unless a^ or y is zero, we have 

(ain 2.K)/3a-= (siuh 'iy)j'iy. 
This is impossible, the left-hand side being numerically less, and tbe right- 
hand side numerically greater than unity. Thus k=Q or !/=0. lty=Q we 
come back to the real roots of the equation, which have already been discussed. 
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If ^=0, tanh 2/='^^- It is easy to see by graphical methods that this equa- 
tion has no real root other than zero if a g or a ^ 1, and two such roots if 
< ii< I . Thus there are two ptu^ly imaginary roots if < a < 1 ; otherwise 
all the roots are real.] 

9. The equation ta,nz'^-az+b, where a and 6 are real and 6^0, has no 
complex roots if agO. If a>0 the real parts of all the complex roots are 
numerically greater than | bj2a \ , 

10. The equation tanc'^a/s, where a is real, has no complex roota, but 
has one purely imaginary root if a < 0. 

11. The equation tan 2=s tanh (<w), where a and c are real, has an infinity 
of real and of purely imaginary roots, but no complex roots. 

12. Trajisformationa. In Ch. Ill (Ess. 21 et seq., and Misc. Exa. 39 
ei sej.) we considered some simple cases of the geometrical relations between 
figures in the planes of two variables s, Z connected by a relation z=f{Z). 
We shall now consider some cases in which the relation involves logarithmic, 
exponential, or circular functions. 

Suppose firstly that 

where a is positive. To one value of Z corresponds one of ^, but to one of z 
infinitely many of Z. If a;, y, r, are the coordinates of s and X, F, S, O 
those of Z, we have the relations 

=..,■»<»!(■« X.(.;,)logr ) 

,..-"• .in(,J74 r-(»«;T)+3fa}" 

where A is any integer. If we suppose that -v <6^rr and that Log s has its 
principal value logs, then i=0, and^Zisconfined to a strip of its plane parallel 
to the axis OX and extending to a distance a from it on each side, one point 
of this strip corresponding to one of the whole s-plane, and conversely. By 
taking a value of Logs other than the principal value we obtain a similar 
relation between the ?-plane and another strip of breadth 2a in the 2-plane. 

To the lines in the Z plane f ji which X and J are tonstant correspond the 
circles and radii vectores in the n plane foi i^hieh i ind 6 are constant. To 
one of the latter hnes corresponds the whole of a piriUel to OX, but to a 
circle for which r is constint conespinds onlv a part (of length 2a) of a 
parallel to OY. To make Z describe the whole of the latter line we must 
make z move continually round and round the i,ucle 

13. Show that to a stiaight line in the ^plane cnnespmds an equi- 
angulai ipiral in the a plane 

14. Discuss sinulailj the tranafirmation ^'=ccc^h(wZja) showing in 
particular that the whole * plane corresponds to any one of an infinite 
numbei if stiips m the 2^ plane, each ^aiallel to the asis OX and of 
breadth 3a Show ilso that to the line X=Ai, tfliresponds the eOipae 

= 1 



|o cosh (7rX„/a)J "^lcsinh(7rJ'd/a). 
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fmd. that for diflerent values of Xq these ellipses form a confocal system ; and 
that the lines V= T(, correspond to the associated system of confocal hyper- 
bolas. Trace the variation of a as ^ desoribes the whole of a line S= Xo or 
Y= Ffl. How dois Z vary as g describee the degenerate ellipse and hyperbola 
formed by the Begm.ejit between the foci of the confocal system and the 
remaining segments of the axis of ^f 

15. Verify that the results of Ex. 14 ore in agreement with those of Ex. 12 
and those of Ch. Ill, Misc. Ex. 34 [The transformation z=coosh(^ZIa) 
may be regarded as compounded from the transformatioos 

j=(ai, 5i=-i{3a+(l/3s)}, !^=exp(jr.^/a).] 

16. Discuss similarly the transformation 2 = etanh(jr2/a), showing that 
to the lines Jl—£(, correspond the coaxal circles 

{w-caoth{wXn!a))''+f = c^aasecV(irX^la) 
and to the lines T= Fq the orthogonal system of coaxal circles. 

17. The Steroograpliic and Mercator's Projections. The points of a 
unit sphere whose centre is the origin are projected from the 8. pole (whose 
coordinates are 0, 0, — 1) on to the tangent plana at the N. pole. The 
coordinates of a point on the sphere are ^, ij, f , and Cartesian ases OX, T 
are taken on the tangent plane, parallel to the axes of $ and rj. Show that 
the coordinates of tho projection of the point are 

*=2^/(l + 0, 2^=V(l+f), 
and that a;+iy=2 tan^Cis^, where tp is the longitude (measured from the 
plane i)=0) and d the north polar distance of the point on the sphere. 

This projection gives a map of the sphere on the tangent plane, generally 
known as the Stereographie Projection, If now we introduce a new complex 
variable 

so that X=tl>, J'=logcotJ^, we obtain another map in the plane of Z, 
usually called Meroator'i Pryection. In this map parallels of latitude and 
longitude are represented by straight lines parallel to the axes of X and T 
respectively. 

18. Discuss the transformation given by the equation 

showing that the straight lines for which x and y are constant correspond to 
two orthogonal systems of coaxal circles in the ^-plane. 

19. Discuss the transformation 

-^°n — Tv^) — ;• 

showing that the straight lines for which ^ and y are constant correspond to 
sets of confocal ellipses and hyperbolas whose foci are the points Z=a and 
2=fc. 
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[We have J(«-«)+V(^-6)-V(»-»>«P(»+>», 

^(Z-»)-V(^-»)-V(6-«)<ap(-»->r)i 

and it will be found that 

|Z-ai + l^-6t = |6-«|Dosli2^, 12-a|-|2-&| = |6-«lcoa2y.] 

20. The transformation z=ZK If z—Z\ where the imaginary power 
has its priucipal value, we have 

ezp{Iog»-+sd)=z=exp(jiog^)=exp{ilogfl-e), 
so that log »■ = -9, 6=\Q%R+2kir, where it is an integer. Aa all values of h 
give the same point z we ahall suppose i=0, so that 

logr=-e, e^logR (1). 

The whole plane of Z is covered if we allow R to vary from to a> and 9 
from - n- to JT ; then r has the range « " to e" and 6 racges through all real 
vtJueH. Thus to the 2-plane corresponds the ring in the £-plane bounded by 
the circles r=e~ , r = e ; but this ring is covered infinitely often. 

If however we restrict the variation of 6 to the range ( — ir, + it), so that 
the ring is covered only once, then R is restricted to the range (e , e ), so 
that the variation of Z is restricted to a ring similar in all respects to that 
within which z varies. Each ring, moreover, must be regarded as havii^ a 
barrier along the negative real asis which z (or Z) must not cross, as ite 
amplitude must not transgress the limits - tt, + tt. 

We thus obtain a correspondence between two niig^, i,iven l> the pm of 
equations 

where each power has its principal value. Tn circles whose centre 1% the 
origin in one plane correspond straight lines through the oiigin in the othei 

21. If Z, starting at the point e" move^ round the lai^er circle in the 
positive direction to — e", along the barriei, lound the smallei circle in the 
negative direction, back along the barrier, and round the remainder of the 
larger circle to its original position, trace the oun^ponding vaiiition of 3 

23. Suppose each plane to be divided up into \n infinite senes of nngs 
by circles of radii 

^-(a«4-i)T g-" ^™- ^Sir g(a?i+i)T 

Show how, by taking suitahle values of the powers in the equations b=Z^, 
Z^z~', to make any ring in one plane correspond to any ring in the other. 

23. If 3=2]' (any value of the power being taken) and Z moves along 
an equiangular spiral whoso pole is the origin in its plane, then 3 moves along 
an equiangular spiral whose pole is the origin in its plane. 

24. How does Z=^, where a is real, behave as « approaches the origin 
along the real axis. [Amoves round and round a circle whose centre is the 
origin (the unit circle if 3* has its principal value), and the real and imaginary 
parte of Z both oscillate finitely.] 
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25. Discuss the same queation for 2'=«»"^''', where a and 6 are any real 

26. Show that the region of convergence of a series of the type 2 o„3'"*, 

where a is real, is an angle, i.e. a region hounded by inequalities of the type 
6(p<am2<Si. [The angle may vanish, or inulude all possihle values of 
am..] 

27. Level Curves. If /(a) is any function of the conaples variable s, we 
shaO call the curves for which |/(s)[ is constant the leiid earvea of /(e). 
Sketch the forms of the level curves of 

e—a (oonemttric circles), (e-a)(z—b) {Cartesian ovais), 
{z~ a)j{z—'b) (coaxal circles), expe {Uraight lines). 




Fig. 75. 

28. Sketch the forms of the level curves of {z~a){z~V){z-o), 
(l+^V3+3*)/3. [Some of the level curves of the latter function are drawn in 
Fig. 75, the curves marked r-vii corresponding to the values 

■10, 2- V3 = -27, -40, I'OO, 2-00, 2+^3 = 3-73, 4-53 
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of 1/(2) I • The reader will probably find but little difficulty in arriving at a 
general idea of the forms of the level curves of any given rational function ; 
but to enter into details would carry us into the general theory of functions 
of a complex variable.] 

29. Sketch the forms of the level curves of (i) aesps, (ii) sin£. [See 
Fig. 76, which represents the level curves of aiiij. The curves marked I-VIII 
correspond to (fe=-35, -50, -71, I'OO, 1'41, 2'00, 2-83, 4'00.] 




Fig, 77. 



30. Sketch the forma of the level curves of esp z — c,' 
constant. [Fig. 77 shows the level ciirves of |esp«— 1|, 
corresponding to the values of k given by logi=— 1-00, ■ 
■05, -30, I'OO.] 



■30, -05, 0-00, 
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31. The level curves of sing~o, where c is a positive constant, are 
sketched in Figs. 78, 79. [There are two kinds of curves corresponding to 
the cases in which a<l and ol. In Fig. 78 c='5, and the curves i-viii 
correspond to A=-39, "37, -50, "87, I'50, 260, 4-50, 7-79. la Fig. 79 c=2, and 
the curves I-VH correspond to i=-58, I'OO, 173, 3-00, 5-20, 9'00, 16-69. If 
0=1 the curves are the same as those of Fig. 76, except that the origin and 
scale are diffurent.] 

32. Prove that if < ^ < tt then 

cosfl+^cos3fl+icos5S-l-...=|logcot^^S, 

Sini9 + i3iii3fl + i3in55 + ...=|,r, 
and determine the sums of the series for all other values of 6 for which thoy 
are convergent. [Use the equation 

,+j,.+jz.+....jl„g{'l±i') 



■where s = cos i3 + 1 sin 0. When i 


' is increased by it the sum of each aeries 


simply changes its sign. It follows that the first formula holds for all values 




second series is Jtt if 2im<5<(2i + l)jr, - Jtt if (2A+1) 7r<5<(2^ + 2)jr, and 


if d is a multiple of w.] 




33. Prove that if 0<5<j7r 


then 


cosfl-icos3S+^co 


.S55~... = |:^, 


sind-JsinSS+^si 


n5(9-...^|log(Reoi3 + tan5)'^; 


and determine the sums of the s. 


srics for all other values of 8 for which they 


are convergent. 




34. Prove that 




cos (9 cos o + ^Gos 2fl cos 2a+ Jcc 


is3^C03 3a+,..= -|log{4(oosi9-co8Q)5), 


unless fl-norfl + aisa multiple 


of2n-. 


35. Prove that if neither a n 


or h is real then 


r dx 


- log a -log 6 



. (i-a)(>,-6) 

each logarithm having its principal value. Verify the result when a = ci, 
6= -cj, where c is positive. Disoiiss also the cases in which a or 6 or both 
are real and n^ative. 

36. Prove that if a and are real, and j3 > 0, then 

r dx _ ni 

What is the value of the integral when (3<0? 

37. Prove that 

thes^n of v'(-S^-^C) being so chosen that the real part of {J(B'-AG)}jAi 
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APPENDIX I. 

(To Chapters III, IV, V,) 



The Proof that t 



I Equation has a Root. 



Lbt Z=P(s)=oio«"+ai3»-'+...+a„ 

be any polynomial in z, with real or comples coefficients. We c 
the values of 2 and Z by points in two planes, which we may call the s 
and the Z-plane reapectively. If a describes a closed patb y in the ji-plai 
evident that Z describaa a corresponding closed path r in the .^-plane. 
2^ returns to its originid. position its amplitude may be the same as bef 
will certainly be the case if r does not enclose the origin, like path 
Fig. B, or it may differ from ita original value by any multiple of 2jr. 




if ita path is like (b) in Fig. B, winding once round the origin in the positive 
direction ita ampUtude will have increased by 2jr. 

W 1 11 w [t ih t / th il tude of Z is not the same wkm Z 
t ns t %t ig ial p tto the i ih f " mast contain inside or on it at 
least on p t t h k Z^Q 

W ea di d y t mbe f m ller contours by drawing parallela 

to th es t It fl f m ther (see Fig. C). If there is, on 

thb lyfj ftii <^t *'^y point for which. Z=0, what 

wwltop lalidy tblld We may therefore suppose that 

th t th Th th m t of am^, when z describes y, is 

qltth mfllth mtafam^ obtained by supposing 2- to 

d h ach f thes m 11 tou separately in the same sense as y 
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For if 3 deaoribes each of the smaller contours in turn, in the same sense, it 
will tiltimately (see Fig. D) have described the boundary of y once, and each 




Fia. C. Fig. D. 

part of eaoh of the dividing parallels twice and in opposite directions. Thus 
PQ will have been described twice, once from P to § and once from § to P. 
As z moves from P to ft am Z varies continuously (since Z doeis not pass 
through the origin) ; and if the increment of am Z is 5 its increment when s 
movea from § to P will be -6; so that when we add up the increments of 
am .2" due to the description of the various parts of the smaller contours all 
cancel one another save the increments due to the description of parts of y 
itself. 

Hence, if am ^is changed when s describes y, there must be u,t least one 
of the smaller contours (say y,) such that am Z is changed when s describes 
yi- This contour may be a square bounded wholly by the ausiliary parallels 
or may be bounded in part by the boundary of y. In any case it is entirely 
included within a square Ai whose sides are of length 6i and parallel to the 



We can now further subdivide y, by the help of parallels to the axes at a 
smaller distance 63 from one another, and we can find a contour ya, entirely 
included in a square A^ of side 6a (itself included inside Ai), and such that 
am Z is changed when z describes it. 

Now let us take an infinite sequence of decreasing numbers h\, da, ,.., 
fl„, ,,., whose limit is aero. By repeating the argument used above we can 
determine a series of squares Aj, Aa, ..., A^, ... and a aeries of contours yi, 

ya y„, ... such that (i) A,„+i lies entirely inside A^, (ii) y^ lies entirely 

inside Am (iii) am^'is changed when 'describesy„. 

If (t „ y„) and (j;„+6„ y, +6„) ire the lowei left-hand and upper right- 
hand corners of A„ it is clear that Xi x^ x , ... is an increaaing and 
"'i+Si 's+fis 'n +8m a decreasing sequence, and that they have a 

common limit lo SimiKrty y„ and y -1-8 approach a common limit j/o, 
and (ro y^ is the one and only point situated inside every square. However 
small be 3, we uan diaw 1 ■jquaie which iniludes (jiy, yo), and whose sides are 
parallel to the aiea and of length 6, and inside this square a closed contour 
such that am 2 is changed when z describes the contour. 
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It can now lie shown that 

For if not let P {Xa + i'!/^'=a, where o+O, and let |a| = p. Since P(a:+iy) is 
a continuous function of s: and ij we can draw a square "whose centre is 
{!0„, j'o) and whose sides are parallel to the axes, and which is such that 

for all points j^ + ty inside it or on its boundary. For all such points 

where |^|<ip- Now let us take aoj closed contour Ijing entirely inside 
this square. As s descrihes it, Z= o + ^ describes a closed contour. But this 
contour evidently hes inside the circle whose centre is « and whose radiu.s is 
^p, and this circle does not inulude the origin. Hence the amplitude oi Z is 
unchanged. 

But this contradicts what was proved above, via. that inside each square A,^ 
we can find a closed contour the description of which by z changes am Z. 
Hence P(a;o+*yo)=0- 

Ali that remains now is to show that we can always find some contour the 
description of which by 3 changes oxaZ. Now 



if=a«3»(l + 



We can choose R so that 

where f is any positive number, however small ; and then, if y is the circle 
whose centre is the origin and whose radius is R, 

where 1 p | < e, for all points on y. But so long as | p | < 1 it follows, by an 
ai^ument similar to that used above, that am (1 +/>) is unchanged as s 
describes y in the positive sense, while am 2" on the other hand is increased 
by 2)Mr. Hence am Z is increased by 2»5r, and the proof that Z=li has a 
root is completed. 

We leave it as an exercise to the reader to infer, from the discussion 
whLcii precedes and that of § 34, that ■when z descrihes any contour y in the 
positive sense the increment of am Z fi ikir, vhei-e k is the number of roots of 
Z=0 inside y, multiple roots hmig eovmted multiply. 

There is another proof, proceeding on different lines, which is often given. 
It depends, however, on an extension to functions of two or more variables of 
the results of § 89. 

We define, precisely on the lines of § 89, the -a^er and lower limits of a 
function /(ar, y), for all pairs of values of *■ and y corresponding to any point 
of any r^on in the plane of {«, y) hounded by an ordinary closed curve. 
And we can prove, much as in § 89, that a continuous function f{x, y) 
attains its upper and lower limits in any such region, 

H. A. 27 
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Now \ZHP(x+i^)[ 

is a continuoua and positive function of a; and y. If m is its lower limit for 
points on and inside y, there must be a point Zg for which \Z\=iii, and this 
must be the least value assumed by 1 2 1 . 

If mi=0, P(gQ)=0, and we have proved what we want. Suppose, therefore, 
that m > 0. 

If we put 3=3o-l-f, and reafrange P(z) according to powers of f, we obtain 

say. Let A^, be the first of the coefficients which does not vanish, and let 
I ^i I = /ij I f I = p. We cafl choose p bo small that 

Then |P(j)-PW-Jtf*|<W, 

and [P(s)|<|J'(^)+Af'l+iw*- 

Now Huppoae that s moves round the circle whose centre is z^, and radius p. 
Then 

moves k times round the circle whose centre is P(S(j) and radius | Ai,('' \ =iip'', 
and passes k times through the point in which this circle is intersected by 
the line joining P(so) to the origin. Hence there are it points on the circle 
described by z for which | P(sg) -H-^^f | = | P{^) \ —ytp'' and so 

and this contradicts the hypothesis that mi is the lower limit of | P {s) | . 

The preceding argument would fail if sj, were on the boundary of y : 
but if y is a circle whose centre is the origin, and whose radius B is lai^e 
enough, the last hypothesis is untenable, since |P(j)|-* + co with \z\. In 
this case it must therefore be true that m.=0, and our conclusion follows. 

EXAMPLES ON APPENDIX I. 

1. Show that the number of roots of /(s)=0, which lie within a closed 
contour which does not pass through any root, is equal to the increment of 

{log/w);a„i 

when z describes the contour. 

2. Show that if ^ is any number such that 

lilJ4.l5d4. 4.l3il^l 

R ^ R^ -t-...-i- ^. <-', 
then all the roota of «"+ai;t*~' + ...+(!i„=0 are in absolute value less than 
R. In particular show that all the roots of a^^— 13a; -7=0 are in absolute 
value less than 2,^. 

3. Determine the numbers of the roots of the equation j^+((,r+6 = 0, 
where a and h are real and p odd, which have their real parts positive and 
negative. Show that if (t>0, J>0 the numbers arep-1 andp + 1, if a<0, 
6>0 they are ;i+l and p-1, and if &<0 they ai-e p and p. Discuss the 
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particular cases in which a=0 or 6=0. Verify the results when ?i — l. [Trace 
the variation of am(a^p+(M;+6) as a describes the contour formed by a large 
semicircle whose centre is the origin and whose radius is R, and the part of 
the imaginary axis intercepted by the semicircle.] 

4. Consider similarly the equations 

5. Show that, if a and /3 are real, the numbers of the roots of the 
equation ^^ + a^3^~'+(3''=0 which have their real parts positive and 
negative are k- 1 and m + 1 or n and n respectively, according as ra is odd or 
even. {Math. Trip. 1891.) 

6. Show that when e moves along the straight line joining the points 
z = zi, 3 = 2;, from a point near Zy to a point near s^, the increment of 

is nearly equal to ir. 

7. A contour enclosing the three points z=zi, z = ^, x—z^ ia defined by 
parts of the sides of the triangle formed by Sj, z^, Ej, and the parts exterior 
to the triangle of three amall circles with their centres at those pointe. 
Show that when 2 describes the contour the increment of 

is equal to -Stt. 

8. Prove that a closed oval path which surrounds all the roots of a cubic 
equation /(s) = also surrounds those of the derived equation /'(2)=0. [Use 
the equation 

where Si, 23, sjare the roots of/(3)=0, and the result of Ex. 7.] 

9. Show that the roots of /'(2)=0 are the foci of the ellipse which touches 
the sides of the triangle {^i, z^, sj) at their middle points. [For a proof see 
Cesaro's Elemtrntares Lehrbwoh dm' Algehraischen Analysis, p, 353.] 

10. Extend the result of Ex. 8 to equations of any degree. 

11. If /(s) and ^(s) are two polynomials io s, and y is a contour which 
does not pass through any root of either, and | ^{z) \ < \f{z) I for all points on 
y, then the numbers of the roots of the equations 

/(,).o, /<.)+<,H-o 

which lie inside y are the same. 
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APPENDIX II. 

(To Chaptees IX, X.) 

A Note on Double Limit Problems. 

In the course of Chapters IX and X we came on several occasions into 
contact with problems of a kind which invariably puzzle b^ioners and 
are indeed, when treated in their moat general forma, problems of great 
diificulty and of the utmost interest and importance in higher mathematics. 

I*t us consider some special instances. In g 196 we proved that 

bj integrating the equation 

i/(i+0 = i-'+<=-... 

between the limits and ar, and what we proved amounted to this, that 



{' ^^= f dt- j" tdt^^' fidt- 



or in other words that the integral of the sum of Ihe infaiite series l — l+fi- ,,,, 
taken, between the limits and x, is eqval to the sum of the integrals of its 
terms taken hst'ween the aame lim,its. Another waj of expressing this feet is to 
say that the operations of summation from to cc , and of integration from 
to X, are eommutative when applied to the function (- l)"i", i.e. that it does 
not matter in what order they are performed on the function. 

Again in g§ 187, 194 we proved that the diiFerential coafBoient of the ex- 
ponential function 

exp.i:=H-.-f-l-|i + ,,. 
is itself equal to exp x, or that 



.,0 



l+i+~ + ... -0.(l)+-B.W+i>.(5| +...! 



that is to say that iJie differential coefficient of the sum of the series is eqwtl 
to the sum of the differential coefficients of its terms, or that the operations of 
summation from to (o and of differentiation with respect to ;e are commu- 
tative when applied to ^fn !. 

Finally, we proved incidentally in the same sections that the i\mctioc 
expa; is a continuous function of :k, or in other words that 

lim(l + »+|' + ...).H-H-|", + ....lim(l) + lin,(.,)+lim (?!)+...! 
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i.e. thiit the limit of the sum of the aeries is equal to the sum ef the limits 
of the terms, or that the sum of the series is continuous for jr=|, or that the 
operations of summation from to co and of making x-^^ are commutative 
when applied to x^/n !. 

In each of these cases we gave a special proof of the correctness of the 
result. We have not proved, and in this volume shall not prove, any general 
theorem ftom which the truth of any one of them could be immediately 
inferred. In Ex. xxxviii. 1 we saw that the sum of a finite number of con- 
tinuous terras is itself continuous : in g 94 that the differential coefficient of 
the sum of a finite number of terms is equal to the sum of their differential 
coefficients : and in g 144 we stated the corresponding theorem for integrals. 
Thus we have proved that in certain circumstances the operations symbolised 
by 

lim..., D,.,., j...d^ 

are commutative with respect to the operation of summation of &Jhiile number 
of terms. And it is natural to suppose that, in certain circumstances which 
it should be possible to define precisely, they should be commutative also with 
respect to the operation of summation of an infinite number. It is natiu^ to 
suppose so : but that is all that we have a right to say at present. 

A few further instances of commutative and non -commutative operations 
may help to elucidate these points. 

(1) Multiplication by 2 and multiplication by 3 are always commutative, 

2x3xa^ = 3x3x,;; 
for all values of x. 

(2) The operation of taking the real part of z is neoei' commutative with 
that of multiplication by %, except when 3=0. For 

ixR{x+iy)=i^, R[ix{x+iy))=-y. 

(3) The operations of proceeding to tlie limit aero with each of two 
variables x and y, applied to a f miction /(;c,y) may or may not bo com- 
mutative. Thus 

lim{!im{a:-H!/)}=lim3!=0, lim{lim {jT-(-!/)} = lim!/ = ; 

but on the other hand 



hm Aim --^] = lim - =lim(l) =1, 



(4) The operations 2..., lim... may or may nut be commutative. Thus, 
if a;-»-l through values less than 1, 

lim js ■ ;g"[=lim log(l+^)=Iog2, 
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but on the other hand 

)im|2(jf^-«" + 4 = Um{(I-,7;) + (a-a'^) + ...}«lim(l) = l, 

2|lim(d5-^*')l = 2(l-l) =2(0) =0. 

The preceding examples suggest that thero are tliree posaihilitiea with 
respect to the commutation of two given operations, viz. ; (I) the operations 
may <dway» be commutative ; (2) they may nevm- be commutative, except in 
very special elreumslaneea ; (3) they may be commutative in most of the ordinary 
cases ■which ocewr practically. 

The really important case (as is suggested by the instances which we 
gave from Ch. IX) is that in which each operation is one which involves 
a passage to the limit, such as a differentiation or the summation of an 
infinite series ; such operations are called limit operations. The general 
question as to the circumstances in which two given limit operations are 
commutative is one of the most important in all mathematics. But to 
attempt to deal with general educations of this character by means of general 
theorems would carry us far beyond the scope of this voUune. 

We may however remark that the answer to the general question js on 
the lines suggested by the esamplea above. If L and L' are two limit 
operations the nunibers LL'z and L'Le are not generally/ equal, m the strict 
theoretical sense of the word 'general.' We can always, by the exeicise of a 
little ingenuity, find s so that LL'z^L'Ls. But they are equal generally, if 
we use the word in a more practical sense, viz. as meaning 'in a great majoiity 
of such cases as are Uliely to occur naturally ' or in ordinary cases 

Of course, in an exact science like pure mathematics, we cannot be aatished 
with an answer of this kind ; and in the higher branches of mathematics the 
detailed investigation of these questions is an absolute necessity. But for 
the present the reader may be content if he realises the point of the remarks 
which we have just made. In practice, a result obtained by assuming that 
two limit-operations are commutative is probably true ; it at any rate affords 
a valuable stiggestion as to the answer to the problem under consideration. 
But an answer thus obtained must, in default of a further study of the genei'al 
question or a special investigation of the particular problem, such as we 
gave in the instances which occurred in Ch. IX, be regarded as su^e^ted 
only and not proved. Detailed investigations of a lat^e number of important 
double limit problems will be found in Mr Bromwich's book on Infinite 
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